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I.  Introduction 


During  the  period  April  15,  1992  to  April  14,  1993,  research  carried  out  by  the 
Nanostructures  Group  in  the  Department  of  Electrical  Engineering  at  Notre  Dame  was 
concerned  with  a  variety  of  quantum  transport  in  mesoscopic  structures.  This  research  was 
funded  by  the  Air  Force  Office  of  Scientific  Research  under  Grant  No.  AFOSR-91-0211. 
The  major  issues  examined  included  quantum  transport  in  high  magnetic  fields  and 
modulated  channels.  Coulomb-coupled  quantum  dot  systems,  transmission  resonances 
and  zeroes  in  resonant  transport,  self-consistent  Hartree  calculations  of  transport,  lateral 
quantum  wires  an  pn-junction  formation,  quantum  magnetotransport  in  disordered 
systems,  magnetoelectric  states  in  quantum  wires,  anomalous  magnetoresistance, 
electromigration,  collision  retardation  and  phonon  effects  in  hot-electron  transport,  spin- 
polarized  single  electronics,  single-particle  lifetimes  in  quasi- ID  structures,  quantum 
transport  experiments  in  metals,  the  mesoscopic  photovoltaic  effect,  and  new  techniques 
for  fabricating  quantum  structures  in  semiconductors. 

The  research  supported  by  this  grant  resulted  in  33  journal  papers,  12  conference 
presentations,  and  4  research  seminars.  The  research  contributed  to  the  granting  of  2  M.S. 
degrees,!  Ph.D.  degree,  and  supports  continuing  M.S.  and  Ph.D.  thesis  research. 


II.  Research  Description 

Quantum  Transport  in  Magnetic  Fields 
Investigators:  Craig  S.  Lent 

We  have  been  investigating  ballistic  electron  transport  in  quantum  channels  with  an 
applied  magnetic  field.  The  magnetic  field  is  in  the  direction  perpendicular  to  the  plane  of 
the  two-dimensional  electron  gas  from  which  the  channels  are  formed.  Electrons  in  such 
geometries  form  magnetic  edge  states,  which  carry  current,  and  circulating  Landau  levels 
which  do  not.  We  solve  the  Schrtidinger  equation  with  the  magnetic  field  included  through 
a  vector  potential.  The  precise  eigenstates  of  the  system,  and  the  current  density 
distribution  can  the  be  calculated.  We  have  extended  the  Quantum  Transmitting  Boundary 
Method,  an  adaptation  of  the  Finite  Element  Method  for  current-carrying  quantum  states, 
to  include  the  effect  of  the  applied  magnetic  field. 

We  have  used  this  technique  to  examine  transport  in  quantum  channels  with  a  periodic 
modulation  in  the  channel  width.  This  investigation  yielded  two  surprising  results:  1)  that, 
in  the  high-field  regime,  the  electron  in  an  infinite  modulated  channel  propagates  as 
though  it  were  completely  free,  but  with  a  renormalized  effective  mass,  and  2)  that  the 
quantization  of  conductance  characteristic  of  short  ballistic  constrictions  is  recovered  for 
longer  (but  finite)  periodically-modulated  channels.  This  latter  effect  has  lead  us  to  make 
new  predictions  concerning  the  quenching  of  integer  quantum  Hall  effect  plateaus  in  such 
structures. 

Resulting  Publications  and  Presentations: 

Manhua  Leng  and  Craig  S.  Lent,  “Magnetic  Edge  States  in  a  Quantum  Channel  with  a 
Periodic  Array  of  Antidots",  Superlattices  and  Microstructures  11,  351  (1992). 

Manhua  Lvng  and  Craig  S.  Lent,  “Recovery  of  Quantized  Ballistic  Conductance  in  a 
Periodically  Modulated  Channel,”  submitted  to  Physical  Review  Letters. 

Manhua  Leng  and  Craig  S.  Lent,  “The  Quantum  Transmitting  Boundary  Method  in  an 
Applied  Magnetic  Field,”  to  be  submitted  to  Journal  of  Applied  Physics. 

Coulomb-coupled  Quantum  Dot  Systems 

Investigators:  Craig  S.  Lent,  Wolfgang  Porod,  and  Gary  Bernstein 

We  analyze  the  interaction  between  quantum  dot  cells  which  may  be  potential  building 
blocks  for  quantum  cellular  automata  architectures.  Each  cell  holds  a  few  electrons  and 
interacts  Coulorabically  with  nearby  cells.  In  particularly  interesting  cell  geometries,  the 
charge  density  tends  to  align  along  one  of  two  cell  axes.  Thus,  we  can  define  a  cel! 
“polarization”  which  might  be  used  to  encode  binary  information.  The  polarization  of  a 
cell  is  affected  in  a  very  nonlinear  manner  by  the  polarization  of  its  neighbors.  We 
quantify  this  interaction  by  calculating  a  cell-cell  response  function  which  makes  clear  the 


non-linear  bistability  in  the  charge  density  of  the  coupled  cell  system.  Effects  of  non-zero 
temperature  on  the  response  of  a  model  cell  have  been  investigated  by  taking  quantum 
averages  over  the  canonical  ensemble.  We  have  also  examined  the  effects  of  multiple 
neighbors  on  a  cell  and  developed  programmable  logic  gate  structures  based  on  these 
ideas. 

The  underlying  formalism  we  have  developed  involves  expressing  the  electron-electron 
interaction  in  the  form  of  a  second-quantized  Hamiltonian,  and  solving  the  resulting 
Schrddinger  equation  directly  in  the  basis  of  many-electron  states.  This  approach,  which  is 
numerically  tractable  for  few-electron  problems,  is  one  we  hope  to  generalize  to  related 
transport  problems.  It  seems  ideal  for  attacking  certain  problems  in  the  quantum  theory  of 
dissipation. 

Resulting  Publications  and  Presentations: 

C.  S.  Lent,  P.  Douglas  Tougaw,  and  Wolfgang  Porod,  “Bistable  Saturation  in  Coupled 
Quantum  Dots  for  Quantum  Cellular  Automata,"  Appl.  Phys.  Lett.,  62,  714  (1993). 

C.  S.  Lent,  P.  Douglas  Tougaw,  Wolfgang  Porod  and  Gary  H.  Bernstein,  “Quantum 
Cellular  Automata,”  to  appear  in  Nanotechnology  4,  (1993). 

P.  Douglas  Tougaw  and  C.S.  Lent,  “Lines  of  Interacting  Quantum-dot  Cells:  a  Binary 
Wire,”  submitted  to  Journal  of  Applied  Physics. 

C.  S.  Lent,  P.  Douglas  Tougaw,  and  Wolfgang  Porod,  “Bistable  Saturation  in  Coupled 
Quantum-dot  Cells,”  submitted  to  Journal  of  Applied  Physics. 

C.  S.  Lent,  P.  Douglas  Tougaw,  and  Wolfgang  Porod,  “A  Bistable  Quantum  Cell  for 
Cellular  Automata,”  Proceedings  of  the  International  Workshop  on  Computational 
Electronics,  University  of  Illinois  at  Urbana-Champaign,  May  1992. 

C.S.  Lent,  “Quantum  Cellular  Automata,”  seminar  at  the  Department  of  Electrical 
Engineering,  University  of  Illinois  at  Urbana,  October  6,  1992. 

C.  S.  Lent,  P.  D.  Tougaw,  W.  Porod,  and  G.  H.  Bernstein,  “Quantum  Cellular  Automata,” 
presented  at  the  “International  Symposium  on  New  Phenomena  in  Mesoscopic 
Structures,”  in  Hawaii,  December,  1992. 

W.  Porod,  “Dissipation  in  Computation,”  seminar  at  the  School  of  Electrical  Engineering, 
Purdue  University,  October  1992. 

C.S.  Lent,  “Quantum  Cellular  Automata,”  seminar  at  the  Department  of  Electrical 
Engineering,  Purdue  University,  April  14,  1993. 

Transmission  Resonances  and  Zeros  in  Quantum  Waveguides  with  Resonantly- 
Coupled  Cavities 

Investigators:  Wolfgang  Porod  and  Craig  S.  Lent 


We  have  studied  transmission  in  quantum  waveguides  in  the  presence  of  resonant  cavities. 
This  work  was  inspired  by  our  previous  modeling  of  the  conductance  of  resonantly- 
coupled  quantum  wire  systems.  We  expected  to  find  qualitatively  the  same  phenomena  as 
in  the  much  studied  case  of  double-barrier  resonant  tunneling,  which  can  be  viewed  as 
transmission  in  a  waveguide  which  contains  both  barriers.  Our  investigation  showed 
surprising  new  behavior  of  the  transmission  amplitude  for  the  case  of  the  waveguides  with 
the  attached  resonators:  (i)  The  transmission  probability  possesses  zeros,  which  are  a 
consequence  of  unitarity.  (ii)  Each  quasi-bound  resonator  state  is  represented  by  a  zero- 
pole  pair  in  the  complex-energy  plane,  (iii)  The  close  proximity  of  a  zero  and  a  pole 
results  in  very  sharp  resonancc/antiresonance  features  of  the  transmission  probability,  (iv) 
The  location  of  the  transmission  peaks  does  not  give  the  location  of  the  quasi-bound 
states,  like  for  double-barrier  resonant  tunneling. 

In  current  work,  we  study  techniques  to  infer  from  the  transmission  probability  on  the 
real-energy  axis  the  positions  of  zero-pole  pairs  in  the  complex-energy  plane.  This  will 
allow  us  to  obtain  the  lifetime  of  the  corresponding  quasi-bound  states.  For  quantum 
waveguides,  such  a  theory  will  be  the  analogue  of  the  Breit-Wigner  formulation  of 
transmission  resonances  for  double-barrier  resonant  tunneling.  We  also  refine  techniques 
to  obtain  the  exact  locations  of  zeros  and  poles  from  eigenvalue  problems. 

Resulting  Publications  and  Presentations: 

Wolfgang  Forod,  Zhi-an  Shao,  and  Craig  S.  Lent,  “Transmission  Resonances  and  Zeros  in 
Quantum  Waveguides  with  Resonantly-Coupled  Cavities,"  Applied  Physics  Letters  61, 
1350-  1352(1992). 

Wolfgang  Porod,  Zhi-an  Shao,  and  Craig  S.  Lent,  “Transmission  Resonances  and  Zeros  in 
Quantum  Waveguides  with  Resonantly-Coupled  Cavities,”  seminar  at  the  Beckman 
Institute,  University  of  Illinois,  Urbuna,  Illinois,  April  1992. 

Zhi-an  Shao,  Wolfgang  Porod,  and  Craig  S.  Lent,  “A  Numerical  Study  of  Transmission 
Resonances  and  Zeros  in  Quantum  Waveguide  Structures,”  Proceedings  of  the 
International  Workshop  on  Computational  Electronics,  pp.  253  -256;  presented  at  the 
International  Workshop  on  Computational  Electronics,  Urbana,  Illinois,  May  1992. 

Zhi-an  Shao,  Wolfgang  Porod,  and  Craig  S.  Lent,  “Transmission  Resonances  and  Zeros  in 
Quantum  Waveguide  Systems  with  Attached  Resonators,”  submitted  to  Physical  Review 
B. 

Lateral  P-N  Junctions  and  Quantum  Wires  Formed  by  Quasi  Two-dimensional 
Electron  and  Hole  Systems  at  Corrugated  GaAs/AIGaAs  Interfaces 

investigators:  Wolfgang  Porod 

We  have  proposed  a  novel  system  for  the  design  of  quantum  wires.  Using  the  surface 
orientation  dependent  amphoteric  nature  of  Si-doping,  we  have  demonstrated  in  our 
numerical  models  the  existence  of  lateral  p-n  junctions  and  p-n-p  quantum  wire  structures 


at  corrugated  GaAs/AlGaAs  interfaces.  Among  the  novel  properties  of  such  structures  are 
the  coexistence  of  quasi  two-dimensional  electron  and  hole  states  next  to  a  quasi  one¬ 
dimensional  electron  or  hole  system. 

Si  acts  as  an  amphoteric  dopant  depending  on  substrate  orientation  during  MBE  growth  of 
GaAs  and  AlGaAs,  which  may  be  utilized  to  achieve  different  doping  behavior  on  different 
facets  of  a  corrugated  GaAs/AlGaAs  interface.  In  particular,  growth  on  {100}  surfaces 
invariably  leads  to  n-type  doping,  while  p-type  behavior  has  been  reported  for  Ga- 
terminated  { 1 1 1 }  A  surfaces.  For  a  model  geometry,  we  determine  the  potential  landscape 
and  the  election  and  hole  charge  densities  within  a  semi-classical  Thomas-Fermi  screening 
model,  and  then  solve  the  two  dimensional  Schrbdinger  equation  using  finite  elements  for 
the  quantized  electron  and  hole  states  at  the  heterointerfaces.  At  V-grooves  etched  into  a 
semi-insulating  GaAs  substrate,  a  p-n  junction  forms  at  the  intersection  of  (100)  and  (111) 
planes  if  the  doping  in  the  overlayer  exceeds  5  x  10  17  cm'3.  We  have  demonstrated  the 
existence  of  a  quantum  wire  which  may  form  at  the  bottom  of  the  V-groove.  We  find  that  a 
quantum  wire  is  to  be  expected  in  this  p-n-p  structure  for  a  length  of  the  n-type  region  on 
the  order  of  100  nm  and  a  Si-doping  density  of  1  xlO  18  cm'3. 

Resulting  Publications  and  Presentations: 

Henry  K.  Harbury,  Wolfgang  Porod,  and  Stephen  M.  Goodnick,  “Lateral  p-n  junctions 
between  quasi  two-dimensional  electron  and  hole  systems  at  corrugated  GaAs/AlGaAs 
interfaces,”  Journal  of  Vacuum  Science  and  Technology  B  10,  2051  --  2055  (1992). 

Wolfgang  Porod,  Henry  K.  Harbury,  and  Stephen  M.  Goodnick,  “Lateral  p-n  junctions  and 
quantum  wires  formed  by  quasi  two-dimensional  electron  and  hole  systems  at  corrugated 
GaAs/AlGaAs  interfaces,”  Applied  Physics  Letters  61,  1823  —  1825  (1992). 

Henry  K.  Harbury,  Wolfgang  Porod,  and  Stephen  M.  Goodnick,  “A  Novel  Quantum  Wire 
Formed  by  Lateral  p-n-p  Junctions  Between  Quasi-Two-Dimensional  Electron  and  Hole 
Systems  at  Corrugated  GaAs/AlGaAs  Interfaces,”  Journal  of  Applied  Physics  73,  1509  - 
1520(1993). 

Henry  K.  Harbury,  Wolfgang  Porod,  and  Stephen  M.  Goodnick,  “A  Numerical  Study  of 
Lateral  p-n  Junctions  between  Quasi  Two-Dimensional  Electron  and  Hole  Systems  at 
Corrugated  GaAs/AlGaAs  Interfaces,”  Proceedings  of  the  International  Workshop  on 
Computational  Electronics,  pp.  249  —  251;  presented  at  the  International  Workshop  on 
Computational  Electronics,  Urbana,  Illinois,  May  1992. 

Henry  K.  Harbury,  Wolfgang  Porod,  and  Stephen  M.  Goodnick,  “Novel  Quantum  Wire 
Formed  by  Lateral  p-n-p  Junctions  Between  Quasi-Two-Dimensional  Electron  and  Hole 
Systems  at  Corrugated  GaAs/AlGaAs  Interfaces,”  presented  at  the  International  Workshop 
on  Quantum  Structures,  Santa  Barbara,  California,  March  1993. 

Carrier  Dynamics  in  Quantum  Wires 

Investigators:  Wolfgang  Porod 
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Using  the  Monte  Carlo  technique,  we  have  investigated  the  thermalization  of  earners 
following  a  laser  pulse  excitation.  Realistic  quantum  wire  structures  are  investigated  with 
multiple  electronic  subbands  (on  the  order  of  20).  Our  simulations  include  standard  polar- 
optical  phonon  rates,  and  an  improved  technique  to  account  for  carrier-carrier  scattering. 
We  find  that  the  reduced  phase  space  in  these  quasi-one-dimensional  systems  leads  to 
reduced  carrier  cooling  when  compared  to  bulk  samples.  These  findings  are  in  agreement 
with  recent  experiments. 

Resulting  Publications  and  Presentations: 

L.  Rota,  F.  Rossi,  S.  M.  Goodnick,  P.  Lugli,  E.  Molinari,  and  W.  Porod,  “Reduced  carrier 
cooling  and  thermalization  in  semiconductor  quantum  wires,”  Physical  Review  B  47,  1 632 
-1635(1993). 

L.  Rota,  F.  Rossi,  P.  Lugli,  E.  Molinari,  S.  M.  Goodnick,  and  W.  Porod,  “Monte  Carlo 
Simulation  of  a  'True'  Quantum  Wire,”  presented  at  the  1992  Symposium  on  Compound 
Semiconductor  Physics  and  Devices,  of  SPEE  --  The  International  Society  of  Optical 
Engineering,  Somerset,  New  Jersey,  March  1992. 

Local  Field  Effects  and  Electromigration  in  Mesoscopic  Structures 

Investigators:  Wolfgang  Porod  and  Craig  S.  Lent 

In  this  ongoing  effort,  we  study  the  effect  of  space  charges  on  the  current  -  voltage 
characteristics  of  two-dimensional  mesoscopic  structures.  In  particular,  we  focus  on  the 
microscopic  potential  and  current  variations  in  the  vicinity  of  scattering  centers.  The 
resulting  non-uniform  carrier  distribution  gives  rise  to  local-field  effects  and  the  so-called 
residual  resistivity  dipole.  These  phenomena  are  thought  to  be  responsible  for  the  driving 
force  in  electromigration,  and  we  believe  that  the  study  of  such  mesoscopic  systems  may 
shed  light  on  an  understanding  of  this  important  effect. 

The  (non-uniform)  electronic  density  along  the  channel  influences  the  electronic 
wavefunctions  through  its  space  charge  potential.  The  Schrodinger  and  Poisson  equations 
are  solved  self-consistently  within  the  Hartree  approximation.  Like  in  our  past  studies,  the 
finite  element  method  is  used  for  the  discretization  of  the  Schrodinger  and  Poisson 
equauons.  The  Hartree  term  is  obtained  by  numerically  integrating  the  contributions  from 
the  electronic  charge  density  along  the  channel.  An  iterative  procedure  is  then  employed 
until  self  consistency  in  the  wavefunctions  and  in  the  space  charge  potential  is  achieved. 

Resulting  Publications  and  Presentations: 

Henry  K.  Harbury,  Wolfgang  Porod,  and  Craig  S.  Lent,  “Field  Effects  in  Self-consistent 
Transport  Calculations  for  Narrow  Split-gate  Structures”,  Superlattices  and 
Microstructures  li,  189  -  193  (1992). 

Spatial  Distributions  of  Transport  Variables  in  Quantum  Transport 

Investigators:  Supriyo  Bandy opadhy ay 


We  have  calculated  the  spatial  distributions  of  current,  carrier  concentration,  electrostatic 
and  chemical  potential,  residual  resistivity  dipole  fields,  etc.  around  localized  elastic 
scatterers  in  phase  coherent  quantum  transport.  We  have  observed  many  interesting 
features  such  as  the  collapse  of  all  current  carrying  states  into  "edge  states”  in  the  quantum 
Hall  regime,  the  formation  of  magnetic  bound  states  pinned  by  an  impurity  and  the 
associated  current  patterns  around  the  impurity,  the  destruction  of  these  states  by  a 
magnetic  field,  the  destruction  of  quantum  Hall  effect  by  magnetic  bound  states,  the 
vanishing  of  the  longitudinal  resistance  and  precise  quantization  of  the  Hall  resistance  in 
the  quantum  Hall  regime,  current  patterns  around  attractive  and  repulsive  scatterers  and 
their  dependence  on  a  magnetic  field,  the  difference  between  majority  and  minority  carrier 
transport  and  mobility  in  the  quantum  regime,  current  vortices  forming  as  result  of 
quantum  interference  between  scatterers,  dependence  of  the  sign  of  magnetoresistance  in  a 
disordered  structure  on  the  impurity  configuration,  etc.  All  of  these  have  revealed  new 
physics  and  have  helped  to  visualize  many  other  physical  phenomena.  Our  most  important 
contribution  is  that  we  have  demonstrated  the  Quantum  Hall  effect  from  a  microscopic 
approach  (directly  from  the  S<  nrodinger  equation)  in  the  phase  coherent  regime,  for  the 
first  time.  We  have  also  calculated  the  spatial  distributions  of  transport  variables  in  the 
coherent  regime  associated  with  the  Quantum  Hall  Effect  for  the  first  time. 

Resulting  Publications  and  Presentations: 

S.  Chaudhun  and  S.  Bandyopadhyay,  "Spatial  Distribution  of  the  Current  and  Fermi 
Carners  Around  Localized  Elastic  Scatterers  in  Quantum  Transport”  Phvs.  Rev.  B.  45, 
11126-11135  (1992). 

S.  Chaudhun,  S.  Bandyopadhy-’y,  and  M.  Cahay,  "Spatial  distribution  of  the  current, 
Fermi  carrier  density,  potential  and  electric  field  in  a  disordered  quantum  wire  in  a 
magnetic  field”  Phys.  Rev.  B  (to  appear  in  May,  1993). 

Magnetoelectric  States  in  Electron  Waveguides 

Investigators:  Supriyo  Bandyopadhyay 

We  have  calculated  the  wavefunctions  and  energy  dispersion  relations  of  hybrid 
magnetoelectnc  states  in  a  quasi  one-dimensional  structure  numerically  from  the 
Schrodinger  equ.  'ion.  From  these,  we  have  also  obtained  the  density  of  one  dimensional 
magnetoelectric  sutes.  These  results  have  been  compared  with  semiclassical  results  based 
on  the  Bohr-Sommerfield  quantization  rule.  The  results  are  very  important  in  many  areas 
of  quantum  magnet,  'transport. 

Resulting  Publications  and  Presentations : 

S.  Chaudhuri  and  S.  Bandyopadhyay,  "Numerical  Calculation  of  Hybrid  Magnetoelectric 
States  in  an  Electron  Waveguide”,  J.  Appl.  Phys.,  71,  3027  -  3029  (1992). 


10 


S.  Chaudhuri  and  S.  Bandyopadhyay,  "Quantum  Transport  in  a  Disordered  Quantum 
Wire  in  the  Presence  of  a  Magnetic  Field",  Superlattices  and  Microstructures,  11,  241  - 
244(1992). 

S.  Chaudhuri,  S.  Bandyopadhyay  and  M.  Cahay,  "Numerical  study  of  quantum 
magnetotransport  in  disordered  non-adiabatic  constrictions",  Proceedings  of  the 
International  Conference  on  Computational  Electronics,  305  -  308,  (1992). 

Anomalous  Magnetoresistance 

Investigators:  Supriyo  Bandyopadhyay  and  Gary  H.  Bernstein 

We  have  experimentally  observed  anomalous  magnctoresistancc  in  a  two-dimensional 
structure  at  the  liquid  helium  temperature  of  4.2  K.  This  has  been  explained  by  invoicing 
subtle  correlations  between  impurity  scattering  events  in  the  structure.  A  Monte  Carlo 
simulation  was  performed  and  supports  this  picture. 

Resulting  Publications  and  Presentations: 

N.  Telang  and  S.  Bandyopadhyay,  "A  Monte  Carlo  Study  of  Correlations  Between 
Impurity  Scattering  Events  in  a  Two  dimensional  Electron  Gas  Causing  Inhomogeneous 
Magnetoresistance,  Superlattice  and  Microstructures  11,  99  -  102  (1992). 

S.  Subranianiam,  S.  Bandy  .padhyay,  B.  Das,  G.  H.  Bernstein,  and  P.  A.  Sekula-Moise, 
"Anomalous  Magnetoresistance  Due  to  Correlations  Between  Disorder  and  Boundary 
Scattering  in  a  Two-Dimensional  Electron  Gas  Channel”  Phys.  Rev.  B,  45,  3826  -  3829 
(1992). 

Electromigration 

Investigators:  Supriyo  Bandyopadhyay 

We  have  calculated  the  weak  electromigration  forces  causing  1/f  noise  and  impurity 
migration  in  quasi  one-dimensional  structures  in  linear  response  transport.  We  have  shown 
that  the  wind  force  and  direct  force  can  be  quenched  or  reoriented  by  an  external  magnetic 
field.  We  have  also  performed  these  calculations  in  the  hot  electron  regime  using  a  Monte 
Carlo  simulation. 

Resulting  Publications  and  Presentations: 

S.  Bandyopadhyay,  "Coupling  and  Crosstalk  Between  High  Speed  Interconnects  in  Ultra 
Large  Scale  Integrated  Circuits”,  IEEE  J.  Quant.  Elec.,  28,  1554  -  1561  (1992). 

S.  Bandyopadhyay,  S.  Chaudhuri,  B.  Das  and  M.  Cahay,  "Features  of  quantum 
mag netotran sport  and  electromigration  in  mesoscopic  systems”  Superlattices  and 
Microstructures,  12,  123  -  132  (1992).  M.  Cahay  and  S.  Bandyopadhyay, 
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S.  Bandyopadhyay,  S.  Chaudhuri,  B.  Das  and  M.  Cahay,  "Magnetotransport  and 
electromigration  in  mesoscopic  systems”.  Sixth  International  Conference  on  Superlattices 
and  Microstructures,  Xian,  People's  Republic  of  China,  August  1992. 

Collision  Retardation  Effects  in  Hot  Electron  Transport  in  Two  Dimensional 
Systems 

Investigators:  Supriyo  Bandyopadhyay 

We  have  performed  a  Monte  Carlo  simulation  of  hot  electron  transport  in  a  quasi  two 
dimensional  structure  including  the  effects  of  finite  collision  duration  (collision 
retardation).  We  have  found  that  collision  retardation  tends  to  make  the  electrons  hotter  by 
suppressing  energy  relaxation  collisions.  It  also  increases  velocity  and  energy  overshoot. 

Resulting  Publications  and  Presentations: 

N.  Telang  and  S.  Bandyopadhyay,  "The  effect  of  collision  retardation  on  hot  electron 
transport  in  a  quantum  well”,  Phys.  Rev.  B  (to  appear  in  April,  1993.) 

The  Effects  of  a  Magnetic  Field  on  Phonon  Scattering  in  Quasi  One  Dimensional 

Systems: 

Investigators:  Supriyo  Bandyopadhyay 

We  have  rigorously  calculated  electron-phonon  scattering  rates  in  quasi  one  dimensional 
systems  in  the  presence  of  an  external  magnetic  field.  We  have  found  that  a  magnetic  field 
dramatically  reduces  both  polar  and  non-polar  acoustic  phonon  scattering  by  orders  of 
magnitude  which  has  important  implications  for  the  quantum  Hall  effect.  The  reduction  is 
caused  by  a  decrease  in  the  overlap  between  initial  and  final  state  electron  wavefunctions. 
The  scattering  rates  due  to  longitudinal  polar  and  non-polar  optical  phonons  and  surface 
phonons  increases  in  a  magnetic  field  (though  the  change  is  not  as  dramatic  as  in  the  case 
of  acoustic  phonons).  This  is  attributed  to  the  opening  of  many  new  scattering  channels 
associated  with  the  breaking  of  orthogonality  between  electron  wavefunctions  and 
confined  phonon  modes  in  the  presence  of  a  magnetic  field. 

Resulting  Publications  and  Presentations: 

N.  Telang  and  S.  Bandyopadhyay,  “Quenching  of  Acoustic  Phonon  Scattering  of 
Electrons  in  Semiconductor  Quantum  Wires  Induced  by  a  Magnetic  Field”  Appl.  Phys. 
Lett,  (in  press). 

N.  Telang  and  S.  Bandyopadhyay,  "Electron  phonon  scattering  in  quantum  wires 
subjected  to  high  magnetic  field”,  Proceedings  of  the  International  Conference  on 
Computational  Electronics,  237  -  240,  (1992). 

N.  Telang  and  S.  Bandyopadhyay,  "The  Effects  of  a  Magnetic  Field  on  Electron  Phonon 
Scattering  in  Quantum  Wires  by  a  Magnetic  Field”,  submitted  to  Phys.  Rev.  B. 
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Supercomputing  with  Spin  Polarized  Single  Electrons 

Investigators:  Supriyo  Bandyopadhyay 

We  have  proposed  a  novel  quantum  technology  for  ultra-fast,  ultra-dense  and  ultra-low 
power  supercomputing.  The  technology  utilizes  single  electrons  as  binary  logic  devices  in 
which  the  spin  of  the  electron  encodes  the  bit  information.  The  architecture  mimics  two 
dimensional  cellular  automata.  It  is  realized  by  laying  out  on  a  wafer  regimented  arrays  of 
nanophase  particles  each  hosting  an  electron.  Various  types  of  logic  gates,  combinational 
circuits  for  arithmetic  logic  units,  and  sequential  circuits  for  memory  can  be  realized. 

The  technology  has  many  advantages  such  as  (1)  the  absence  of  physical  interconnects 
between  devices  (inter-device  interaction  is  provided  by  quantum  mechanical  coupling 
between  adjacent  electrons),  (2)  ultrafast  switching  times  of  1  picosecond  for  individual 
devices,  (3)  extremely  high  bit  density  approaching  10  Terabits/sq-cm,  (4)  non-volatile 
memory,  (5)  robustness  and  possible  room  temperature  operation  with  very  high  noise 
margin  and  reliability,  (6)  a  very  low  power  delay  product  for  switching  a  single  bit  10'20 
Joules),  and  (7)  a  very  small  power  dissipation  of  a  few  tens  of  nanowatts  per  bit.  We  have 
also  proposed  a  new  non-lithographic  fabrication  technology  for  realizing  these  chips. 

Resulting  Publications  and  Presentations: 

S.  Bandyopadhyay,  B.  Das  and  A.E.  Miller,  “Supercomputing  with  Spin  Polarized  Single 
Electrons  in  a  Quantum-coupled  Architecture,”  submitted  to  J.  Appl.  Physics. 

S.  Bandyopadhyay,  Single  Electronics  with  Nanophase  Materials,  invited  lecture 
presented  at  Argonne  National  Laboratory,  Argonne,  Illinois,  June  1992. 

S.  Bandyopadhyay,  Supercomputing  with  spin  polarized  single  electrons,  invited  seminar 
presented  at  School  of  Electrical  Engineering,  Purdue  University,  March  1993. 

Single  Particle  Lifetimes  in  Quasi-one-dimensional  Structures 

Investigators:  Supriyo  Bandyopadhyay 

We  have  experimentally  measured,  for  the  first  time,  the  relaxation  time  for  single  panicle 
excitations  in  quantum  wires  as  a  function  of  both  wire  width  and  carrier  concentration. 
The  measurements  were  made  in  a  back-gated  AlGaAs/GaAs  heterostructure  at  4.2  K. 
The  experimental  data  show  excellent  agreement  with  a  theoretical  model  which  uses  only 
one  fitting  parameter  (to  account  for  screening). 

Resulting  Publications  and  Presentations: 

M.  Cahay,  T.  Singh  and  S.  Bandyopadhyay,  "Electron  emission  from  a  quantum  well  as  a 
result  of  exchange  and  Coulomb  interactions",  Proceedings  of  the  International 
Conference  on  Computational  Electronics,  147  -  150,  (1992). 


Quantum  Transport  in  Nanofabricated  Structures:  Program  Overview 

Investigators:  Gary  H.  Bernstein 

The  experimental  aspect  of  the  second  year  of  the  grant  was  very  successful.  We  made 
enormous  progress  in  the  area  of  fabrication  of  advanced  nanometer-scale  and  quantum 
structures,  and  have  bridged  the  gap  from  pushing  the  limits  of  nanofabrication  to 
fabricating  devices  in  metal,  silicon  and  III-V  materials  for  testing  both  at  Notre  Dame 
and  other  universities. 

Electron  Beam  Lithography  Technology  for  Advanced  Quantum  Device  Structures 

Investigators:  Gary  H.  Bernstein 

In  the  area  of  nanostructure  fabrication,  work  progressed  on  several  fronts.  First,  the  very- 
low-noise  electron  beam  lithography  (EBL)  system  was  completed.  The  true  capabilities 
of  the  system  were  demonstrated  through  the  achievement  of  high  resolution  over  very 
large  scan  fields.  Asdiscussed  in  the  resulting  publication  (Bazan  and  Bernstein),  poor 
noise  performance  of  the  associated  EBL  electronics  can  usually  be  compensated  for  by 
performing  exposures  at  small  scan  fields.  This  reduces  the  effects  of  the  noise,  but  also 
limits  the  flexibility  of  the  system.  By  making  major  improvements  in  noise  and  system 
performance,  we  accomplished  sub-100-nm  lithography  in  scan  fields  up  to  1.4  pm  (1400 
|im)  in  size.  Figure  1  shows  a  55-nm  metal  line  fabricated  at  a  distance  of  about  300  pm 
from  the  center  of  a  1  mm  scan  field  exposed  in  our  improved  EBL  system.  The  scan  fields 
discussed  here  are  up  to  25  times  iarger  in  area  than  those  typically  reported  in  the 
literature.  Our  publication  (presented  at  the  American  Vacuum  Society  Meeting  in 
Chicago,  November,  1992)  demonstrated  that  our  results  are  quite  useful  over  the  full  scan 
field. 
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I'KiURE  1.  55-nm  (told  line  fabricated  300  um  from  the  center  of  a  1  mm  scan  Held 
demonstrating  noise  properties  of  improved  EBL  system. 
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FIGURE  2.  Minimum  achievable  remaining  wail  thickness  possible  for  successful  lift-off  versus 
starting  resist  thickness. 


? 

f 

A 

i 

f- 

i' 


r 


I  *  •  •  i  n  it  ni*  mi  1 1 1 1 1 1  • 


I 

I 


FIGURE  3.  Our  best  gold  line  density  achieved  on  silicon  to  date-  approximately  38  nm  pitch. 
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Pitch  of  Gratings  Qim) 


FIGURE  4.  Normalized  area  dose  necessary  to  effect  successful  lift-off  of  well-defined  patterns. 

Secondly,  new  developers  for  poly  (methyl  methacrylate)  (PMMA),  as  discussed  in  the 
report  for  year  one,  bore  fruit.  As  predicted,  the  new  developers  were  instrumental  in 
achieving  very  high  metal  pattern  densities.  We  fabricated  dots  and  lines  with  pitches  well 
below  40  nra.  Figure  2  shows  the  best  line  density  we  have  achieved  on  gratings  (on 
silicon)  to  date-  approximately  38  nm  pitch.  Some  new  properties  of  PMMA  were 
discovered,  leading  to  a  conference  presentation  (Bernstein  et  al.,  Chicago,  1992)  and 
several  publications 

It  was  found  that  the  physical  strength  of  PMMA  limits  the  achievable  metal  thickness 
obtained  with  the  lift-off  process.  Figure  3  shows  the  minimum  achievable  remaining  wall 
thickness  (necessary  for  successful  lift-off)  versus  starting  resist  thickness.  We  found  that 
due  to  interwall  forces  and  swelling  of  the  PMMA  at  these  dimensions,  a  maximum  ratio 
of  4.7  of  resist  thickness  to  wall  width  is  possible  before  failure  of  the  lines  occurs.  Also  at 
these  dimensions,  proximity  effects  increase  dramatically.  Figure  4  shows  the  normalized 
area  dose  (normalized  to  the  area  dose  necessary  to  create  gratings  with  40-nm-  wide  lines 
on  a  150-nm-pitch)  necessary  to  effect  successful  lift-off  of  well-defined  patterns.  We  used 
a  triple  Gaussian  model  to  fit  the  data,  and  found  evidence  that  fast  secondary  electrons, 
predicted  by  D.  Joy1,  were  responsible  for  a  sharp  decrease  in  exposure  dose  as  line  pitch 
decreased  below  about  100  nm.  Figure  5  shows  that  as  the  number  of  lines  in  the  grating 


1.  D.  C.  Joy,  Microelectronic  Engineering,  Vol.  l,p.  103(1983). 


increases,  the  required  dose  drops  very  quickly  due  to  these  fast  secondary  electrons, 
leveling  out  only  for  gratings  with  more  than  about  15  lines.  To  our  knowledge,  ours  is  the 
first  detailed  study  of  proximity  effects  on  this  very  small  size  scale  reported  in  the 
literature 

X.  Huang,  G.  H.  Bernstein,  G.  Bazin,  and  D.  A.  Hill,  “Spatial  Density  of  Lines  in  PMMA 
by  Electron  Beam  Lithography,”  J.  Vac .  Sci.  Technol.  B.,  in  press. 

G.  Bazin  and  G.  H.  Bernstein,  “Electron  Beam  Lithography  Over  Very  Large  Scan 
Fields,”  J.  Vac.  Sci.  Technol.  B,  in  press. 

D.  A.  Hill,  X.  Huang,  G.  Bazin,  and  G.  H.  Bernstein,  “Swelling  and  Surface  Forces- 
Induced  Instabilities  in  Nanoscopic  Polymeric  Structures,”  J.  Appl.  Phys.,  72(9),  pp.  4088- 
4094(1992). 

X.  Huang,  G.  Bazin,  G.  H.  Bernstein,  and  D.  A.  Hill,  “Stability  of  Thin  Resist  Walls,”  J. 
Electrochem.  Soc.,  139(10),  pp.  2952-2956  (1992). 

G.  H.  Bernstein  and  D.  A.  Hill,  “On  the  Attainment  of  Optimum  Development  Parameters 
for  PMMA  Resist,”  Superlat.  andMicrostruct.,  II,  No.  2,  PP.  237-240  (1992). 

G.  H.  Bernstein,  D.  A.  Hill  and  W.  P.  Liu,  “New  High-Contrast  Developers  for  PMMA 
Resist,”  J.  Appl.  Phys.,  71  (8)  pp.  4066-4075  (1992). 

G.  H.  Bernstein,  D.  A.  Hill,  X.  Huang,  and  G.  Bazin,  “Failure  Mechanisms  of  Very 
Narrow  PMMA  Walls,”  presented  at  the  39th  National  Symposium  of  the  American 
Vacuum  Society  Chicago,  EL,  November  1992,. 

G.  Bazin  and  G.  H.  Bernstein,  “Electron  Beam  Lithography  Over  Large  Scan  Fields,” 
presented  at  the  39th  National  Symposium  of  the  American  Vacuum  Society,  Chicago,  EL, 
November  1992 
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FIGURE  5.  Normalized  dose  necessary  to  effect  successful  lift-  off  versus  total  number  of  lines 
per  grating. 


Quantum  Transport  in  Metals 

Investigators:  Gary  H.  Bernstein 

We  have  completed  the  tint  phase  of  building  our  low-temperature  measurement 
capability.  Proof  of  this  is  demonstrated  by  the  replication  of  an  experiment  performed 
previously  by  Benoit  et  al.2  and  Skocpol  et  al.3  which  demonstrates  the  dependence  of  the 
magnitude  of  conductance  fluctuations  on  the  length  of  metal  wires.  Figure  6  shows 
details  of  our  data  indicating  UCF  in  gold  lines,  70  nm  wide  and  30  nra  thick,  at  1 .7  K. 
The  solid  and  dashed  lines  represent  scans  up  and  down  in  magnetic  field,  respectively. 
(The  lines  arc  offset  slightly  as  a  result  of  mismatch  between  time  constants  of  the  lock-in 


2.  A.  Benoit,  C.  P.  Umbach,  R.  B.  Laibowitz,  and  R.  A.  Webb,  Phys.  Rev.  Lett.,  Vol.  58,  No.  22,  p. 
2343  (1987). 

3.  W.  J.  Skocpol,  in  Physics  of  Quantum  Electron  Devices,  ed.  by  Federico  Capasso,  p.  367, 
Springer-  Vcrlag,  New  York  (1990). 
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amplifier  as  compared  with  magnetic  field  scan  rates.)  Figure  7  shows  the  RMS  magnitude 
of  the  conductance  fluctuations  as  a  function  of  normalized  line  length  (where  L0,  the 
phase  breaking  length,  is  taken  as  1  pm  based  on  values  found  by  Benoit  et  ah).  The  data 
agrees  very  well  with  that  of  previous  researchers  with  an  exponential  dependence  with  a 
power  of  -3/2  to  2.  The  agreement  of  our  data  with  that  of  previous  researchers  shows  that 
we  are  now  capable  of  performing  meaningful  low- temperature  experiments  on  a  variety 
of  systems. 
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FIGURE  6.  Data  indicating  UCF  in  gold  lines  at  1.7  K. 
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We  have  succeeded  in  fabricating  pairs  of  metal  lines  with  widths  of  about  20  nm  spaced 
by  about  16  nm,  as  shown  in  Figure  8.  This  is  an  improvement  of  a  factor  of  about  three  in 
device  size  as  compared  with  a  year  ago.  It  was  hoped  that  virtual  phonon  coupling  would 
be  evident  on  these  size  scales  at  1.8  K,  but  so  far  no  effects  of  quantum  coupling  has  been 
demonstrated.  We  are  continuing  to  decrease  noise  and  capacitive  coupling  in  our 
measurement  system  and  to  decrease  the  spacing  even  further.  In  addition,  a  new  low 
temperature  measurement  system  with  capability  of  300  mK  and  11  Tesla  will  be 
operational  in  the  near  future. 


L/L* 


FIGURE  7.  RMS  magnitude  of  the  conductance  fluctuations  as  a  function  of  normalized  line 
length  (where  L0  is  the  phase  breaking  length  taken  as  1  u  m). 
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FIGURE  8.  Fair  of  metal  lines  with  widths  of  about  20  nm  spaced  by  about  16  nm  for  use  in 
phonon  coupling  experiments. 


Mesoscopic  Photovoltaic  Effect 

Investigators:  Gary  H  Bernstein 

We  maintain  a  close  collaboration  with  Dr.  N.  Giordano  and  graduate  student  Mr.  R. 
Bartolo  at  Purdue  University.  Their  cryogenic  measurement  system  is  capable  of  in  situ 
microwave  irradiation.  Using  this  system,  they  have  observed  d.c.  voltages  in  mesoscopic 
systems  which  arise  as  a  direct  result  of  the  microwave  energy4 5.  This  photovoltaic  (PV) 
effect  has  been  observed  in  different  systems^,  but  we  are  attempting  to  directly  locate  the 
source  of  the  rectification  of  the  electron  motion  by  separating  the  mesoscopic  structure 


4.  J.  Liu,  M.  A.  Pcnnmcton.  and  N.  Giordano.  Bh\s  Re v  B.  Vol.  -15,  No.  5.  p.  1267  (1992). 

5.  A. A.  Bykov.  G.  M.  Gusev,  Z.  D,  Kvon,  and  B.  1.  Fomin.  .*>/•» v.  Pins.  JETP  Vol.  70,  No.  1.  p.  140 
(1990), 


into  segments  and  isolating  the  individual  scatterers.  Figure  9  shows  a  sample  built  at 
Notre  Dame  used  in  this  expenment.  These  experiments  are  in  progress. 


FIGU  RE  9.  Metal  line  fabricated  on  glass  slide  at  Notre  Dame  showing  voltage  probes  and 
interconnect  pads.  This  pattern  Is  currently  employed  to  study  the  origin  of  the  photovoltaic 
effect  in  mesoscopic  structures. 


Additionally,  we  are  trying  to  identify  interference  phenomena  which  might  play  a  role  in 
the  PV  effect.  Figure  10  shows  a  gold  Aharonov-Bohm  ring  on  a  glass  substrate  fabricated 
at  Notre  Dame.  Figure  1 1  shows  PV  data  obtained  at  Purdue  on  the  ring  sample.  The 


Fourier  transform  of  the  data  indicates  an  h/e  component  of  the  PV  effect  which  could 
prove  that  the  effect  is  strongly  related  to  interference  phenomena. 

Resulting  Publications  and  Presentations: 


R.  E.  Bartolo.  N.  Giordano,  X.  Huang,  and  G.  H.  Bernstein,  “Giant  Oscillations  in 
Mesoscopic  Photovoltaic  Effect,”  poster  presented  at  the  40th  Midwest  Solid  State 
Conference,  Urbana-Champaign,  Oct.  1992.  (Judged  Second-Best  Poster  at  Conference.) 


FIGURE  10.  Gold  Aharonov-Bohm  ring  on  a  glass  substrate  fabricated  at  Notre  Dame  used  to 
determine  the  role  of  quantum  interference  in  the  photovoltaic  effect. 
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FIGURE  II.  Photovoltaic  effect  data  obtained  at  Purdue  University  showing  possible  h/e 
oscillations  indicative  of  Abaronov  Bohm  effect  If  confirmed,  this  data  would  show  that  phase 
coherence  plays  a  role  in  the  PV  effect 


Quantum  Transport  in  III-V  Materials 

Investigators:  Gary  H.  Bernstein 

In  collaboration  with  Dr.  S.  Washburn  at  the  University  of  North  Carolina,  Chapel  Hill,  we 
have  fabricated  prototype  structures  with  up  to  8  control  gates.  Figure  12(a)  shows  one 
prototype  device  requiring  14  leads  consisting  of  both  ohmic  and  Schottky  contacts. 
Evident  is  the  mesa  pattern  with  ohmic  contacts  and  leads  for  Schottky  contacts.  Figure 
12(b)  shows  the  same  device  with  a  close-up  of  the  Schottky  gates  on  the  mesa.  Spaces 
between  Schottky  contacts  are  as  narrow  as  40  nm  This  structure  will  allow  a  large 
variety  of  effects  to  be  observed  in  one  device  ranging  from  single  electron  tunneling  to 
split  gate  behavior  with  a  series  of  gates.  We  are  in  the  process  of  transferring  the 
fabrication  technology  to  device-grade  material  for  testing  at  UNC.  Similai  devices  will 
be  tested  at  Notre  Dame  when  the  milliKelvin  cryostat  is  operational. 
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IKil'RK  12.  a)  One  prototype  device  retiiiirini!  14  leads  consisting  of  both  ohmic  and  Schottky 
contacts.  (evident  is  the  mesa  pattern  with  ohmic  contacts  and  leads  for  Schottky  contacts.  b> 
same  device  with  a  close-up  of  the  Schottky  j;atcs  on  the  mesa.  Spaces  between  Schottky 
contacts  are  as  narrow  as  4il  nm. 


Quantum  Transport  in  Silicon 

Investigators:  Gary  H.  Bernstein 

We  have  undertaken  an  exciting  new  area  of  fabrication  for  silicon  nanostructures. 
Initially,  we  demonstrated  that  positive  charges  resulting  from  electron  beam  damage  to 
SiC>2  remain  fixed  in  space  (Bernstein  et  al.).  These  positive  charges  cause  a  shift  in  the 
MOSFET  threshold  voltage  by  up  to  -15  volts,  so  that  at  a  gate  voltage  where  an  n- 
channel  MOSFET  is  still  off,  the  area  that  has  been  irradiated  by  the  beam  has  a  significant 
inversion  layer  in  place.  We  conceived  of  the  possibility  of  exposing  narrow  regions 
between  the  source  and  drain  of  an  n-channel  MOSFET  which  will  remain  conducting 
while  the  rest  of  the  device  is  nonconducting.  We  hope  to  demonstrate  1-D  and  quantum 
transport  in  MOSFF.T’s  which  have  been  exposed  in  this  way  over  narrow  regions 
between  the  source  and  drain.  It  should  be  emphasized  that  the  exposure  is  a  straight¬ 
forward  application  of  EBL  patterns  performed  through  the  existing  gate  metal  and  oxide 
of  a  simple  MOSFET. 

So  far,  we  have  used  our  silicon  IC  processing  laboratory  to  make  test  MOSFET’s  used  in 
these  experiments.  We  have  recently  exposed  MOSFET’s  as  described  above  and  have 
observed  some  very  compelling  evidence  of  confinement  due  to  the  narrow  potential  well 
created  by  the  positive  charge  left  after  irradiation  by  the  electron  beam.  Modulation  of  the 
gate  voltage  is  expected  to  narrow  or  widen  the  potential  well  thus  controlling  its 


Vfl  (V) 


FIGURE  H.  Structure  in  the  drain  conductance,  gj,  between  source  and  drain  of  an  8  pm  long 
MOSFET  at  1.83  K  as  a  function  of  gate  voltage,  Vr  The  1-D  channel  was  created  by  EBL  exposure 
and  resulting  positive  oxide  charge  creating  a  potential  well  at  the  interface. 
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properties.  Figure  13  shows  structure  in  the  drain  conductance,  gd,  between  source  and 
drain  of  an  8  (am  long  MOSFET  at  1.83  K  as  a  function  of  gate  voltage,  Vg.  As  expected 
for  confinement  effects,  the  structure  in  the  gd  vs.  Vds  data  disappears  at  higher 
temperatures  and  at  larger  V^.  Also,  there  is  no  evidence  of  the  structure  for  unexposed 
MOSFET’s  fabricated  in  our  laboratory,  or  for  commercially  obtained,  prepackaged 
MOSFET’s. 

We  have  much  work  to  do  in  order  to  verify  that  the  structure  is  due  to  confinement  of  the 
conducting  channel  brought  on  by  the  positive  charge  generation.  We  hypothesize  so  far 
that  the  structure  is  due  either  to  UCF  or  single  electron  tunneling  phenomena.  Many  more 
experiments  are  planned  in  order  to  determine  the  precise  nature  of  the  effect.  The  pending 
confirmation  of  confinement  effects  implies  that  a  whole  range  of  quantum  devices 
ranging  from  lateral  surface  superlattices  to  turnstile  devices  might  be  possible  by  simple 
processing  of  existing  silicon  devices. 

Resulting  Publications  and  Presentations: 

G.  H.  Bernstein,  S.  W.  Polchlopek,  R.  Kamath,  and  W.  Porod,  “Determination  of  Electron- 
Beam-Induced  Positive  Oxide  Charge,”  Scanning,  Vol.  14,  pp.  345-349  (1992). 
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MAGNETIC  EDGE  STATES  IN  A  ID  CHANNEL  WITH  A  PERIODIC  ARRAY  OF 

ANTI  DOTS 


Manhua  Lcng  and  Craig  S.  Lent 
Department  of  Electrical  Engineering 
University  of  Notre  Dame 
None  Dame,  IN  46556 
(Received  19  May  1991  ) 


Recent  experiments  in  transport  through  a  ballistic  constriction  with  a  periodical  corru¬ 
gation  cm  one  wall  to  modulate  the  width  (1)  have  revealed  mimband  structure  in  the 
presence  of  a  magnetic  held.  We  have  previously  explored  the  properties  of  edge  states 
m  a  similar  structure^).  Here  we  present  our  calculation  of  bandstrocture  and  edge 
states  on  a  ID  channel  having  an  array  of  anbdots  placed  along  its  central  axis.  Our 
interest  is  to  examine  the  allowed  states  in  such  a  channel  and,  by  direct  calculating  the 
particle  current  density,  to  visualize  the  current  flow  via  magnetic  edge  stales  as  well 
as  localized  Landau  states. 


1.  Introduction 

Quantum  transport  of  2DEG  systems  in  the  presence  of 
a  perpendicular  magnetic  held  has  the  remarble  result  of 
a  quantized  Hall  resistance.  A  transport  theory  developed 
by  BUttiker  (3)  hu  been  employed  to  explain  the  integer 
quantum  Hall  effect  of  ballistic  channel.  In  this  formalism, 
magnetic  edge  states  play  an  important  role  in  the  sense 
that  the  Hall  resistance  can  be  expressed  in  terms  of  the 
transmission  properties  of  these  edge  channels.  Recently 
Kouwenhoven  el  al„  studied  the  conductance  of  a  periodi¬ 
cally  modulated  channel  and  observed  mimband  formation 
in  zero  magnetic  field  and  quantizet  conductance  in  a  2T 
field.  We  have  investigated  a  simrar  but  infinitely  long 
corrugated  channel  .The  bands  true  tut  and  current  distri¬ 
bution  of  edge  states  in  the  channel  have  been  discussed. 

Here  we  extend  this  work  to  ex  urn  me  transport  of  an 
infinitely  long  ID  channel  with  an  array  of  antidocs  sitting 
in  the  channel  (4).  The  geometry  is  shown  in  Figure  1. 
The  bands  true  ture  and  the  current  distribution  in  a  perpen¬ 
dicular  magnetic  field  have  been  calculated. 

2.  Model  And  Method 

The  structure  is  shown  in  Figure  1  with  dimensions  in¬ 
dicated.  The  width  of  the  channel  is  d,  and  an  array  of  tn- 
[ idols  with  diameter  D  sitting  at  the  channel  center  results 
in  an  effective  periodic  potential  profile  in  i  direction  with 
period  of  n.  In  the  results  shown  in  the  following  section, 
and  D/<^ 3/10.  For  simplicity,  the  povntiai  outside 


the  channel  and  inside  the  anndocs  is  taken  to  be  infinite. 
The  potential  in  the  conducting  region  of  the  channel  is 
zero. 

The  single-band,  effective-mass  model  has  been  em¬ 
ployed  in  calculating  the  bandstmeture  by  solving  SchrOdin- 
ger  equation  for  Bloch-state  wavefunctions, 

Wfx,  y)  =  e'*'u„.*(x.y).  (1) 

with  eigen-energy  £„() k)  and  =  0.05mo-  A  mag¬ 
netic  field  is  ipplied  in  £  direction  and  the  Landau  gauge 
is  chosen  so  that  the  vector  potential  A  =  -yBx. 

The  resulting  time-independent  Schrtidingcr  equation 

for  un.*(z.y)  and  En(k)  is, 

-V2  -  2\(ko  -  Jy)~^  +  (ko  -  Jy )3  +  \ /j  u„,*(z,p) 

-  En(k)v«j(x, \i).  (2) 


FIGURE  I  Geometry.  Unit  cell  is  marked  with  dashed 
lines. 
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RGURE  2.  Shown  ts  the  bandstructure  when  $  =■  0  in 
extended  zone  scheme. 

-  traveling  states;  "co"  -  localized  states;  “++"  - 
mixed  states. 


RGURE  3.  Shown  a/e  the  current  density  and  probability 
density  distributions  in  one  unit  cellfor  zero  magnetic  held 
(a)  localized  state  SI;  (b)  traveling  state  S2;  (c)  mixed  state 

S3. 
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Here  all  the  variables  are  expressed  in  a  dimensionless 
fashion.  Lengths  are  expressed  in  units  of  <i.  energy  and 
potential  are  expressed  in  units  of  £0  =  and 

magnetic  field  is  specified  by  3  =  efia’/h. 

For  a  unit  cell  of  n  =  IflOOA.  a  value  of  30  for  3 
corresponds  to  a  2  Tesla  magnetic  field. 

We  used  the  finite  element  method  to  discretize  Equa- 
tion(l).  Numerical  solutions  for  the  first  10  eigen-energies 
and  eigen-functions  were  obtained  using  a  subspace  itera¬ 
tion  technique  in  first  Brillouin  zone.  The  current  densines 
therefore  were  directly  calculated  from  the  wavefunctions. 

3.  Results 


A.  Bandstrueture 

Figure  2  shows  the  energy  bandstrueture  for  zero  mag¬ 
netic  field.  Minigaps  are  formed  because  the  antidots 
placed  in  the  channel  act  as  a  periodic  potennal.  The  rem¬ 
nant  of  a  parabolic  band(“»§”  lines)  represents  the  states 
traveling  via  the  region  between  the  antidots  and  the  chan¬ 
nel  edge.  Some  bands  ("oo"  lines)  are  fairly  flat  through 
the  whole  Bnllouin  zone  and  represent  those  suites  which 
are  confined  in  the  wider  region  by  two  neighboring  anti¬ 
dots.  This  confinement  is  effective  up  to  very  high  energy. 
The  left  bandsC+V  lines)  are  mixtures  of  the  above  two. 
The  panicle  current  densities  and  probabilities  in  a  unit 
cell  for  three  typical  states  5,,  S7.  53  are  shown  in  Figure 
3. 

We  have  calculated  the  bandstructures  for  J  =  20,  30, 
and  40  but  only  present  the  result  for  3  =  40  here.  We 
find  the  energy  bands  change  by  filling  in  some  of  the 
minigaps  as  the  magnetic  field  increases.  At  high  field, 
as  displayed  in  Figure  4,  energy  levels  are  resolved  imo 
quasi-parabolic  band  and  a  senes  of  flat  bands  The  former 
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FIGURE  4.  Shown  is  the  bandstrueture  when  J  =  40  in 
extended  zone  scheme. 

•  traveling  edge  states  on  the  walls;  “oo"  -  circulating 
edge  states;  "-localized  states  between  anodots;  “++" 
-  mixed  states;  dashed  line  is  2D  bulk  Landau  Level. 


emerged  because  the  applied  magnetic  field  pushes  electron 
to  the  wail  and  suppresses  back-scartenng  on  the  antidots. 
The  flat  bands  consists  of  two  major  kinds  of  states.  One 
kind  onginates  from  Landau  orbits  which  are  mainly  local¬ 
ized  in  the  wider  region  between  two  antidotslbulk  Landau 
level  energies  are  at  Ek/Eq  =  (2n  +  1)J,  i.e.,  40  and  120 
for  the  first  two  with  3  =  40).  Another  kind  of  flat  band 
belongs  to  the  family  of  edge  states:  they  are  pushed  not 
against  either  wall  of  the  channel  but  against  the  antidot 
therefore  circulate  around  the  penphery  of  the  antidot. 


B.  Magnetic  Edge  States 

Edge  states  have  been  discussed  in  quantum  transport 
but  often  indicated  schematically.  With  the  wavefunctions 
in  hands  from  our  numerical  solution,  we  are  readily  able 
to  calculate  the  current  density  in  the  structure.  The  parti¬ 
cle  current  density,  j„  *.  is  calculated  from  the  wavefunc- 
non  as. 


u.k  =  ~  {(*  -  i  i3  * 

-  t  -  u;.kTii,.n|  ■  (3) 

Several  typical  states  taken  from  Figure  4  are  shown  in 
Figure  5.  State  A  corresponds  to  the  lowest  Landau  level 
and  is  approaching  ns  bulk  value  from  above  at  this  high 
field.  State  B  is  the  magnetic  edge  state  surrounding  the 
antidot.  This  kind  of  edge  states  does  not  carry  overall  net 
current.  Slate  C  is  the  magnetic  edge  state  pushed  to  the 
wail  of  the  channel  by  magnetic  field.  Current  is  mostly 
earned  by  this  kind  of  state.  State  D  is  a  mixed  state  of 
all  kinds  of  states  described  above  but  is  mainly  localized. 


4.  Summary 

Wie  have  calculated  the  bandstrueture  of  a  ID  channel 
with  periodic  potential  barriers  represented  by  an  array 
of  antidots  at  center  along  the  channel.  At  zero  mag¬ 
netic  field,  minigaps  form  due  to  the  penodic  potential. 
Rat  bands  appear  because  of  the  consmcnon  between  the 
walls  and  the  anodots.  At  high  magnetic  fields,  some  of 
the  minigaps  close  because  of  the  suppression  of  back- 
scattering  by  the  magnetic  field.  There  are  two  lands  of 
magnetic  edge  suits  present  in  the  structure:  circulating 
states  which  move  around  the  amidol’s  penphery  ,  and 
traveling  edge  sates  which  move  along  the  the  channel 
walls.  The  circulating  sates  cany  no  net  current  down  the 
channel.  Localized  Landau  orbits  are  also  present. 
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Abstract 

■Ve  examine  tne  oaiLisnc  conductance  ot  a  .one,  penodicailv-moauiaiea 
.•;ectron  cnannei.  In  general,  tne  conductance  or  a  modulated  cnannei  is  a 
complicated  function  of  the  energy.  For  a  long  penodically-modulated 
cnannei.  however,  the  quantized  conductance  characierisuc  of  a  simple 
quantum  point  contact  is  recovered.  The  value  of  the  quanuzed 
conductance  is  no  longer  a  monotomcaliy  increasing  function  of  energy, 
however.  Conductance  can  step  down  as  well  as  up  with  increasing  energy. 
We  explain  these  results  by  comparing  the  calculated  conductance  with  the 
bandstniciure  of  the  corresponding  infinite  penodicailv-modulated 
channel.  The  comparison  shows  a  direct  correspondence  between  the  index 
of  the  conductance  plateau  and  the  number  of  positive-velocity  bands  at  a 
given  energy.  The  results  persist  in  the  presence  of  an  applied  magnetic 
field.  In  the  high-field  regime  they  can  be  interpreted  as  selccuvc  resonant 
rack-scattering  of  edge  states.  We  predict  non-monotomc  steps  :n  the 
nteger  quantum  Hall  resistance  in  suen  structures. 

FACS.  7 3.20Dx.  72.10.-d,  73.50Jt 


Ouanazanon  of  the  conauctance  of  a  uuantum  point  contact  <QPO,  such  as  those 
:abncatea  by  iateral  confinement  or  a  two-uime  cnai  electron  gas  in  a  semiconductor,  is 
now  weil  knovn  and  well  unaer  .od  f  1-31.  The  quantization  is  due  to  the  creation  of 
'utcrai  sub-band,  inodes,  analogous  to  waveguide  modes,  and  the  fact  that  each  mode 
.arnes  tne  same  amount  of  current.  The  linear-response  conductance  for  a  QPC  is  simply 
G<E)~N(EH2e~/h),  where  N(E)  is  an  integer  function  of  the  energy  which  counts  the 
number  ot  travelling  modes  with  energy  below  E.  The  conductance  increases 
monotonically  in  steps  as  additional  modes  become  available.  If  the  ballistic  channel  is 
patterned  wuh  further  features,  bends,  constrictions,  or  other  obstructions,  conductance 
.uiannzanon  is  lost  and  a  complicated  structure  for  G(E)  emerges  due  to  me  details  of 
quantum  interference  and  backscattenng  in  the  channel  [4-5]. 

in  this  letter  we  show  that  if  a  ballistic  channel  has  a  periodically  modulated  structure,  the 
quanuzation  in  G(E)  is  recovered  but  it  is  no  longer  a  monotonic  function  of  energy.  We 
numerically  calculate  transmission  coefficients  and  the  linear- response  conductance  of 
such  a  channel.  We  also  calculate  the  energy  bandstructure  for  the  corresponding  infinite 
modulated  channel  and  show  that  simple  features  of  the  bandstructure  explain  the 
conauctance  behavior  [6]. 

We  examine  the  structure  shown  schematically  in  Fig.  1.  A  channel  of  width  d  is 
penoaically  nan  owed  to  a  width  of  d-h.  The  period  of  the  modulation  is  a,  the  number  of 
narrow  regions  is  N,  and  the  length  of  each  narrow  region  is  w.  We  present  results  for  the 
particular  case  where  dJa  -  2.0,  hJa  -  0.6,  and  wia  =  0.4.  A  magnetic  field  of  magnitude  B 
is  applied  perpendicular  to  the  plane  in  the  2  direction.  The  Landau  gauge  is  chosen  for 
the  vector  potential  so  A  =  -yBi  .  We  adopt  a  single-band  effective-mass  model  with 
an  effective  mass  appropriate  for  GaAs,  m*/mo  =  0.067,  and  ignore  spin  throughout  Hard 
wall  potentials  are  assumed  to  define  the  channel  modulation  while  the  potential  inside  the 
channel  is  taken  to  be  zero. 


We  solve  the  two-aimensionai  time-independent  Schrodineer  equaaon. 
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To  calculate  the  conductance  of  a  channel  of  finite  length  and  N  periods,  we  solve  Eq.  (1) 
:o  obtain  the  complex  energy-dependent  transmission  and  reflection  amplitudes  for  each 
transverse  mode  (defined  in  the  wide  regions).  Wie  solve  directly  for  the  waveiunction  and 
transmission  amplitudes  in  one  unit  cell  (marked  by  dashed  lines  in  Fig.  1).  then  use  a 
scattering  matrix  cascading  method  [7]  to  obtain  transmission  and  reflection  amplitudes 
:or  the  whole  structure.  Transmission  and  reflection  into  evanescent  modes  must  be 
included  in  the  cascading  process.  The  conductance  in  the  linear  response  regime  is  then 
obtained  using  the  Landauer  equauort  (8], 


G  =  d£-rr(rrt)  .  (2) 

h 

where  r, ;  is  the  transmission  amplitude  from  mode  j  into  mode  i  for  the  whole  structure. 

The  numerical  soluuon  of  Eq.  d)  for  the  unit  cell  with  open  boundaries  is  accomplished 
using  the  Quantum  Transmitting  Boundary  Method  [9],  a  numerical  algorithm  we  have 
developed  based  on  the  Finite  Element  Method  for  solving  the  two-dimensional 
Schrodinger  equation  for  current-carrying  states.  We  employ  a  recent  extension  of  the 
method  to  include  the  case  of  an  applied  magnetic  field  [10]. 

We  compare  the  conductance  for  the  finite  system  with  N  periods  of  modulation  with  the 
bandsnructure  of  the  infinite  periodic  system.  For  the  infinite  system,  we  can  use  the  Bloch 
theorem  and  look  for  a  soluuon  of  the  form  k  (r,  y)  -  k  (x,  y)  where  unj^x,y) 
is  the  periodic  part  of  the  Bloch  function.  We  solve  Eq.  (1)  with  this  substitution  as  an 
eigenvalue  problem  for  En(k)  and  unj^x,y).  We  use  the  finite  element  method  to  achieve 


numerical  discretization  over  the  unit  ceil.  Meshes  of  up  to  5151  nodes  were  used  to 
achieve  convergence  at  high  values  ot  magnetic  held. 

Figure  2  shows  the  calculated  conductance  and  transmission  coefficients  T ,  =  £  [r^  ;j2for 

1 

a  finite  channel  and  the  bandstructurc  for  an  infinite  channel  when  no  magnetic  field  is 
applied.  Energy  is  expressed  in  units  of  £/,  the  energy  of  the  first  transverse  mode  (sub¬ 
band)  in  the  wide  regions.  Figure  2(a)  shows  the  transmission  of  a  channel  with  three  unit 
cells  (three  constrictions).  The  total  transmission  for  various  incoming  modes  are  shown 
separately.  The  energy  bandstructurc  for  the  infinite  modulated  channel  is  shown  for  the 
first  Brillouin  zone  in  Figure  2(b).  Energy  is  plotted  on  the  horizontal  axis  so  that  the 
relationship  to  the  conductance  results  below  is  clear.  Figure  2(c)  shows  the  conductance 
calculated  from  Eq.  (2)  for  a  long  channel  with  N  =  85  periods.  Figure  2(d)  shows  the 
transmission  for  individual  modes  in  the  long  modulated  structure  [11  j. 

For  only  three  constrictions  in  the  channel  the  total  transmission,  shown  in  the  solid  curve 
of  Figure  2(a),  which  is  proportional  to  the  conductance,  is  not  quantized.  This  is  to  be 
expected  because  of  mode  mixing  due  to  the  abrupt  narrowing  of  the  channel  [2,3].  The 
conductance  of  the  long  modulated  channel,  shown  in  Figure  2(c),  is  striking  in  that  the 
conductance  is  essentially  quantized  in  units  of  2 e2/h  [121.  Unlike  the  usual  quantization 
of  QPC  ballistic  conductance,  however,  the  conductance  does  not  increase  monotonically 
but  rather  steps  up  and  down  between  quantized  levels,  sometimes  going  to  zero[  131.  The 
ballistic  conductance  of  the  very  long  channel  can  be  written  as  G(E)~Mc(E)(2e2/h),  where 
.Vcf£)  is  the  integer  index  corresponding  to  the  quantized  conductance  plateau  for  energy 
£. 

The  conductance  quantization  in  Figure  2(c)  can  be  understood  by  examining  the 
bandscructure  shown  in  Figure  2(b).  For  each  value  of  the  energy,  define  an  integer  NffE) 
to  be  the  number  of  energy  bands  (distinct  En(k)  curves)  with  positive  group  velocity 
(slope).  is  also  a  non-monotonic  function;  it  is  zero  in  energy  gaps  and  steps  up 


md  gowti  as  a  function  or  energy.  By  comoaring  Figures  2(b)  and  2(c)  we  see  that,  in  fact. 


V  .1  £ Ei.  The  number  ot  positive  ’•eiocity  panas  for  the  infinite  system  yields  the 
quantization  of  the  conauctance  in  me  cenoaicaily-modulated  finite  system.  The  colored 
regions  of  the  figures  illustrate  this  correspondence.  Each  value  of  Nc(E)=Nf,*(E)  is 
represented  by  a  different  color  (white=0.  red=l.  yeilow=2,  green=3,  blue=4). 

For  a  straight  channel  or  a  short  ballisnc  point  contact.  SffE)  is  simply  the  sub-band 
number  and  increases  monotonically.  The  well  known  cancellation  of  velocity  and 
Jensitv-ot-states  factors  leads  to  identical  current  being  earned  in  quasi-one -dimensional 
'UD-bana.  Thus  N  ,iE)  is  quantized  ana  monotonic  in  the  same  manner. 

The  non-monotomc  behavior  of  N^tE)  in  the  penodically  modulated  channel  is  due  to 
the  signiheant  amount  of  reflecnon  and  mode  mixing  caused  by  even  a  single  constriction 
m  the  cnannel.  Transport  is  by  no  means  adiabatic.  This  mode  mixing  in  the  finite  channel 
resuits  in  band  mixing  in  the  bandstrucrurc  of  the  infinite  channel.  The  band  mixing  results 
in  the  appearance  of  forbidden  gaps  and  allowed  energy  regions  with  differing  numbers  of 
energy  bands.  Just  as  sub-bands  in  a  straight  channel  each  carry  the  same  amount  of 
current.  Bloch  bands  in  the  periodic  structure  each  cany  the  same  current. 

These  results  have  no  smctlv  one-dimensional  analogue.  The  bandstructurc  in  a  one- 
diraensional  periodic  system  has  the  same  number  of  bands  (two.  one  with  positive 
velocity  and  one  with  negative  velocity;  in  each  allowed  region.  N^fE)  in  one  dimension 
only  takes  the  values  of  1  in  a  band  or  0  in  a  gap.  The  integer  values,  (0,1, 2, 3,  ...)  of 
for  the  modulated  channel  manifest  the  two-dimensional  character  of  the  channel 
mixing  with  the  quasi-one-dimensional  character  of  the  current  flow. 

It  is  important  to  note  that  the  transmission  of  individual  modes  is  not  quantized  but  the 
total  transmission  is.  Figure  2(d)  shows  that  for  no  individual  mode  is  the  conductance 
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quantized.  The  quantization  occurs  as  the  various  modes  are  mixed  by  the  periodic 


-cattenng. 

The  recovery  or  ballistic  conductance  quanuzanon  persists  in  the  presence  of  a 
perpendicular  magnenc  held.  Figure  3  shows  the  conductance  and  bandscructure 
calculated  for  the  case  of  a  moderately  high  magnetic  field,  pa  ( — ) ad  =  24.3  (for  a 
unit  cell  with  a=200A,  this  corresponds  to  B=  20  T)  [14].  Here  conduction  can  be 
described  in  terms  of  edge  states  and  the  energy  is  naturally  expressed  in  units  of  the  first 
bulk  Landau  level  E,  =  . 

in  the  iinut  of  extremely  high  magnetic  fields,  all  transport  would  be  througn  edge  states 
and  the  suppression  of  back-scattering  between  edge-states  on  opposite  stdes  of  the 
channel  would  guarantee  monotonically  increasing  and  quantized  conductance  [15].  The 
interesting  result  here  is  that  for  intermediate  field  strengths  (or  for  higher  edge-state 
indices),  where  backscattering  can  still  occur  between  edge  states,  the  conductance  is 
nevertheless  quantized  Again,  however,  the  quantization  is  non-monotonic  and  related 
directly  to  the  number  of  positive-velocity  bands  in  the  bandstructure  for  the 
corresponding  infinite  system.  A  step  down  in  conductance  as  energy  is  increased  means 
mat  an  edge  state  which  was  contributing  to  the  conduction  has  now  been  turned  off  at  the 
higher  energy  because  it  resonantly  back-scatters  from  the  constrictions. 


Notice  in  Figure  3(c)  that  the  conductance  is  lowered  by  one  unit  for  energies  just  above  6 
El.  Examination  of  the  individual  mode  transmission  coefficients  in  Figure  3(d)  shows 
that  it  is  the  first  edge  state  (with  a  slight  admixture  of  the  third)  which  has  been  resonantly 
reflected  For  this  energy  range  the  second  and  third  edge  states  are  almost  entirely 
transmitted  but  the  first  and  outermost  edge  state  is  reflected  This  selective  reflection  of 
edge  states  is  similar  to  the  experimental  results  of  Mttller  et  ai.  [16],  who  used  an  applied 
potennal  from  a  metal  gate  to  reflect  individual  edge  states.  The  consequence  of  this 
reflection  was  a  deviation  from  the  usual  integer  quantum  Hall  effect  (IQHE)  plateaus,  a 
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deviation  understandable  in  the  edge-state  picture  or  the  IQHE  [15].  The  reflection  of 
^elective  edge  states  seen  in  our  calculation  for  a  modulated  channel  suggests  that  a 
similar  IQHE  deviations,  steps  up  and  down  between  Hall  resistance  plateaus,  should  be 
observable  in  these  geometries. 

In  conclusion,  we  have  studied  the  ballistic  transport  properties  of  a  periodically 
modulated  channel.  Our  results  show  that  a  long  modulated  channel  has  a  ballistic 
conductance  which  is  quantized,  but  a  non-monotonic  function  of  energy.  The  index  of  a 
quanuzed  conductance  plateau  has  a  one-to-one  correspondence  to  the  number  of 
positive- velocity  states  in  the  energy  bandstrucmre  for  the  corresponding  infinite 
modulated  channel.  This  phenomenon  persists  at  high  magnetic  field,  where  it  can  be 
interpreted  as  resonant  reflecnon  of  particular  edge  states  and  should  produce  anomalous 
IQHE  behavior. 
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FIGURE  C  APTIONS 


FIGURE  1.  The  geometry  or  the  periodically  modulated  quantum  channel. 

FIGURE  2.  The  modulated  channel  in  no  applied  magnetic  held,  (a)  Transmission 
coefficients  tor  a  short  channel  with  three  unit  cells  (N=3).  (b)  The  energy 
bandstnicturc  for  the  infinite  periodic  channel.  The  colors  indicate  the  number  of 
individual  energy  bands  with  positive  group-velocity  in  each  energy  region  (white=0, 
red=l,  vellow=2,  green=3,  blue=4).  (c)  Conductance  for  a  long  channel  with  85  unit 
cells  (N=85).  Colors  indicate  the  index  of  the  quantization  plateau  (white=0,  red=l, 
yellow=2.  green=3.  blue=4i.  The  correspondence  of  the  color  schemes  in  ib)  and  (c) 
illustrates  that  the  conductance  of  the  finite  channel  is  related  to  the  number  of  positive- 
velocity  bands  in  the  bandstructure  of  the  infinite  channel,  (d)  Transmission  coefficients 
of  individual  modes  for  the  long  modulated  channel. 

FIGURE  3.  The  modulated  channel  in  an  applied  magnetic  field,  (a)  Transmission 
coefficients  for  a  short  channel  with  four  unit  ceils  (N=4).  (b)  The  energy  bandstructure 
for  the  infinite  periodic  channel.  The  colors  indicate  the  number  of  individual  energy 
bands  with  positive  group-velocity  in  each  energy  region  (white=0,  red=l.  yeilow=2, 
ireen=3.  blue=4).  (c)  Conductance  for  a  long  channel  with  40  unit  cells  <N=40).  Colors 
indicate  the  index  of  the  quantization  plateau  (white=0,  red=l,  yeilow=2,  green*3, 
blue=4).  The  correspondence  of  the  color  schemes  in  (b)  and  (c)  illustrates  that  the 
conductance  of  the  finite  channel  is  related  to  the  number  of  posidve-velocitv  bands  in 
the  bandstructure  of  the  infinite  channel,  (d)  Transmission  coefficients  of  individual 
modes  (edge  states)  for  the  long  modulated  channel. 
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Bistable  saturation  in  coupled  quantum  dots  for  quantum  cellular  automata 
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X.  simple  mood  quantum  aot  ceil  containmg  two  electrons  is  anajyzea  as  a  candidate  tor 
quantum  cellular  automata  implementations.  The  ceil  has  eigenstates  wnose  charge  density  is 
wrongly  aligned  along  one  of  two  directions,  in  the  presence  of  the  electrostatic  perturbation  due 
to  a  neighboring  cell,  the  ground  state  is  nearly  completely  aligned  (polarized)  in  one  direction 
only.  The  polarization  is  a  highly  nonlinear  function  of  the  perturbing  electrostatic  fields  and 
mows  the  strong  bistable  saturation  important  for  cellular  automation  function. 


Nanoscale  quantum  structures  with  potential  device 
applications  have  been  an  active  area  of  exploration  for 
several  years.  A  frequent  criticism'  of  many  of  these  struc¬ 
tures  is  the  absence  of  the  saturating  behavior  which  forces 
conventional  transistor  elements  into  one  of  two  stable 
states,  "on"  or  "off.”  Such  bistable  saturation  is  important 
to  keep  device  performance  robust  in  the  presence  of  phys¬ 
ical  innomogen  cities  and  noise.* 

The  possioility  of  realizing  cellular  automata  (CA) 
with  regular  arrays  of  quantum  dots  has  been  suggested  by 
Bate  and  others.-  In  one  example,  the  necessary  nonlinear 
response  of  each  dot  is  the  result  of  resonant  tunneling 
through  the  dot4  We  focus  on  a  different  pandigm  in 
which  each  cell  of  the  CA  is  composed  of  groups  of  cou¬ 
pled  quantum  dots.  The  confining  potential*  are  such  that 
electrons  can  tunnel  between  dots  in  the  same  cell  but  not 
between  different  ceils.  Quantum  mechanics  and  the  Cou¬ 
lomb  interaction  in  each  cell  determine  the  possible  cell 
states.  The  Coulomb  interaction  between  electrons  in  dif¬ 
ferent  cells  provides  a  local  intercellular  coupling  mecha¬ 
nism.  The  nonlinear  response  of  the  cell  to  its  electrostatic 
environment  must  be  a  feature  of  the  internal  cell  dynam¬ 
ics.  Recent  success  in  fabricating  arrays  of  very  small  quan- 
t  urn  dots  with  one  or  two  electrons  per  dot5  prompts  us  to 
investigate  possible  few-electron  coupled-dot  cell  geome¬ 
tries  which  provides  the  sort  of  bistable  saturation  so  de¬ 
sirable.  In  this  letter,  we  analyze  a  possible  cell  geometry 
with  two  electrons  in  the  cell.  We  show  that  quantum  con¬ 
finement  and  the  intracellular  Coulomb  interaction  to¬ 
gether  yield  the  nonlinear  saturation  behavior  which  is  es¬ 
sential. 

We  examine  a  simple  nanostructure  model  cell  con¬ 
taining  five  coupled  quantum  dots.  The  model  cell  is  shown 
schematically  in  Fig.  1-  It  consist*  of  a  central  site  and  four 
neighboring  sues.  Tunneling  is  posable  both  between  the 
outer  sues  and  the  central  site,  and  between  adjacent  outer 
sites.  We  first  consider  such  a  cell  holding  two  electrons 
( the  contrasting  case  of  single  and  triple  cell  occupancy  is 
dtvussH  below ) .  We  show  below  that  the  Coulomb  repul¬ 
sion  between  the  two  electrons  causes  the  ground  state  of 
the  system  to  be  one  in  which  the  electrons  occupy  antip¬ 
odal  sites. 

We  model  the  cell  using  a  Hubhanl-type  Hamiltonian 
with  Coulomb  repulsion.  The  Hamii toman  for  a  single  iso¬ 
lated  cell  can  be  written. 
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where  the  number  operator  and  the  operator 

creates  an  electron  at  site  i  with  spin  a.  The  cell  pa¬ 
rameters  which  define  the  Hamiltonian  are  then  the  on-site 
energy,  E*  the  tunneling  energies,  t. .  ana  the  on-site  Cou¬ 
lomb  charging  energy,  Eq.  The  parameter  Vq  is  deter¬ 
mined  by  fundamental  constants  and  the  dielectric  con¬ 
stant  of  the  material  in  which  the  dots  are  formed.  A  fixed 
positive  charge  p  is  assumed  at  each  sue  sufficient  to  mam- 
tain  overall  cell  charge  neutrality.  For  an  isolated  cell,  this 
ooiy  renormalizes  but  it  is  important  in  calculating  the 
interaction  between  ceils  as  is  done  below. 

For  the  numerical  results  we  discuss  here  we  choose 
parameters  based  on  a  simple,  experimentally  accessible 
model.  We  consider  a  cell  in  a  semiconductor  with 
m*  =0.067m,>  which  is  composed  of  circular  quantum 
dots  of  diameter  D=  10  nm.  The  near-neighbor  distance 
between  the  ceils  is  20  nm.  The  dielectric  constant  for  the 
semiconductor  is  10.  We  take  r = 0. 3  meV  for  coupling  to 
the  center  site  and  r =0.03  meV  for  coupling  between  outer 
dots.  These  tunneling  energies  can  be  varied  greatly  by 
adjusting  the  potential  banners  between  dots.  We  take  Eq 
=  Vq/{  D/ 3).  We  will  assume  here  that  the  two  electrons 
m  the  ceil  have  antiparallel  spins.  The  parallel  spin  case 
yields  results  which  are  qualitatively  very  similar. 

The  eigenstates  of  the  Hamii  toman  [Eq.  ( 1 ))  can  now 
be  ratcuintiHi  for  this  specific  choice  of  ceil  parameters.  The 
Hamiltonian  is  diagonalized  directly  in  the  basis  of  few- 
electron  states.  From  the  two-electron  wave  function  we 
calculate  the  single  panicle  density  at  each  site,  p,  by  find- 
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FIG  i.  the  cell-cell  reroonae  function.  The  induced  polarization  ot  cell 
i  1$  shown  as  a  tuncuon  of  the  potanzauoo  ut  a  nagnbonng  ceil  2  ( inset  i 
The  solid  line  represents  (be  potanzauoo  of  the  ground  state  and  the 
dashed  line  represents  the  potanxanon  of  the  first  excited  state. 


ing  the  expectation  value  of  the  totai  number  operator, 
n,  —  n. .  +  n, ,  ,  at  each  sue. 

It  is  helpful  to  define  a  scalar  quantity  which  repre¬ 
sents  the  degree  to  which  the  electron  density  is  aligned 
either  along  the  line  through  sites  1  and  3.  or  along  the  line 
through  sites  2  and  4.  To  this  end  we  define  the  polariza¬ 
tion  ot  the  ceil  as 

„  ■  Pi-i~Pii  — 1  Pi-i-Psi  ^ 

Pof  P\f  Pl-r  P)-r  P* 

If  sites  2  and  4  are  vacant,  the  cell  is  completely  in  the 
p—  *■  1  polarized  state  as  shown  in  Fig.  1.  If  sites  1  and  3 
are  vacant,  the  cell  is  completely  in  the  P—  —  1  polarized 
state.  Q early  if  the  on-site  energies  are  the  same  for  all 
sites,  the  ground  state  is  degenerate,  comprising  a  combi¬ 
nation  of  both  polarizations,  with  no  polarization  pre¬ 
ferred. 

We  examine  the  polarization  of  the  low-lying  eigen¬ 
states  of  the  cell  when  perturbed  by  the  presence  of  a 
nearby  cell.  We  denote  the  target  cell  as  cell  1  and  the 
perturbing  cell  as  cell  2.  The  potential  at  each  sue  i  of  cell 
1  is  altered  by  the  Coulomb  interaction  with  the  charge  p2  t 
at  sue )  of  cell  2.  The  Hamiltonian  for  ceil  1  can  be  written 
as  the  sum  of  the  isolated  cell  Hamiltonian  and  a  pertur¬ 
bation  due  to  cell  2. 


+ -H??, 


where 


I  VQ- 


Pii~P 

Ri/—  Rul 


a.”  0  01- 


Here  denotes  the  position  of  site  i  in  cell  m.  We 
solve  for  the  eigenatata  of  the  Hamiltonian  (Eq.  (3)]  as 
the  polarization  of  cell  2  is  varied  in  the  range  ?2  =  (  — 1,1]. 
The  occupancy  of  the  central  site  in  cell  2  is  aasumed  to  be 
zero?  so  that  the  charge  densmea.  are  simple  functions 
of  the  polarization  Pv  The  distance  between  cell  centers  is 
three  umes  the  near-neighbor  distance  m  a  cell.  For  each 
value  of  Pi,  we  find  the  agenstatet  and  the  imoraaterl 
charge  densities  and  poianzatxxu  ( Eq.  2).  The  result  is  the 
ceD.-ceii  response  funcaoo— the  poimzancn  of  cell  1  in¬ 
duced  by  a  polarization  of  ceil  2. 

Figure  2  shows  the  poianzanoo  P{  of  the  lowest  two 
cell  eigenatata  as  a  funcaoo  of  the  perturbing  ceil  poiar- 


FIG.  3  The  cell-cell  rapooie  tunction  for  other  cell  occuoanaea.  (a)  A 
single  electron  in  the  ceil.  ( b)  Three  electron!  i  two  spin  up  and  one  spin 
down  i  in  the  ceil. 


izadon  P2.  This  figure  displays  the  central  result  of  this 
letter — that  the  cell-cell  response  function  is  highly  nonlin¬ 
ear  and  bistable.  Even  a  very  slight  polanzauon  of  a  cell 
induces  nearly  complete  polarization  of  a  neighbor. 

The  strongly  nonlinear  saturation  of  the  polarization 
does  not  occur  if  only  a  single  electron  is  in  the  cell.7 
Figure  3(a)  shows  the  cell-cell  response  funcaoo  for  the 
ground  state  of  a  cell  occupied  by  a  single  electron.  The 
polarization  is  a  very  weak  and  nearly  linear  function  of 
the  perturbation.3  The  response  function  for  a  triply  occu¬ 
pied  cells  (two  spin  up,  one  spin  down)  is  shown  in  Fig. 
3(b).  Although  the  response  is  clearly  not  linear,  it  is  not 
nearly  as  strong  as  the  two-cicctron  case.  The  bistable  sat¬ 
uration  present  in  the  doubly  occupied  cells  is  a  result  of 
the  distinct  splitting  of  the  degenerate  ground  state  by  the 
perturbation  of  a  neighboring  ceil. 

The  rapid  saturation  of  the  polanzauon  is  the  essential 
nonlinear  effect  which  suggesta  this  type  of  cell  could  pro¬ 
vide  the  basis  for  a  CA-type  array.  In  such  an  army  of 
cells,  the  differing  polarizations  of  neighboring  cells  would 
provide  the  electrostatic  perturbation  which  leads  to  a  def¬ 
inite  poianzanou  of  the  ground  state  of  the  cdL  It  is  pas¬ 
sible  to  extract  a  CA  rule  set  by  finding  the  ceil  polariza¬ 
tion  induced  from  the  various  combinations  of  neighboring 
polarizations.  This  process,  and  the  behavior  of  arrays  of 
quantum  ceils  will  be  discumeri  at  greater  length  else¬ 
where.9 

It  must  be  noted  that  to  date,  quantum  dot  fabrication 
techmqaa  have  produced  dots  which  tend  to  be  rather  far 
apart,  thus  only  rather  weak  Coulotnbic  conphng  exists. 4 
Our  analyst  presumes  that  fabrication  techmqota  will 
shortly  overcome  these  H»miwit*i«a  powfeiy  through  mao 
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4  T  Dale.  bull.  Am.  t'hv*.  Soc.  21  907  I  1977);  J.  »  f 
•teea.  ana  G  a  frantr.  J  Vac.  sci.  Technol.  B  7.  139* 
F;rrv.  L  \  Akers.  ana  £.  W  Greenocn.  Utra  Larf*  i 
fcita  Mieroeitamnm  i  Pfentic*  Hill.  Englewood  Cliff* 

' !  N  Ranani.  A.  C  Seioautn.  V  C.  Kao.  J  K.  L niton 
Sewell.  J  ’•ac.  bci.  Technol.  B  9.  2393  I  1991) 

9  Meurer.  0  Heumann.  ana  K  Ploog.  Phv*.  Rev.  L 
1992) 
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strong  poianzation  induced  by  a  neighboring  ceil. 
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In  conclusion,  we  have  shown  tnat  stronaty  nonlinear 
■jturacion  eriects  occur  in  a  model  two-«iectron  nanoscaie 
•  stem.  The  cnaree  density  "inaos  i-.io  one  oi  two  oosi- 

;ons.  ocoenoine  sensiuvely  on  asvmmetnes  in  me  sur- 
ounamg  cnarge.  This  type  or  very  aesiraoie  oistaoie  satu- 
'ation  vjggests  (he  possibility  :t  cuantum  .jeiiuiar 
ujiomaia  airays  based  on  this  type  oi  ceil. 
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Abstract 

We  formulate  a  new  paradigm  for  computing  with  cellular  automata  (CA) 
composed  of  arrays  of  quantum  devices  —  quantum  cellular  automata. 
Computing  in  such  a  paradigm  is  edge-driven.  Input,  output,  and  power  are 
delivered  at  the  edge  of  the  CA  array  only;  no  direct  flow  of  information  or 
energy  to  internal  cells  is  required.  Computing  in  this  paradigm  is  also 
computing  with  the  ground-state.  The  architecture  is  so  designed  that  the 
ground  state  configuration  of  the  array,  subject  to  boundary  conditions 
determined  by  the  input,  yields  the  computational  result.  We  propose  a 
specific  realization  of  these  ideas  using  two-electron  cells  composed  of 
quantum  dots,  which  is  within  the  reach  of  current  fabrication  technology. 
Thu  charge  density  in  the  cell  is  very  highly  polarized  (aligned)  along  one 
of  the  two  cell  axes,  suggestive  of  a  two-state  CA.  The  polarization  of  one 
cell  induces  a  polarization  in  a  neighboring  ceil  through  the  Coulomb 
interaction  in  a  very  nonlinear  fashion.  Quantum  cellular  automata  can 
perform  useful  computing.  We  show  that  AND  gates,  OR  gates,  and 
inverters  can  be  constructed  and  interconnected. 


QUANTUM  CELLULAR  AUTOMATA 


1.  Introduction 


The  continual  down-scaling  of  device  dimensions  in  microelectronics  technology  has  led 
to  faster  devices  and  denser  circuit  arrays  with  obvious  benefits  to  chip  performance. 
Dramatic  as  they  have  been,  these  changes  have  been  evolutionary  in  nature  in  that  even 
the  most  advanced  chips  use  the  same  paradigms  for  computing  as  their  more  primitive 
ancestors.  There  is  now  much  expectation  that  the  availability  of  very  dense  device  arrays 
might  lead  to  new  paradigms  for  information  processing  based  on  locally-interconnected 
architectures  such  as  cellular  automata  (CA)  and  cellular  neural  networks  [1]. 

There  has  also  been  considerable  interest  in  quantum  mesoscopic  structures  for  their 
possible  application  as  devices[2].  Much  has  been  learned  about  the  behavior  of  electrons 
flowing  through  very  small  structures  in  semiconductors.  Various  investigators  have 
pointed  out  the  natural  link  between  mesoscopic  quantum  systems  and  cellular  automata 
architectures  [3,4,5].  Because  quantum  structures  are  necessarily  so  small,  it  is  difficult  to 
conceive  of  a  regime  in  which  a  single  quantum  device  could  drive  many  other  devices  in 
subsequent  stages  [6].  Furthermore,  the  capacitance  of  ultra-small  wires  forming  the 
connections  to  each  device  would  tend  to  dominate  the  behavior  of  an  assembly  of 
quantum  devices.  For  these  reasons  locally  interconnected  structures  such  as  cellular 
neural  networks  and  cellular  automata  may  provide  the  natural  architecture  for  quantum 
devices. 

We  focus  here  on  the  idea  of  employing  cellular  automata  (CA)  architectures  which  are 
compatible  with  nanometer-scale  quantum  devices  —  thus,  quantum  cellular  automata 
(QCA).  A  quantum  cellular  automaton  would  consist  of  an  array  of  quantum  device  cells 
in  a  locally-interconnected  architecture.  The  cell  state  becomes  identified  with  the 
quantum  state  of  the  mesoscopic  device.  Two-state  CA’s  are  attractive  because  they 
naturally  admit  to  encoding  binary  information.  For  a  two-state  QCA,  each  cell  should 
have  two  stable  quantum  states.  The  state  of  a  given  cell  should  influence  the  state  of  the 
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neighboring  ceils.  Two  ingredients  are  essential  then:  1)  the  bistability  of  the  cell,  and  2) 
coupling  to  neighboring  celis. 

We  propose  a  cell  which  is  composed  of  coupled  quantum  dots  occupied  by  two  electrons 
(7).  The  requisite  bistability  is  accomplished  through  the  interaction  of  quantum 
confinement  effects,  the  Coulomb  interaction  between  the  two  electrons,  and  the 
quantization  of  charge  [8],  The  intercellular  interaction  is  provided  by  the  Coulomb 
repulsion  between  electrons  in  different  cells.  We  analyze  this  cell  and  the  interactions 
between  neighboring  cells  in  Section  2. 

In  Section  3  we  propose  a  new  paradigm  for  how  computation  could  be  done  with  an  array 
of  quantum  devices.  Because  no  direct  connections  can  be  made  to  interior  cells, 
information  or  energy  can  enter  the  array  only  from  the  edges.  Edge-driven  computation 
imposes  further  constraints  on  the.  nature  of  the  computing  process  [9],  The  lack  of  direct 
connections  to  the  interior  cells  also  means  that  no  mechanism  exists  for  keeping  the  array 
away  from  its  equilibrium  ground-state  configuration.  We  are  therefore  led  to  use  the 
ground-state  of  the  array  to  do  the  computation.  Computing  with  the  ground  state  means 
that  the  physics  of  the  array  must  perform  the  computation  by  dissipating  energy  as  it 
relaxes  to  the  ground  state.  This  has  the  distinct  advantages  that  the  computing  process  is 
independent  of  the  details  of  the  energy  relaxation  mechanisms  and  that  the  unavoidable 
energy  dissipation  is  useful  to  the  computing  process. 

Section  4  demonstrates  that  QCA’s  can  perform  useful  functions.  We  show  how  logical 
gates  and  inverters  can  be  constructed  with  arrays  of  the  two-electron  bistable  quantum 
cell  we  propose.  Section  5  discusses  some  key  issues  in  realizing  QCA’s  as  a  viable 
technology  and  Section  6  identifies  technological  advantages  that  a  successful  QCA 
implementation  would  enjoy, 
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2.  Few-electron  Quantum  Ceils 

The  specific  cell  we  consider  here  is  shown  in  Figure  1.  Four  quantum  dots  are  coupled  to 
a  central  dot  by  tunnel  barriers.  The  two  electrons  tend  to  occupy  antipodal  sites  in  one  of 
two  configurations,  shown  in  the  figure  as  the  P=  +  I  and  P=-l  configurations.  Our 
analysis  below  will  show  that  the  cell  is  indeed  in  one  of  these  two  stable  states,  and  that 
an  electrostatic  perturbation,  perhaps  caused  by  neighboring  cells,  switches  the  cell 
between  these  two  states  in  a  very  abrupt  and  nonlinear  way.  This  permits  the  encoding  of 
bit  information  in  the  cell. 

The  essential  ingredients  that  produce  the  bistable  saturation  behavior  [10]  so  desirable 
are  1)  quantum  confinement.  2)  Coulomb  interaction  between  electrons,  3)  few-electron 
quantum  mechanics,  and  4)  the  discreteness  of  electronic  charge. 


A  model  for  the  quantum  cell 

We  model  the  cell  shown  in  Figure  1  using  a  Hubbard-type  Hamiltonian.  For  the  isolated 
cell,  the  Hamiltonian  can  be  written. 


i.  o  i,  a 


ni,  oni,  o' 


XV'V^  l 

i  *  i  >  /,  o,  a  n  -  n ; 


V  .  (1) 

Here  u,a  is  the  annihilation  operator  which  destroys  a  particle  at  site  i  (.=0,1, 2,3,4)  with 
spin  o.  The  number  operator  for  site  i  and  spin  a  is  represented  by  nj  a.  The  on-site  energy 

4  l 


K 

Ow 


p=+i 


p= -i 


FIGURE  1.  The  quantum  cell  consisting  of  five  quantum  dots  which  are  occupied  by  two 
electrons.  The  mutual  Coulombic  repulsion  between  the  electrons  results  in  bistability  between  the 
P=+l  and  P=-1  states. 
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for  the  ith  dot  is  Eqj,  the  coupling  to  the  central  dot  is  i\  the  charging  energy  for  a  single 
dot  is  Eq.  The  last  term  represents  the  Coulombic  potential  energy  for  two  electrons 
located  at  sites  i  and  j  at  positions  R ,  and  Rj.  Unless  otherwise  noted,  we  will  consider  the 
case  where  all  the  on-site  energies  are  equal,  Eqj=Eq. 

For  our  standard  model  cell,  on  which  the  numerical  results  reported  here  are  based,  we 
obtain  the  values  of  the  parameters  in  the  Hamiltonian  from  a  simple,  experimentally 
reasonable  model.  We  take  each  site  to  be  a  circular  quantum  dot  with  diameter  D=10  nm, 
and  take  Eq  to  be  the  ground  state  energy  of  such  a  dot  holding  an  electron  with  effective 
mass  m*  =  0.067  m0.  The  near-neighbor  distance  between  dot  centers,  a,  is  taken  to  be 
20  nm.  The  Coulomb  coupling  strength,  Vq,  is  calculated  for  a  material  with  a  dielectric 
constant  of  10.  We  take  Eq=Vq/(DI3)  and  r=0J  meV. 

It  is  useful  to  define  a  quantity  which  represents  the  degree  to  which  the  charge  density  for 
a  given  eigenstate  of  the  system  is  aligned  linearly.  This  alignment  could  be  either  along 
the  line  through  sites  1  and  3  or  along  the  line  through  sites  2  and  4.  For  each  site,  we 
calculate  the  single  particle  density  p,,  which  is  simply  the  expectation  value  of  the  total 
number  operator  for  the  two-electron  eigenstate.  The  polarization,  P ,  is  defined  as 

P  =  — l - £ - 1 - i.  .  (2) 

P0  +  Pi  +P2  +  P3  +  P4 

For  an  isolated  cell  with  all  on-site  energies  equal,  no  polarization  is  preferred.  We  will  see 
below  that  perturbations  due  to  charges  in  neighboring  cells  can  result  in  a  strongly 
polarized  ground  state.  The  polarization  thus  defined  is  not  to  be  confused  with  the  usual 
dipole  polarization  of  a  continuous  medium.  It  simply  represents  the  degree  to  which  the 
electrons  in  the  cell  are  aligned  and  in  which  of  the  two  possible  directions  the  alignment 
occurs.  For  the  states  of  interest  here,  the  cell  has  no  dipole  moment. 

The  interaction  of  the  cell  with  the  surrounding  environment,  including  other  neighboring 
cells,  is  contained  in  a  second  term  in  the  Hamiltonian  which  we  write  as  w*  «** 
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the  time  independent  Schrbdinger  equation  for  the  state  of  the  cell,  14^),  under  the 
influence  of  the  neighboring  cells: 

(Htf11  +  Hce“  )  t4M  =  £nl4M.  (3) 

The  spins  of  the  two  electrons  can  be  either  aligned  or  anti-aligned,  with  corresponding 
changes  in  the  spatial  part  of  the  wavefuncdon  due  to  the  Pauli  principle.  We  will  restrict 
our  attention  to  the  case  of  anti-aligned  spins  here  because  that  is  the  ground-state 
configuration;  the  spin-aligned  case  exhibits  nearly  identical  behavior.  The  Hamiltonian  is 
diagonalized  directly  in  the  basis  of  few-electron  states.  We  calculate  single  particle 
densities.  p(,  from  the  two-particle  ground-state  wavefuncdon  14* q), 

pi-SfokoHv-  <4> 

o 

and  from  the  densities  calculate  the  resultant  polarization  P  (EQ.  2).  To  maintain  charge 
neutrality,  a  fixed  positive  charge,  p,  with  magnitude  (2/5 )e  is  assumed  at  each  site.  For 
the  isolated  cell,  this  has  no  effect  and  is  included  in  the  on-site  energies.  For  several  cells 
in  close  proximity,  as  will  be  considered  below,  the  maintenance  of  overall  cell  charge 
neutrality  means  that  the  intercellular  interaction  is  due  to  dipole,  quadrupole,  and  higher 
moments  of  the  cell  charge  distribution.  If  cells  had  a  net  total  charge  then  electrons  in 
cells  at  the  periphery  of  a  group  of  cells  would  tend  to  respond  mostly  to  the  net  charge  of 
the  other  cells. 

The  celhcell  response  function 

To  be  of  use  in  a  CA  architecture,  the  polarization  of  one  cell  must  be  strongly  coupled  to 
the  polarization  of  neighboring  cells.  Consider  the  case  of  two  nearby  cells  shown  in  the 
inset  to  Figure  2.  Suppose  we  fix  the  charge  distribution  in  the  right  cell,  labeled  cell  2.  We 
assume  cell  2  has  polarization  P2,  and  that  the  charge  density  on  site  0  is  negligible  (this 
means  the  charge  density  is  completely  determined  by  the  polarization).  For  a  given 
polarization  of  cell  2,  we  can  compute  the  electrostatic  potential  at  each  site  in  cell  1.  This 
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a) 


FIGURE  2.  The  celt-cell  response  function.  The  polarization  of  the  right  cell  is  fixed  and  the  induced 
polarization  in  the  left  cell  is  calculated.  The  top  figure  shows  the  calculated  polarization  of  cell  1  as  a 
function  of  the  polarization  of  cell  2.  Note  that  the  range  of  P2  shown  is  only  from  -0.1  to  +0.1.  This  is 
because  the  transition  in  the  induced  polarization  is  so  abrupt.  The  lower  figure  shows  the  first  four 
eigen-energies  of  cell  1.  The  polarization  of  the  lowest  two  are  shown  in  the  first  figure. 
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additional  potential  energy  is  then  included  in  the  total  cell  Hamiltonian,  Thus  the 
perturbing  Hamiltonian  is 


,  cell 


cell 


rrCCH  _  riCCil _ 

H inter  ~  "  '  ~ 


i  e  cell  1,  o 


V  n.  „ 
1  i.  o 


(5) 


where 


( p  —  p) 

k*m,j  I  ^m,i| 

is  the  potential  at  site  i  in  cell  m  due  to  the  charges  in  all  other  cells  k.  We  denote  the 
position  of  site  j  in  cell  k  as  R^j.  The  total  Hamiltonian  for  cell  /  is  then 


HceU  =  Hc0eil  +  H\ 


cell 


(7) 


The  two-electron  Schrodinger  equation  is  solved  using  this  Hamiltonian  for  various  values 
of  Pj-  The  ground  state  polarization  of  cell  /,  Pj,  is  then  computed  as  described  in  the 
previous  section. 


Figure  2b  shows  the  lowest  four  eigen-energies  of  cell  1  as  a  function  of  ?2-  The 
perturbation  rapidly  separates  states  of  opposite  polarization  .The  excitation  energy  for  a 
completely  polarized  cell  to  an  excited  state  of  opposite  polarization  is  about  0.8  raeV  for 
our  standard  cell.  This  corresponds  to  a  temperature  of  about  9  K.  Figure  2a  shows  Pj  as  a 
funcuon  of  ?2  —  the  cell-cell  response  function.  A  very  small  polarization  in  cell  2  causes 
cell  1  to  be  very  strongly  polarized.  This  nonlinear  response  is  the  basis  of  the  CA’s  we 
describe  here.  As  the  figure  shows,  the  polarization  saturates  very  quickly.  This 
observation  yields  two  important  results: 
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1.  The  bipolar  saturation  means  that  we  can  encode  bit  information  using  the  cell 
polarization.  A  ceii  is  almost  always  in  a  highly  polarized  state  with  P  »±1.  We 
define  the  P=+l  state  as  a  bit  value  of  1  and  the  P=-l  state  as  a  bit  value  of  0.  Only 
if  the  electrostatic  environment  due  to  other  cells  is  nearly  perfectly  symmetric  will 
there  be  no  polarization. 

2.  The  polarization  of  one  cell  induces  a  polarization  in  its  neighbor.  Figure  2 
shows  that  even  a  very  slight  polarization  will  induce  nearly  complete  polarization 
of  a  neighboring  cell.  This  cell-cell  Coulomb  coupling  provides  the  mechanism  for 
CA-like  behavior.  The  rapid  saturation  of  the  cell-cell  response  function  is 
analogous  to  the  gain  necessary  to  preserve  digital  logic  levels  from  stage  to  stage. 

The  abruptness  of  the  cell-cell  response  function  depends  on  the  ratio  of  the  dot-to-dot 
coupling  energy,  t  in  Eq.  (1),  to  the  Coulomb  energy  for  electrons  on  different  sites.  The 
magnitude  of  the  coupling  depends  exponentially  on  both  the  distance  between  the  dots 
and  the  height  of  the  potential  barrier  between  them  [11],  each  of  which  can  be  adjusted  as 
engineering  parameters.  Figure  3  shows  how  the  cell-cell  response  function  varies  with  t. 


oT  0.0  ■ 

•°-5[ . 

-i.Qr--"" .  J. _ : 

-0.10  -0.05  0.00  0.05  0.10 

P2 

FIGURE  3.  The  cell-cell  response  function  for  various  values  of  the  dot-to-dot  coupling  energy  (t  in 
Eq.l).  The  induced  ceil  polarization  P(  is  plotted  as  a  function  of  the  neighboring  cell  polarization  P2. 
The  results  are  shown  for  values  of  the  coupling  energy,  t=-0.2  (solid), -0.3  (dotted),-0.5  (dashed),  and 
-0.7  (dot-dashed)  meV.  Note  that  the  response  is  shown  only  for  P2  in  the  range  1-0.1,  +0.1). 
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Self-consistent  analysis  of  several  quantum  cells 

In  the  analysis  of  the  previous  two  sections,  the  two-electron  eigenstates  were  calculated 
for  a  single  cell.  It  is  important  to  note  that  for  the  Hamiltonian  employed,  these  are  exact 
two-particle  eigenstates.  Exchange  and  correlation  effects  have  been  included  exactly. 
This  was  possible  because  we  could  explicitly  enumerate  all  possible  two-electron  states 
and  diagonalize  the  Hamiltonian  in  this  basis  set.  We  want  to  analyze  clusters  and  arrays 
of  cells  to  investigate  possible  device  architectures.  To  do  so  we  need  to  calculate  the 
ground-state  wavefunction  of  a  group  of  cells.  Exact  diagonalization  methods  are  then  no 
longer  tractable  because  the  number  of  possible  many-electron  states  increases  so  rapidly 
as  the  number  of  electrons  increases.  We  must  therefore  turn  to  an  approximate  technique. 


The  potential  at  each  site  of  a  given  cell  depends  on  the  charge  density  at  each  site  of  all 
other  cells.  We  will  treat  the  charge  in  all  other  cells  as  the  generator  of  a  Hartrec-typc 
potential  and  solve  iteratively  for  the  self-consistent  solution  in  all  cells.  This 
approximation,  which  we  call  the  Intercellular  Hartree  Approximation  (ICHA),  can  ’  e 
stated  formally  as  follows.  Let  4^  be  the  two-electron  ground-state  wavefunction  for  cell 
k,  and  p"1  be  the  single  particle  density  at  site  j  in  cell  m.  We  begin  with  an  initial  guess  for 
the  densities.  Then,  for  each  cell  we  calculate  the  potential  due  to  charges  in  all  other  cells. 


Vt.=  I  VQ  <P/  P> 
m*k,j 


Rm,j  Rk,i 


(8) 


Although  the  neighboring  cells  will  normally  dominate  this  sum,  we  do  not  examine  only 
near-neighbors  but  include  the  effect  of  all  other  cells.  For  each  cell  k,  this  results  in  a 
perturbation  of  the  basic  cell  Hamiltonian  of  equation  (1): 


I  e  cell  k,  a 


I.  o 


(9) 


The  Schrodinger  equation  for  each  cell  is  now  solved  for  the  two-electron  ground  state 
eigenfunction: 
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(10) 


(H“ll  +  HckcU)  hpj>  = 

From  the  ground  state  eigenfunctions  we  calculate  the  improved  single  panicle  densities. 


=  (ll) 
a 

The  improved  densities  are  then  used  in  Equation  (8)  and  the  system  is  iterated  until 
convergence  is  achieved.  Once  the  system  converges,  the  many-electron  energy,  £f0Wh  is 
computed  from  the  sum  of  the  cell  eigen-energies  using  the  usual  Hartree  correction  term 
to  account  for  over-counting  of  the  Coulomb  interaction  energy  between  cells: 


'total 


=  1^-  X  V, 


P?Py 


Q  h 


(12) 


*  *>«.M  I  Rk.i-Rq,]\ 

It  should  be  stressed  that  the  ICHA  still  treats  Coulombic,  exchange,  and  correlation 
effects  between  electrons  in  the  same  cell  exactly.  The  Hartree  mean  field  approach  is  used 
to  treat  self-consistently  the  interaction  between  electrons  in  different  cells.  Since 
electrons  in  different  cells  are  physically  distinguishable  (there  being  no  wavefunction 
overlap),  the  exchange  coupling  between  them  is  zero.  The  Hartree  and  Hartree-Fock 
approximauons  are  therefore  equivalent  in  this  case. 


The  converged  ICHA  solution  will  be  an  (approximate)  eigenstate  of  the  entire  system.  In 
general,  however,  it  need  not  be  the  ground  state.  As  with  the  usual  Hartree 
approximation,  which  of  the  eigenstates  the  scheme  converges  to  is  determined  by  the 
choice  of  the  initial  guess.  To  find  the  ground  state  we  must  try  many  initial  state  guesses 
and  determine  which  converged  solution  has  the  lowest  energy.  Typically,  this  does  not 
present  a  senous  problem  for  the  type  of  cellular  arrays  considered  here  because  the  set  of 
likely  ground  states  is  easily  discerned.  In  general,  a  systematic  search  may  be  required. 


The  procedure  described  above  uses,  at  each  stage  of  the  iteration,  only  the  ground-state 
wavefunction  of  each  ceil.  If  all  the  excited  states  of  the  entire  system  were  desired,  we 
would  have  to  include  states  composed  of  excited  cell  states  as  well.  Since  our  interest  is 
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in  the  ground-state,  this  is  not  necessary.  It  is  relevant  to  point  out  however,  that  because 
each  cell  is  in  a  “local”  ground  state,  we  do  not  require  coherence  of  the  many-electron 
wavefunction  across  the  whole  array  of  cells.  All  that  is  required  to  support  this  analysis  is 
that  the  wavefuncdon  is  coherent  across  a  single  cell.  No  information  about  the  phase  of 
the  wavefunction  in  other  cells  is  relevant  to  the  wavefunction  in  a  given  cell  —  only  the 
charge  densities  in  other  cells  need  be  known. 
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3.  Computing  with  Quantum  Cellular  Automata 

We  present  a  new  paradigm  for  computing  with  quantum  cellular  automata.  This 
represents  a  complete  picture  of  how  quantum  devices  could  be  coupled  in  a  CA 
architecture  to  perform  useful  functions.  The  paradigm  we  propose  is  shown 
schematically  in  Figure  4.  We  will  focus  on  the  zero  temperature  case;  temperature  effects 
will  be  considered  below.  As  shown  in  the  figure,  the  inputs  are  along  an  edge  of  the  array. 
Specifying  the  inputs  consists  of  electrostatically  fixing  the  polarization  of  the  input  cells. 
This  could  be  accomplished  by  simply  applying  voltages  to  conducting  “set”  lines  which 
come  in  close  proximity  to  the  cells,  but  any  method  that  fixes  the  cell  polarization  state 
would  do.  The  output  cells  are  not  fixed;  their  polarization  state  is  sensed,  perhaps  by 
electrostauc  coupling  to  “sense”  lines.  There  could  also  be  several  input  and  output  edges. 
Computation  proceeds  in  the  following  steps: 


Inputs 


a) 


Outputs 


FIGURE  4.  The  new  paradigm  for  computing  with  quantum  cellular  automata.  The  input  to  the 
QCA  is  provided  at  an  edge  by  setting  the  polarization  state  of  the  edge  cells  ( edge-driven 
compulation).  The  QCA  is  allowed  to  dissipatively  move  to  its  new  ground^state  configuration  and 
the  output  is  sensed  at  the  other  edge  (computing  with  the  ground  suite).  The  “set”  and  “sense1’  lines 
are  shown  schematically. 
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1.  Write  the  input  bits  by  fixing  the  polarization  state  of  cells  along  the  input  edge 
(edge-driven  computation). 

2.  Allow  the  array  to  relax  to  its  ground  state  with  these  inputs  (computing  with  the 
ground  state). 

3.  Read  the  results  of  the  computation  by  sensing  the  polarization  state  of  cells  at  the 
output  edge. 

The  essential  elements  that  define  this  computing  paradigm  are  computing  with  the  ground 
state  and  edse-driven  compulation,  which  we  discuss  below. 

Computing  with  the  Ground  State 

The  advantage  of  computing  with  the  ground  state  is  that  it  leaves  the  ■  nputing  process 
insensitive  to  the  details  of  the  dissipative  processes  which  couple  '.tit  electrons  in  the 
array  to  the  environment.  Consider  a  QCA  at  zero  temperature  for  which  all  the  input  cells 
have  een  held  in  a  fixed  state.  Dissipative  processes  have  brought  the  array  to  its  ground 
state  configuration  for  these  boundary  conditions.  Suppose  at  time  r=0  the  input  cell  states 
are  set  to  their  new  input  values  completely  abruptly.  Just  after  the  inputs  are  applied  at  the 
edge  of  the  QCA.  the  array  is  no  longer  in  the  ground  state  but  is  now  in  an  excited  non¬ 
stationary  state  for  the  new  boundary  conditions.  In  the  ■.<  me  between  0  and  tn  a 
characteristic  relaxation  time,  various  dissipative  processes  will  bring  the  array  to  ns  new 
ground-state  configuration.  After  that,  the  array  will  be  stable  until  the  boundary 
conditions  are  changed  again.  During  the  relaxation  time  the  temporal  evolution  of  the 
system  is  very  complicated.  Even  without  dissipation,  the  system  will  undergo  quantum 
oscillations  due  to  interference  between  the  various  eigenstates  which  compose  the  t-0+ 
state.  The  dissipative  processes,  like  phonon  emission,  introduce  extraordinary 
complication  in  the  temporal  evolution.  The  exact  state  of  the  system  at  a  particulai  me 
f<fr  depends  not  just  on  phonon  emission  rates,  but  on  the  particular  phonons  emitted  by 
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these  particular  electrons.  In  short,  the  temporal  evolution  before  t=tr  depends  on  the 
precise  microscopic  details  of  the  dissipative  dynamics.  By  contrast,  the  ground  state 
configuration  to  which  the  system  relaxes  is  completely  independent  of  the  dissipation 
mechanisms.  Hence  we  choost  to  do  computing  with  the  ground  state  only. 

Edge-driven  Computation 

In  the  QCA  computing  paradigm  we  are  proposing,  the  input  data  is  represented  by  edge 
cells  whose  polanzation  is  fixed.  Computing  then  proceeds  by  allowing  the  physics 
intenor  to  the  QCA  to  “solve”  the  dissipative  many-eiectron  problem  for  this  new  set  of 
boundary  conditions.  The  array  is  designed  so  the  part  of  the  ground-state  “solution”  of 
the  many-body  problem  which  appears  at  the  output  edge  corresponds  to  the  solution  of 
the  computing  problem  posed  by  the  input  data. 

The  advantage  of  writing  input  and  reading  output  only  at  the  edges  of  the  array  is  that  no 
separate  connections  to  the  array  interior  need  be  made.  Because  quantum  devices  are  of 
necessity  extremely  small,  the  problem  of  making  contacts  to  each  element  or  device 
becomes  severe,  if  a  single  array  contains  thousands  of  individual  cells,  the  “wiring” 
problem  is  overwhelming. 

Edge-driven  computation  is,  in  fact,  the  practical  requirement  which  makes  computing 
with  ihe  ground  state  necessary.  If  no  connections  can  be  made  to  the  intenor  of  the  array, 
there  is  no  controlled  mechanism  for  keeping  the  system  away  from  the  ground  state. 
Neither  clocking  nor  refresh  mechanisms  are  available.  With  a  change  in  input,  the  system 
will  dissipate  energy  and  find  a  new  equilibrium  ground  state.  The  only  choice  is  whether 
to  try  to  do  computation  with  the  system’s  transient  response,  or  with  its  ground  state.  For 
the  reasons  discussed  above,  the  ground-state  approach  is  preferable. 

Conventional  computing,  by  contrast,  is  done  using  very  highly-excited,  non-equilibrium 
states,  Because  each  element  (device)  can  be  separately  contacted,  energy  can  be  fed  into 
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the  system  at  each  point.  The  entire  system  can  thereby  be  maintained  in  non-equilibrium 
states.  The  advantage  of  this  is  that  the  energy  difference  between  the  states  used  for 
computing  can  be  very  much  larger  than  kgT.  The  requirement  that  each  element  be  driven 
far  from  equilibrium  ultimately  contributes  to  the  difficulty  of  reducing  the  scale  of 
conventional  technology  to  the  nanometer  level.  The  breakdown  of  the  operating  device 
physics  at  small  scales  also  plays  a  crucial  role  in  the  scale-down  problem. 

Ultimately,  temperature  effects  are  the  principal  problem  to  be  overcome  in  physically 
realizing  the  QCA  computing  paradigm.  The  critical  energy  is  the  energy  difference 
between  the  ground  state  and  the  first  excited  state  of  the  array.  If  this  is  sufficiently  large 
compared  with  kgT,  the  system  will  be  reliably  in  the  ground  state  alter  time  tr 
Fortunately,  this  energy  difference  increases  quadratically  as  the  cell  dimensions  shrink.  If 
the  cell  size  could  be  made  a  few  Angstroms,  the  energy  differences  would  be  comparable 
to  atomic  energy  levels  —  several  electron  volts!  This  is,  of  course,  not  feasible  with 
semiconductor  implementations,  but  may  ultimately  be  attainable  in  molecular 
electronics.  It  may,  however,  be  possible  to  fabricate  cells  in  semiconductors  small  enough 
to  work  reliably  at  reasonable  cryogenic  temperatures. 

Relation  to  synchronous  CA  rules 

The  relationship  between  the  Quantum  Cellular  Automata  described  here  and  traditional 
rule-base  CA’s  is  not  direct.  Cellular  automata  are  usually  described  by  a  set  of  CA  rules 
which  govern  the  temporal  evolution  of  the  array  [12].  Time  proceeds  in  discrete 
increments  called  generations.  The  rules  determine  the  state  of  the  array  based  on  its 
configuration  in  the  previous  generation.  Clearly,  for  the  QCA  described  here,  the 
temporal  evolution  proceeds  not  through  discrete  generations  but  through  continuous 
physical  time.  Moreover,  as  argued  above,  we  are  not  particularly  interested  in  the 
temporal  evolution  of  the  QCA  in  order  to  do  computing.  We  are  only  concerned  with  the 
final  ground  state  configuration  associated  with  a  particular  input  state.  Like  the  rule-based 
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synchronous  CA,  the  QCA  is  an  array  of  interacting  multi-state  cells  and  the  behavior  is 
dominated  by  near-neighbor  interactions  between  cells.  Thus,  the  QCA  is  chiefly  related 
to  traditional  CA’s  by  analogy. 

Nevertheless,  it  is  possible  to  construct  a  rule-based  CA  from  the  QCA  interacting  cell 
Hamiltonian  (Eq.  10).  The  CA  so  constructed  may  be  useful,  perhaps  not  in  describing  the 
transient  state  of  the  QCA,  but  rather  in  calculating  the  ground  state  configuration,  which 
is  our  primary  concern  anyway. 

CA  rules  from  the  Schrddinger  equation 

The  CA  rule  set  is  constructed  as  follows.  For  each  cell,  consider  all  possible  polarization 
states  (P  =  ±1 )  of  the  neighbors  (neighbors  out  to  any  distance  useful  can  be  considered). 
For  each  configuration  of  the  neighboring  polarization,  solve  the  Schrddinger  equation 
(Eq.  10)  and  determine  the  target  cell  ground-state  and  its  polarization.  The  map  of 
neighbor  polarizations  to  target  cell  polarization  constitutes  the  CA  rule  set  for  that 
particular  target  cell.  In  general,  a  different  rule  set  may  apply  to  each  cell.  Typically, 
many  cells  will  have  similar  environments  and  use  the  same  rules. 

The  rule  set  obtained  by  this  procedure  can  be  recast  in  terms  of  a  weighted  voting 
procedure.  In  deciding  the  state  of  a  particular  cell,  the  neighboring  cells  vote  according  to 
their  own  state.  The  votes  are  weighted  differently  depending  on  the  geometrical 
relationship  between  each  neighbor  and  the  target  ceil.  The  votes  of  closer  cells  are 
weighted  more  heavily  than  those  of  more  distant  cells.  In  addition,  the  weights  can  be 
negative,  indicating  that  the  energetics  of  the  interaction  between  the  neighbor  and  the 
target  cell  favor  them  having  opposite  polarizations.  The  CA  rules  generated  by  the 
solution  of  the  Schrddinger  equation  for  the  target  cell  can  then  recast  in  the  form  of 
voting  weights  for  the  neighbors.  Any  set  of  voting  weights  which  reproduces  the  CA  rule 
set  is  equivalent. 
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Extended  CA  rules 

This  procedure  so  far  has  one  problem  which  can  be  remedied  by  expanding  the  rules 
slightly.  It  is  possible  for  the  votes  of  the  neighbors  to  result  in  a  “tie”.  That  is,  the 
neighboring  polarizations  may  be  arranged  so  symmetrically  that  the  ground-state 
polarization  of  the  target  cell  is  zero.  It  is  desirable  to  break  this  tie  by  consulting  the 
immediate  history  of  the  neighbors.  The  neighbors  which  flipped  their  polarization  in  the 
preceding  generation  are  simply  weighted  more  heavily  than  those  which  have  not  flipped. 
This  introduces  a  notion  of  momentum  which  is  otherwise  absent  in  a  two-state  CA.  With 
these  momentum  rules,  ties  are  still  possible  but  are  now  exceedingly  rare  events  that  can 
be  handled  by  tie-breaking  with  a  random  number. 

The  CA  rules  corresponding  to  a  particular  QCA  are  thus  derived  from  the  Schrddinger 
equation  and  augmented  by  the  momentum  rule  discussed  above.  The  evolution  of  the 
synchronous  CA  is  still  not  directly  related  to  the  temporal  evolution  of  the  physical  QCA. 
The  CA  rules  know  nothing  of  the  details  of  the  dissipative  dynamics,  for  example. 
However,  in  our  experience,  the  synchronous  CA  with  the  momentum  rules  can  be  useful 
in  determining  the  ground  state  of  the  QCA.  If  we  start  with  a  stable  QCA  state,  and  then 
flip  the  input  cells  to  correspond  to  the  new  input  condition,  the  synchronous  CA  will 
evolve  to  a  stauonary  state  which  corresponds  to  the  ground  state  of  the  physical  QCA. 
That  the  final  state  is  really  the  ground  state  can  be  checked  by  using  the  more  rigorous 
self-consistent  calculations  described  in  the  previous  section. 
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4.  Device  Applications 

Two  types  of  QCA  structures  for  computing  can  be  envisioned.  One  type  is  a  very  large 
regular  array  of  cells.  We  have  work  in  progress  exploring  this  type  of  array.  It  is  widely 
appreciated  that  doing  computing  with  large  regular  CA’s  is  a  significant  challenge, 
particularly  with  a  simple  rule  set.  The  solution  to  this  difficult  problem  may  have  the 
greatest  long-term  potential,  however,  for  exploiting  the  massive  parallelism  inherent  in 
the  QCA  paradigm. 

A  second  type  of  QCA  structure  involves  a  highly  irregular  array  of  cells.  We  show  below 
that  using  simple  irregular  arrays  one  can  produce  structures  analogous  to  wires,  inverters, 
AND  gates  and  OR  gates.  Since  these  can  be  connected  together,  more-complex  devices 
such  as  adders  and  multipliers  can  be  constructed.  Because  the  individual  devices  are  so 
small,  this  represents  a  potentially  enormous  increase  in  functional  density  in  an 
architecture  free  of  the  usual  interconnect  problems.  We  examine  below  how  these  basic 
logical  gates  can  be  constructed  from  quantum  cells. 

The  device  configurations  shown  are  the  results  of  self-consistent  calculations  of  the 
ground  state  using  the  ICHA  described  above.  The  figures  show  the  calculated  ground- 
state  charge  density  on  each  site  of  the  cellular  array.  In  these  figures  the  dot  diameters 
reflect  the  relative  electron  density  at  each  site  (dot)  in  the  cell. 
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a) 


FIGURE  5.  QCA  wires,  a)  The  basic  wire.  b>  A  corner  in  a  wire,  c)  Fan-out  of  one  signal  into  two 
channels.  In  each  case  the  darker  (left-most)  cell  has  a  fixed  polarization  which  constitutes  the 
input.  Note  that  these  figures  are  not  simply  schematic,  but  are  a  plot  of  the  results  of  a  self- 
consistent  many-body  calculation  of  the  ground  state  for  the  cellular  array.  The  diameter  of  each 
circle  is  proportional  to  the  calculated  charge  density  at  each  site. 

Wires 

A  linear  chain  of  cells  oriented  as  shown  in  Figure  5a  functions  as  a  wire,  transmitting  a  0 
or  1  (P=+l  or  P=-l)  from  one  end  of  the  wire  to  the  other.  This  is  demonstrated  by  fixing 
the  polarization  of  one  end  (the  left),  while  letting  the  other  end  be  unconstrained,  and 
calculating  the  self-consistent  ground  state  of  the  chain  using  the  ICHA  method.  Figure  5a 
shows  the  results  of  that  calculation.  Not  surprisingly,  the  ground  state  consists  of  all  cells 
aligned  with  the  same  polarization  as  the  end  cell.  The  first  excited  state  of  the  chain  has  a 
“kink”  in  it  at  the  chain  center,  i.e.,  half  the  cells  polarized  one  way  and  half  polarized  the 
other.  For  our  example,  the  energy  of  the  first  excited  state  is  about  1  meV  (A ElkgT=10  K) 
above  the  ground  state  energy.  Wire  bends  and  fan-out  are  also  possible,  as  shown  in 
Figures  5b  and  5c  respectively.  Again,  the  left-most  cell  is  fixed  and  the  ground-state 
configuration  calculated.  This  son  of  fan-out  is  appropriate  for  the  edge-driven  paradigm 
discussed  above. 
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FIGURE  6.  An  inverter  constructed  from  a  quantum  cell  automaton, 
inverter 

By  offsetting  one  chain  of  cells  from  another,  as  shown  in  Figure  6,  an  inverter  can  be 
constructed.  If  the  polarization  of  the  one  end  is  fixed,  the  polarization  of  the  other  end 
will  be  opposite. 


AND  and  OR  gates 

AND  and  OR  gates  can  be  made  from  the  intersection  of  two  wires.  Figure  7  shows  an  OR 
gate.  The  darker  boxes  are  around  the  input  cells.  Their  polarization  is  set  to  correspond  to 


FIGURE  7.  An  OR  gate.  The  cells  in  darker  squares  are  fixed  to  the  input  states.  The  cell  in  the 
dashed  square  is  biased  slightly  toward  the  “1"  state. 
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the  logical  values  shown.  For  the  case  when  the  inputs  are  0  and  1  (Figure  7c),  the  central 
cell  state  would  normally  be  indeterminate  since  a  “tie  vote”  exists  between  the  input 
cells.  To  resolve,  this  we  bias  the  central  cell  by  increasing  the  site  energy  on  sites  2  and  4 
slightly.  This  could  be  accomplished  by  making  the  quantum-dot  diameter  slightly  smaller 
on  these  two  sites.  It  is  then  slightly  more  energetically  favorable  for  the  cell  to  be  in  a  / 
state,  thus  breaking  the  tie.  The  AND  gate  is  constructed  in  exactly  the  same  way  except 
that  the  central  cell  is  biased  toward  the  0  state.  The  AND  gate  is  shown  in  Figure  8.  Both 
these  figures  reflect  the  results  of  self-consistent  solutions  of  the  many-electron  problem 
for  the  entire  array  shown. 
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FIGURE  S.  An  AND  gate.  The  cells  in  darker  squares  are  fixed  to  the  input  states.  The  cell  in  the 
dashed  square  is  biased  slightly  toward  the  “0*’  state. 
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Memory  cell 

A  single  quantum  cell  can  act  as  a  memory  storage  cell.  Once  prepared  in  an  eigenstate 
with  P=  +  l ,  for  example,  the  cell  will  in  principle  remain  in  that  configuration  indefinitely. 
One  problem  is  that  slight  variations  in  the  potential  environment  may  make  it  slip  into  the 
other  eigenstates.  To  avoid  this  it  may  be  desirable  to  use  small  or  medium-size  arrays  of 
quantum  cells  to  store  each  bit.  This  is  shown  schematically  in  Figure  9.  One  advantage  of 
a  regular  rectangular  array  of  cells  is  that  it  may  be  possible  to  use  the  interaction  of  many 
cells  with  the  set  and  sense  lines  (the  exact  mechanism  for  setting  and  sensing  is  not 
critical  here).  The  problem  of  making  non-interfering  address  lines  is  certainly  non-trivial. 
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.  Quantum  cellular  arrays  as  memory  storage  cells.  A  single  bit  can  be  stored  in  a)  a 
b)  a  line  of  cells,  or  c)  an  array  of  cells.  Arrays  of  cells  would  make  the  storage  more 
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5.  Issues  for  QCA  as  a  Technology 

Fabncation  of  QCA’s  in  semiconductors  appears  to  be  within  reach  of  current  technology. 
The  GaAs/AlGaAs  system  has  proven  fruitful  as  a  means  of  fabricating  quantum  dot 
structures  by  imposing  electrostatically  a  pattern  on  the  two-dimensional  electron  gas 
formed  at  the  heterojunction  interface.  Other  materials  systems,  including  molecular 
systems,  are  also  candidates  for  realizing  a  QCA  structure.  Any  implementation  must  deal 
with  several  issues  key  to  the  successful  operation  of  the  cell  we  have  described. 

Uniformity  of  cell  occupancy 

!t  is  important  for  the  operation  of  the  QCA  that  each  cell  contain  two  electrons.  The  cell¬ 
cell  response  function  degrades  significantly  if  one  or  three  electrons  are  in  a  cell. 
Fortunately,  the  physics  of  the  cell  acts  to  ensure  that  the  occupancy  will  be  very  uniform. 
This  is  so  because  the  Coulomb  interaction  causes  significant  energy-level  splitting 
between  the  different  cell  charge  states.  The  Coulomb  energy  cost  to  add  the  third  electron 
is  on  the  order  of  10  meV  for  cells  with  a  30  nm  separation.  Experiments  by  Qbenneyer  ex 
al.  [131  have  shown  that  uniformity  in  the  number  of  electrons/dot  can  be  maintained  in 

Q 

arrays  of  10  dots. 

Dot-size  control 

The  size  of  the  fabricated  quantum  dots  must  be  fairly  well  controlled.  Variations  in  the 
size  of  the  dots  translates  into  variations  in  the  confinement  energies  on  each  dot.  The  cell 
bistability  occurs  because  the  Coulomb  interaction  is  determinative  in  selecting  a 
preferred  polarization  state.  If  the  magnitude  of  the  variation  among  the  dots  in  the 
confinement  energies  is  greater  than  the  Coulomb  energies  involved,  the  cell  will  be 
pinned  at  a  fixed  polarization.  Note  that  dot  size  variations  are  critical  only  within  a  single 
cell;  variations  between  different  cells  are  easily  tolerated. 
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Temperature 

The  temperature  of  operation  is  a  major  factor.  Our  QCA  quantum  cell  is  expected  to  work 
at  liquid  helium  temperatures  for  dot  dimensions  which  are  within  the  capability  of  current 
semiconductor  fabrication  technology.  As  technology  advances  to  smaller  and  smaller 
dimensions  on  the  few-nanometer  scale,  the  temperature  of  operation  will  be  allowed  to 
increase.  Perhaps  our  envisioned  quantum  cellular  automaton  will  find  its  first  room 
temperature  implementation  in  molecular  electronics. 
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6.  Technological  Benefits 

If  successful,  quantum  cellular  automata  would  represent  a  revolutionary,  rather  than 
evolutionary,  departure  from  conventional  electronics.  In  this  section  we  review  some 
possible  benefits  a  QCA  technology  might  provide. 

Quantum  cellular  automata  solve  the  interconnection  problem.  It  is  widely  acknowledged 
that  the  main  challenge  to  further  improvements  in  microelectronics  is  the  interconnection 
and  wiring  problem.  The  QCA  we  discuss  accommodate  this  challenge  in  a  natural 
fashion.  Interconnect  lines  are  no  longer  necessary  to  provide  the  communication  between 
cells;  the  Coulomb  interaction  provides  the  coupling  mechanism.  Edge-driven 
computation  requires  neither  energy  nor  information  to  be  transmitted  directly  to  interior 
cells.  Computing  with  the  ground  state  makes  both  clocking  and  refresh  signals 
unnecessary. 

Quantum  cellular  automata  make  possible  ultra-high  density  computing  elements.  The 
chief  technological  advantage  of  the  proposed  structures  is  the  improved  functional 
density  of  computing  elements.  With  a  10  nm  design  rule,  the  cell  dimensions  would  be 
about  50  nm  x  50  nm,  which  translates  into  an  extremely  high  packing  density  of  about 
10  cells/ctrr.  Since,  as  shown  above,  a  single  cell  can  function  as  a  logical  gate,  this 
represents  an  extremely  high  functional  density. 

Quantum  cellular  automata  are  extremely  low  in  power  dissipation.  High  packing  density 
is  usually  accompanied  by  high  power  dissipation.  However,  in  QCA  structures,  the 
information  is  stored  in  physical  systems  close  to  their  ground  state.  The  energy  input  to 
the  array  is  the  energy  required  to  set  each  input  bit  —  about  1  meV  per  input  Kit.  This 
energy  is  dissipated  in  the  time  it  takes  for  the  QCA  to  relax  to  its  new  ground-state 
configuration,  probably  less  than  a  few  picoseconds  (phcnon  scattering  times).  This 
represents  a  power  dissipation  of  roughly  10'10  Watts  per  input  bit,  much  less  than 
conventional  devices. 
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Quantum  cellular  automata  offer  the  possibility  of  ultra-fast  computing,  As  estimated 
above,  the  computation  occurs  in  a  QCA  over  the  relaxation  time  for  the  electrons  in  the 
array,  probably  on  the  order  of  picoseconds.  It  is  clear  that  this  relaxation  time  is  a 
function  of  the  electron-phonon  coupling  and  represents  a  fundamental  speed  limit  for 
doing  computation  with  electrons  in  a  semiconductor. 

Quantum  cellular  automata  may  facilitate  fabrication  of  ultra-dense  memory  storage.  The 
OCA  cell  encodes  a  bit  of  information.  Writing  and  reading  the  bit  involves  very  low 
power  dissipation  and  is  very  fast.  While  problems  of  cell  addressing,  and  cell  volatility 
appear  challenging,  the  possibility  of  solid-state  electronic  storage  of  information  at  these 
densines  invites  further  investigation. 

Summary 

We  have  presented  a  specific  model  for  using  nanoelectronic  devices  in  a  cellular 
automata  arcl. lecture  and  proposed  a  new  paradigm  for  computing  in  this  framework. 
Each  cell  consists  of  a  central  quantum  dot  and  four  neighboring  dots  occupied  by  two 
electrons.  The  Coulomb  repulsion  between  the  two  electrons,  quantum  confinement 
effects,  and  the  discreteness  of  the  electronic  charge,  combine  to  produce  strongly 
polarized  (in  the  sense  defined  above)  ground  states.  The  response  of  this  polarization  to 
the  electrostatic  environment  is  highly  nonlinear  and  exhibits  the  bistable  sanitation 
necessary  for  a  two-state  CA.  The  concept  of  edge-driven  computation  solves  the 
interconnection  problem.  The  concept  of  computing  with  the  ground  state  in  the  QCA 
approach  permits  ultra-fast  operation,  eliminates  problems  of  interconnect  delays, 
resisuve  and  capacitive  effects,  power  dissipation,  and  limited  densities  associated  with 
conventional  architectures. 
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ABSTRACT 

We  examine  the  behavior  of  linear  arrays  of  cells  composed  of  quantum 
dots.  Each  cell  holds  two  electrons  and  interacts  Coulombically  with 
neighboring  cells.  The  electrons  in  the  cell  tend  to  align  along  one  of  two 
axes  resulting  in  a  cell  “polariza'ion”  which  can  be  used  to  encode  binary 
information.  The  ground-state  polarization  of  a  cell  is  a  highly  nonlinear 
function  of  the  polarization  of  its  neighbors.  The  resulting  bistable 
saturation  can  be  used  to  transmit  binary  information  along  the  line  of 
cells,  thus  forming  a  binary  wire. 


PACS:  73.20.Dx,  85.90. -te,  71.90.+q 


I.  Introduction 

Many  investigators  have  noted  the  connection  between  quantum  devices  and  locally 
interconnected  architectures  [1].  The  small  currents  and  charges  inherent  in  quantum 
devices  arc  poorly  suited  for  driving  large  numbers  of  devices,  particularly  conventional 
devices.  Requiring  that  a  quantum  device  interact  only  with  its  neighbors  is  much  more 
promising.  Despite  the  appeal  of  this  synthesis,  few  proposals  including  both  a 
specification  of  the  component  quantum  devices  and  the  coupling  between  them  have 
appeared  [2], 

Recemiv,  a  specific  proposal  for  a  quantum  cellular  automata  (QCA)  implementanon  has 
been  made  by  the  authors  and  coworkers  [3,4].  The  scheme  is  based  on  a  quantum  cell 
composed  of  several  quantum  dots  and  containing  two  electrons.  Coulomb  repulsion 
between  the  electrons  causes  the  charge  in  the  cell  to  align  along  one  of  two  directions. 
These  two  alignment  states,  "polarizations”,  are  used  to  encode  binary  information.  The 
Coulomb  coupling  of  the  charge  distribution  in  one  cell  to  the  charge  in  neighboring  cells 
provides  a  physics-based  locai  coupling  between  cells.  The  coupling  leads  to  a  highly 
bistable  saturation  behavior  in  the  polarization,  avoiding  some  of  the  criticisms  of  usual 
quantum  interference-based  device  characteristics  [5],  Specific  arrangements  of  cells 
which  can  function  as  AND  and  OR  gates  have  been  proposed. 

In  this  paper  we  examine  in  detail  the  linear  arrays  of  such  quantum  dot  cells  which  form 
the  "wires”  in  the  QCA  scheme  proposed  In  the  next  section  we  review  the  physics  of  the 
basic  cell  and  the  model  proposed  in  reference  [3],  Section  HI  presents  the  theoretical 
machinery,  a  Hartree  self-consistency  scheme,  which  we  use  to  examine  arrays  of  cells. 
Section  IV  contains  the  examination  of  the  behavior  of  a  linear  array  of  cells.  We  show 
that  for  a  large  range  of  physical  parameters,  the  linear  array  behaves  as  a  binary  wire. 
Section  V  contains  a  discussion  of  the  results. 


il.  Coupled  Quantum  Cells 

The  quantum  dot  cell  is  shown  schematically  in  Fig.  (la).  It  consists  of  four  quantum  dots 
on  the  comers  of  a  square  and  one  central  dot  [6].  The  cell  is  occupied  by  two  electrons  [7, 
8].  Tunneling  occurs  between  near-neighbors  and  next-near  neighbors  but  the  barriers 
between  cells  are  assumed  sufficient  to  completely  suppress  electron  tunneling  between 
cells.  We  treat  the  quantum  dots  in  the  site  representation,  ignoring  any  degrees  of 
freedom  within  the  dot. 

A.  Cell  polarization 

The  Coulomb  interaction  causes  the  two  electrons  to  tend  to  occupy  antipodal  sites.  The 
iwo-eiectron  ground  state  may  then  consist  of  the  electrons  aligned  along  one  of  two 
perpendicular  axes  as  shown  in  Fig.  (lb).  We  define  a  quantity  called  the  cell  polarization 
which  measures  the  extent  to  which  the  charge  is  aligned  along  one  of  these  two  axes.  We 
denote  the  single-particle  density  at  site  i  as  p,.  The  polarization  is  then  defined  as 

„_(P1+P3)~(P2'|,P4>  (|, 

Po  +  P.  +  Pj  +  Pj  +  P, 

If  the  two  electrons  are  entirely  localized  in  site  1  and  3,  then  the  polarization  /,=  1.  If  the 
electrons  are  on  sues  2  and  4,  P=- 1.  An  isolated  cell  would  have  a  ground  state  which  is  a 
linear  combination  of  these  two  polarizations,  hence  a  net  polarization  of  zero(9). 

B.  The  cell  Hamiltonian 

We  construct  a  simple  model  of  the  cell  using  a  tight-binding  Hubbard-type  Hamiltonian. 
For  an  isolated  cell,  the  Hamiltonian  can  be  written, 
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Here  a.  a  is  the  annihilation  operator  which  destroys  a  particle  at  site  i  (i=0.1, 2,3.4)  with 

spin  o.  The  number  operator  for  site  i  and  spin  o  is  represented  by  nj  0.  The  on-site  energy 

for  each  dot  is  Eq,  the  coupling  between  the  itfl  and  jin  dot  is  tjj,  and  the  on-site  charging 

energy  (the  Coulomb  cost  for  two  electrons  of  opposite  spin  occupying  the  same  dot)  is 

Eq.  The  last  term  in  the  Hamiltonian  represents  the  Coulombic  potential  energy  for  two 

— * 

electrons  located  at  sites  i  and  j  at  positions  /?,  and  Rj. 

For  our  “standard  cell",  on  which  the  most  of  the  numerical  results  reported  here  are 
based,  we  obtain  the  values  of  the  parameters  in  the  Hamiltonian  from  a  simple, 
experimentally  reasonable  model.  We  take  Eq  to  be  the  ground  state  energy  of  a  circular 
quantum  dot  wuh  diameter  D  =  10  nm  holding  an  electron  with  effective  mass 
m*  =  0.067  m0.  The  near-neighbor  distance  between  dot  centers,  a,  is  taken  to  be  20  nm. 
The  Coulomb  coupling  strength.  Vq,  is  calculated  for  a  material  with  a  dielectric  constant 
of  10.  We  take  Eq=VqI(D/3).  The  coupling  energy  between  the  outer  dots  and  the  central 
dot  is  tar0  ,  =  0.3  meV  (i=l,4),  and  the  next-near  neighbor  coupling  connecting  the 
outer  dots,  t\  is  taken  to  be  t/IO  (consistent  with  one-dimensional  calculations  for 
reasonable  barriers).  The  range  of  possible  values  of  these  parameters  is  explored 
systemaucally  below. 

The  interaction  of  the  cell  with  the  surrounding  environment,  including  other  neighboring 
cells,  is  contained  in  a  second  term  in  the  Hamiltonian  which  w'e  write  as  We  solve 

the  time  independent  Schrddinger  equation  for  the  state  of  the  cell,  (vPn),  under  the 
influence  of  the  neighboring  cells: 

<<uOl'*v  =  £«l'Iv-  <3) 

The  spins  of  the  two  electrons  in  a  cell  can  be  either  aligned  or  anti-aligned,  with 
corresponding  changes  in  the  spatial  part  of  the  wavefunction  due  to  the  Pauli  principle. 
We  will  restrict  our  attention  to  the  case  of  anti  aligned  spins  here  because  that  is  the 
ground-state  configuration;  the  spin-aligned  case  exhibits  nearly  identical  behavior.  The 


Hamiltonian  is  diagonalized  directly  in  the  basis  of  few-eiectron  states.  We  calculate 
single  panicle  densities,  p,,  from  the  two-parucie  ground-state  wavefunction  iTq), 


?,  =  <«> 
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and  from  the  densities,  calculate  the  resultant  polarizadon  P  from  Eq.  ( 1). 

To  maintain  charge  neutrality,  a  fixed  positive  charge,  p,  with  magnitude  (2!5)e  is 
assumed  at  each  site.  If  cells  had  a  net  total  charge  then  electrons  in  cells  at  the  periphery 
of  a  line  of  cells  would  tend  to  respond  mostly  to  the  net  charge  of  the  other  cells.  In  a 
semiconductor  realization,  the  neutralizing  positive  charge  would  be  provided  by  ionized 
donor  impurities  and  charge  on  the  surface  of  metal  gates. 

C.  Calculating  the  celUcell  response  function. 

To  be  useful  in  cellular  automata-type  architectures  [1 1],  the  polarization  of  one  cell  must 
be  strongly  coupled  to  the  polarization  of  neighboring  cells.  Consider  the  case  of  two 
nearby  cells  shown  in  the  inset  of  Fig.  (2).  Suppose  the  charge  distribution  in  the  right  cell, 
labeled  cell  2,  is  fixed.  We  assume  cell  2  has  polarization  P?-  and  that  the  charge  density 
on  site  0  is  negligible  (this  means  the  charge  density  is  completely  determined  by  the 
polanzauon).  For  a  given  polarization  of  cell  2,  we  can  compute  the  electrostatic  potential 
at  each  site  in  ceil  1.  This  additional  potential  energy  is  then  included  in  the  total  cell 
Hamiltonian.  Thus  the  perturbing  Hamiltonian  is 
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is  the  potential  at  sue  i  in  cell  m  due  to  the  charges  in  ail  other  cells.  We  denote  the 
position  of  site  j  in  cell  k  as  R^j.  and  the  single  parucle  density  at  site  j  in  cell  k  as  p* .The 
total  Hamiltonian  tor  cell  1  is  then 

HceU  =  Hcell  +  Hcetl  (7) 

The  two-electron  Schrodinger  equation  is  solved  using  this  Hamiltonian  for  various  values 
of  P2.  The  ground  state  polanzadon  of  cell  1.  P],  is  then  computed  as  described  in  the 
previous  section. 

Figure  t2)  shows  the  splitting  between  the  ground  state  and  first  excited  state  of  cell  1  as  a 
function  of  P2.  t  Actually,  each  state  is  an  exchange-split  pair  of  spauaily  symmetric  and 
antisymmetric  states,  but  the  splitting  is  hardly  resolved  at  the  energy  scale  shown  here.) 
The  perturbauon  rapidly  separates  states  of  opposite  polarization.  The  excitation  energy 
for  a  completely  polarized  cell  to  an  excited  state  of  opposite  polarization  is  about  0.8 
meV  for  our  standard  cclL  Figure  (3)  shows  Pj  as  a  function  of  P2  —  the  cell-cell 
response  function.  A  very  small  polarization  in  cell  2  causes  cell  1  to  be  very  strongly 
polarized.  As  the  figure  shows,  the  polarization  saturates  very  quickly  to  either  />=+l  or 
P~- 1.  This  bistable  saturation  is  the  b'  .is  of  the  effects  described  in  this  paper. 

As  discussed  at  greater  length  in  reference  [4],  the  abruptness  of  the  cell-cell  response 
function  depends  on  the  ratio  of  the  kineuc  energy  coupling  parameter,  t  in  Eq.  (2),  to  the 
Coulomb  terms  in  the  Hamiltonian.  The  magnitude  of  t  depends  exponentially  on  both  the 
distance  between  the  dots  and  the  height  of  the  potential  barrier  between  them. 


III.  Hartree  Self-consistent  solution  for  many  ceils 

In  the  analysis  of  the  previous  section,  the  two-electron  eigenstates  were  calculated  for  a 
single  cell.  It  is  important  to  note  that  for  the  Hamiltonian  employed,  these  are  exact  two- 
parncie  eigenstates.  This  was  possible  because  we  could  explicitly  enumerate  all  possible 
two-eiectron  states  and  diagonalize  the  Hamiltonian  in  this  basis  set.  We  now  want  to 
analyze  linear  arrays  of  many  cells.  Exact  diagonalizanon  methods  then  become 
intractable  because  the  number  of  possible  many-electron  states  increases  rapidly  as  the 
number  of  electrons  increases.  We  must  therefore  mm  to  an  approximate  technique. 

The  potennal  at  each  site  of  a  given  cell  depends  on  the  charge  density  at  each  site  of  all 
other  cells.  We  will  treat  the  charge  in  all  other  ceils  as  the  generator  of  a  Haxtree-rype 
potennal  and  solve  iteratively  for  the  self-consistent  solution  in  all  cells.  This 
approximation,  which  we  call  the  Intercellular  Hartree  Approximation  (ICHA),  can  be 
stated  formally  as  follows.  Let  be  the  two-electron  ground-state  wavefunction  for  cell 
k.  We  begin  with  an  initial  guess  for  the  densities.  Then,  for  each  cell  we  calculate  the 
potential  due  to  charges  in  all  other  cells  using  Eq.  (6).  Although  the  neighboring  cells  will 
normally  dominate,  we  do  not  restrict  the  analysis  to  near-netghbors  only,  but  include  the 
effect  of  all  other  cells.  For  a  cell  k,  this  results  in  a  perturbation  of  the  isolated  cell 
Hamiltonian  of  Eq.  (2): 
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The  Schrddinger  equation  for  each  cell  is  now  solved  for  the  two-electron  ground-state 
eigenfunction: 


(. H “il  +  //£'">  |4*J)  =  fJl'Pj).  (9) 

From  the  ground  state  eigenfunctions  we  calculate  the  improved  single  particle  densities. 


p;  = 


(10) 


The  improved  densities  are  then  used  in  Eq.  (6)  and  the  system  is  iterated  until 
convergence  is  achieved.  Once  the  system  converges,  the  many-electron  energy,  Etotai,  is 
computed  from  the  sum  of  the  ceil  eigen-energies  using  the  usual  Haitree  correction  term 
to  account  for  over-counting  of  the  Coulomb  interaction  energy  between  cells: 


^ total  X  Vq'$  $  ’’  (ll) 

It  should  be  stressed  that  the  ICHA  soil  treats  Coulombic,  exchange,  and  correlation 
effects  between  electrons  in  the  same  cell  exactly.  The  Hartree  mean  field  approach  is  used 
to  treat  seif-consistendy  the  interaction  between  electrons  in  different  cells  [101. 


It  is  relevant  to  point  out  that  we  do  not  require  coherence  of  the  many-electron 
wavefunction  across  the  whole  array  of  cells.  All  that  is  required  to  support  this  analysis  is 
that  the  wavefunction  is  coherent  across  a  single  cell.  No  information  about  the  phase  of 
the  wavefunction  in  other  cells  is  relevant  to  the  wavefunction  in  a  given  cell  —  only  the 
charge  densities  in  other  cells  need  be  known. 


IV.  Lines  of  Quantum  Ceils 

Figure  (4)  shows  schematically  a  line  of  two-electron  quantum  cells.  The  distance 
between  centers  of  adjacent  cells  is  three  times  the  near-neighbor  distance  between  dots  in 
a  single  cell.  If  the  polarization  of  the  end  cell  is  fixed,  say  to  /*=-♦- 1 ,  a  polarization  will  be 
induced  in  the  neighboring  cells.  The  question  we  address  in  this  section  is  whether  the 
saturation  is  sufficiently  nonlinear  that  the  entire  line  of  cells  will  be  “locked  in”  to  a 
positive  polarization.  If  this  occurs  for  physically  reasonable  values  of  the  Hamiltonian 
parameters,  then  lines  of  ceils  can  perhaps  be  viewed  as  “wires’’  which  transmit 
information,  coded  in  the  cell  polarization,  from  one  place  to  another. 

A.  Line  saturation 

Figure  (5)  shows  the  polarizanon  as  a  funenon  of  cell  number  for  a  line  of  10  cells.  The 
polarization  of  cell  1  is  set  to  values  of  P  =  0.9, 0.8, 0.6, 0.2  and  0.02,  and  the  ground  state 
of  the  electrons  in  the  remaining  nine  cells  is  calculated  sclf-consistentiy  usmg  the  ICHA 
method  described  in  the  preceding  section.  The  Hamiltonian  parameters  for  these  cells  are 
those  of  the  standard  cell.  These  parameters  yield  a  very  bistable  ceil  response.  The  result 
is  that  even  a  slight  polarization  in  the  driver  cell  results  in  essentially  complete 
polarization  of  all  other  cells  in  the  line,  as  is  clear  in  the  figure.  Figure  (5b)  is  a  plot  of  the 
calculated  particle  densities  on  each  site  in  the  line  of  cells  for  the  case  when  the  driver 
cell  is  polarized  with  only  P  -  0.02.  This  figure  is  not  a  schematic  representation,  but  a 
plot  of  the  calculated  single-particle  densities.  The  radius  of  each  dot  shown  is 
proportional  to  the  particle  density  at  the  corresponding  site.  The  squares  around  the  cells 
are  aids  to  the  eye  only;  the  driver  cell  is  indicated  with  a  darker  square  around  it 

As  the  tunneling  energies  t  and  r'  are  increased,  the  two-particle  ground  state  wavefunction 
in  each  cell  becomes  less  localized  in  the  antipodal  sites  —  the  kinetic  energy  term  begins 
to  balance  and  eventually  dominate  the  Coulomb  term  in  the  Hamiltonian.  Figure  (6) 
shows  the  polarization  of  the  line  when  f=  1 .0  meV  and  r'=0.  Figure  (7)  illustrates  the  case 


••vhen  r=i.O  meV  and  r  ==.'/ 10.  iThe  poianzauon  of  the  last  cell  is  always  slightly  lower 
because  it  has  only  one  near-neighbor.)  Nonce  that  in  both  cases,  the  polarization  saturates 
at  a  constant  value,  we  denote  PJJt,  several  cells  away  from  the  driver  cell.  If  the  driver  is 
polarized  at  a  value  larger  than  Psai,  the  polarization  decreases  in  successive  cells  until  it 
reaches  Psat.  If  the  driver  is  polarized  at  a  value  smaller  than  Psat,  the  polarization 
increases  in  successive  cells  until  it  reaches  Psar  The  value  of  Psat  depends  on  the 
physical  parameters  in  the  ceil  Hamiltonian,  and  on  the  distance  between  cells. 

If  the  driver  cell  has  a  fixed  negative  polanzanon,  then  the  line  will  polarize  to  a  saturation 
vaiue  of  -P~at.  The  undnven  line  has  two  degenerate  ground  states  of  opposite 
poianzanons.  The  perturoauon  of  the  driver  essentially  selects  one  of  these  states  as  the 
new  ground  state,  although  it  also  modifies  it  in  the  region  near  the  driver.  Since  we  can 
change  the  signs  of  all  polarizations,  including  the  fixed  drivers,  and  obtain  another 
ground  state  configuration  (a  mirror  image  of  the  original),  we  need  here  only  consider 
situations  with  a  positive  polarization  driver  cell. 

Figure  i3)  shows  the  cell  polanzanon  for  a  line  of  cells  when  the  line  “fails”.  The  kinetic 
energy  parameters  for  this  case  are  r=  1.5  meV  and  t'=tt  10.  Since  the  value  of  r  is 
significantly  larger  than  the  Coulomb  induced  splitting  between  the  energy  of  oppositely 
polanzed  states  (about  1  meV),  the  bis  1c  response  of  the  cells  is  very  small.  Thus,  even 
a  completely  polarized  driver  cell  f -ns  to  polarize  the  line.  The  polarization  drops 
precipitously  to  zero. 

Two  important  conclusions  follow  from  these  results.  First,  for  a  line  of  cells  for  which  the 
tunneling  energies  t  and  t\  are  small  enough  to  yield  strong  bistabr*  oehavior,  a  line  of 
cells  acts  like  a  binary  wire.  That  is,  it  robustly  transmits  a  P=+l  or  *1  polarization  from 
one  end  to  another.  In  fact  it  has  the  very  attractive  feature  that  it  restores  degraded  signals 
back  to  the  signal  rails  (P  =  ±1 ).  Secondly,  the  behavior  of  the  line  as  a  whole  is 
characterized  by  the  saturation  polarization,  P:at.  If  Psal  is  close  to  unity,  the  line  functions 


to 


very  wcil  as  a  binary  wire.  If  the  individual  ceils  are  not  strongly  enough  bistable,  the 
value  of  P,at  will  be  significantly  less  than  unity  and  the  line  of  cells  will  be  less  effective 
as  a  binary  wire.  If  the  bistability  is  sufficiently  weak,  Psa(  is  zero.  In  the  next  section  we 
examine  Psal  as  a  function  of  the  physical  parameters  which  specify  the  cell  Hamiltonian. 

B.  Dependence  of  Psat  on  physical  parameters 

For  a  long  line  of  cells,  all  the  cells  sufficiently  removed  from  the  ends  will  have 
polarization  Psal.  The  infinite  line  contains  two  degenerate  ground  states  with  P  -  ±Psat. 
We  calculate  Psat  by  considering  a  segment  of  an  infinite  line.  Figure  (9)  shows  a  “target" 
cell  with  three  neighbors  on  each  side  (more  distant  neighbors  have  a  negligible  influence 
on  the  target  cell).  In  the  ground  state  all  these  ceils  have  the  same  polarizauon,  Ptat.  We 
solve  for  Psal  iteratively  using  the  following  scheme:  All  6  neighbors  are  set  to  a 
polarization  corresponding  to  an  initial  guess.  The  resulting  potentials  on  the  sites  of  the 
target  cell  are  calculated  and  the  two-electron  Schrtidinger  equation  is  solved  for  the 
ground  state  of  the  target  cell.  The  (induced)  polarization  of  the  target  cell  is  then 
calculated  from  the  two-electron  wavefunction.  The  polarization  of  the  6  neighbors  is  now 
set  to  this  calculated  value  and  the  process  is  iterated.  The  iteration  converges  to  a  fixed- 
point  when  all  cells  have  the  same  polarization,  Psal.  The  saturation  polarization 
calculated  this  way  is  identical  to  that  obtained  by  considering  a  long  {e.g.,  twenty  cell) 
line  and  finding  the  polarization  of  the  innermost  cells. 

We  focus  on  the  dependence  of  the  saturation  polarization  as  a  function  of  the  physical 
parameters  which  enteT  the  cell  Hamiltonian  (Eq.  (2)).  Figure  (10)  shows  the  variation  of 
Psat  with  the  kinetic  energy  parameter  r  with  t'=t/10.  All  other  parameters  are  kept  fixed. 
This  is  equivalent  to  changing  the  barrier  height  between  the  quantum  dots.  Higher  values 
of  r  correspond  to  lower  barrier  heights.  As  the  figure  illustrates,  for  values  of  t  above 
about  1  meV  (a  barrier  height  of  roughly  100  meV  for  the  standard  cell),  the  saturation 
polarization  falls  quickly  to  zero.  The  transition  occurs  near  r=l  meV  because  that  is 
roughly  the  energy  splitting  between  the  ground  state  and  the  excited  state  of  opposite 
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polarization  (see  Fig  (2)).  When  the  kinenc  energy  gam  in  hopping  to  neighboring  sites 
balances  this  cost,  the  tendency  of  the  cell  to  polarize  is  lost. 

Figure  til)  illustrates  the  variation  of  Psat  with  a.  the  near-neighbor  distance  between 
quantum  dots.  As  a  is  varied,  r  and  t'  are  kept  constant.  The  intercellular  distance  is  always 
3a.  The  variation  of  a  then  has  principally  the  effect  of  changing  the  strength  of  the 
Coulomb  interaction  between  the  cells  and  between  dots  in  the  same  cell.  The  larger  a,  the 
weaker  the  Coulomb  interacuon  and  hence  the  weaker  the  bistable  cell  behavior. 

Although  we  have  focused  on  results  for  a  pamculai  “standard”  cell  with  the  specific 
physical  parameters  stated  above,  the  saturation  behavior  is  clearly  determined  by  the  rauo 
of  the  physical  parameters,  not  their  absolute  values.  Consider  again  the  cell  Hamiltonian 
in  Eq.  (2).  The  value  of  Eq  will  not  affect  the  polarization  behavior  because  it  simply  adds 
a  constant  shift  to  the  total  energy.  We  set  r'=t/10  for  the  near-neighbor  and  next-near¬ 
neighbor  kinenc  energy  terms.  The  value  of  Psat  is  then  determined  by  three  values:  the 
kinenc  energy  parameter  r,  the  site-site  Coulomb  energy  parameter  V^a,  and  the  on-site 
Coulomb  term  Eq. 

Let  us  examine  what  these  three  energy  parameters  correspond  to  physically.  The  energy  r 
is  half  the  value  of  the  splitting  between  the  spatially  symmetric  and  antisymmetric  states 
of  a  system  of  two  quantum  dots.  It  can  also  be  considered  as  a  hopping  energy  between 
neighboring  dots  which  lowers  the  total  energy  by  allowing  the  wavefunction  to  spread 
out  spatially.  The  energy  VqJq  is  the  Coulomb  energy  of  two  electrons  separated  by  the 
distance  a  (the  near-neighbor  inter-dot  separation).  The  energy  Eq  is  the  Coulomb  energy 
of  two  electrons  of  opposite  spin  occupying  the  same  quantum  dot.  It  is  roughly  inversely 
proportional  to  the  dot  diameter  (12]. 

Consider  the  three-dimensional  parameter  space  spanned  by  these  three  physical  energies 
r.  Vq!q,  and  Eq.  Systems  with  the  same  ratio  of  r :  Vq/o  :  Eq  have  identical  saturation 


behavior.  The  locus  of  equivalent  systems  is  a  ray  passing  through  the  ongin  in  parameter 
space.  Therefore,  to  explore  saturation  polarization  for  the  entire  parameter  space  spanned 
bv  these  three  physical  parameters,  it  is  sufficient  to  calculate  Psai  on  the  surface  of  a 
sphere  in  the  parameter  space.  This  is  shown  in  Fig.  (12).  The  r  axis  has  been  scaled  bv  a 
factor  of  10.  The  values  of  Psat  are  plotted  through  the  gray-scale  map  shown.  The  map  is 
non-uniform  and  is  chosen  to  accentuate  the  very  abrupt  transition  between  values  of  Psal 
near  unity  and  values  very  close  to  zero. 

Figure  (12)  shows  that  the  saturation  behavior  is  not  limited  to  an  “island”  in  the 
Hamiltonian's  parameter  space  but  is  “continental".  Further,  for  “most”  of  the  parameter 
space,  Psat  is  very  close  to  1  or  0.  The  transmon  is  quite  abrupt.  A  detailed  examination  of 
the  mterpiay  between  on-site  charging  effects  an'4  r  :ar-neighbor  effects  awaits  further 
study. 


V.  Discussion 

The  results  presented  suggest  that  the  lines  of  quantum  cells  discussed  here  are  indeed 
capable  of  forming  binary  wires  m  the  following  sense.  Informauon  is  encoded  in  the 
polanzauon  of  individual  cells.  Say  a  bit  value  of  1  is  represented  by  a  polarization  P=+l 
and  a  bit  value  of  0  is  represented  by  a  polarization  of  P=- 1 .  Suppose  the  polarization  of  an 
end  cell  is  fixed  to  1  (perhaps  electrostancaily)  and  the  line  of  cells  is  allowed  to  relax  to 
its  ground  state.  The  ground  state  will  be  one  for  which  all  the  ceils  have  polarization  1 
(bit  value  1).  If  the  end  cell  is  switched,  and  the  line  again  allowed  to  relax  to  its  ground 
state,  all  the  cells  will  switch  to  P=-l  (bit  value  0).  This  mechanism  transports 
.niormanon,  but  not  charge,  from  one  end  of  the  wire  to  another.  It  has  the  additional 
feature  that  inputs  with  polarization  less  than  one,  but  still  positive,  will  be  “reset”  to  be  1. 
Similarly,  degraded  negative  input  polarizations  will  be  reset  to  -1.  The  snong  nonlinear 
bistable  response  of  the  coupled-cell  system  performs  a  role  similar  to  gain  in 
conventional  digital  devices,  constantly  restoring  signal  levels. 

Note  that  in  this  scheme  we  rely  on  the  ground-state  configuration  of  the  system  —  not  the 
transient  response.  We  assume  inelastic  processes  are  sufficient  to  relax  the  system  to  its 
new  ground  state  after  the  input  is  changed  The  wire  “transmits”  informanon  in  the  sense 
nat  after  this  relaxation  has  occurred,  the  new  ground  state  is  one  in  which  the  output  end 
of  the  wire  matches  the  input  end 

In  reference  [4]  we  discuss  the  implementation  of  logical  gates  using  the  interacting 
quantum  cells  analyzed  here.  AND  gates,  OF.  gates  and  inverters  have  all  been  designed 
using  these  ideas. 

To  function  well,  the  cells  need  to  be  small  enough  that  the  Coulomb  interaction  between 
electrons  in  different  dots  is  significant  Additionally,  the  effective  barriers  to  tunneling 
between  dots  must  be  large  enough  that  the  kinetic  "nrnjy  advnntsge  of  spreading  out  the 
wavefunction  docs  not  overcome  the  Coulombic  advantage  of  keeping  the  electrons  in 


antipodal  sues.  As  the  results  of  Section  IVB  made  clear,  however,  the  relevant  range  of 
pnvsicai  parameters  is  not  a  small,  carefully  balance  set. 

Fabrication  of  such  coupled  dot  structures  surely  represents  a  significant  challenge,  but  the 
dimensions  involved  make  it  possible  to  conceive  of  semiconductor  realizations  using 
nanolithographic  techniques  presently  being  developed.  Setting  and  reading  the  individual 
cell  states  at  input  and  output  ends  involves  the  challenging  task  of  sensing  the  presence  of 
a  single  electron. 

The  theorencal  analysis  in  this  paper  is  a  zero- temperature  treatment.  At  a  non-zero 
lemperature,  entropy  will  become  important.  The  excited  states  of  a  line  have  a  much 
greater  degeneracy  thence  entropy)  than  the  ground  state.  For  long  enough  lines,  this 
means  that  the  thermodynamic  expectation  value  of  the  polarization  will  decay  as  the 
distance  from  the  end  driver  cell  increases.  These  effects  will  ultimately  limit  the  size  of 
usable  binary  wires  and  the  operating  temperatures  feasible.  Nevertheless,  if  the  size  scale 
can  be  sufficiently  reduced  (our  standard  cell  is  relatively  large),  more  pracncal  operating 
temperatures  could  be  obtained. 

In  conclusion  we  have  examined  the  behavior  of  lines  of  interacting  quantum-dot  cells. 
The  bistable  saturauon  in  the  cell-cell  interaction  results  in  “binaiy  wire"  behavior  in 
which  information,  encoded  in  the  cell  polarization,  can  be  robusdy  transmitted  from  one 
end  of  a  line  to  another. 
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FIGURE  1.  Schematic  ot  quantum  ceil.  The  geometry  of  the  cell  is  snown  in  a>.  The 
solid  lines  indicate  tunneiing  between  the  quantum  dots.  The  tunneling  energy  between 
the  inner  dot  and  tne  outer  dots  is  r,  and  the  tunneling  energy  between  adjacent  outer 
dots  is  t'.  The  Coulomb  repulsion  between  the  two  electrons  which  occupy  the  cell 
results  m  ground-state  configurations  with  the  electrons  aligned  in  the  two  orientations 
shown  in  b).  The  polanzanon  defined  by  Eq.  (1)  takes  the  values  1  and  -1  for  these  two 
configurations. 

FIGURE  2.  The  eigenstate  energies  tor  ceil  1  as  a  function  of  the  polanzanon  of 
adjacent  cell  2.  The  polanzanon  of  the  eigenstates  is  indicted  by  the  inset  diagrams. 
The  iow  energy  state  is  always  the  one  with  the  same  polanzanon  as  the  "driver'’  cell  2. 
Slight  exchange  splitting  (between  the  spatially  symmetric  and  annsymmetnc  states)  is 
evident  for  very  small  values  of  Pi. 

FIGURE  3.  The  cell-cell  response  funcuon  (after  reference  [3]).  The  induced  cell 
polanzanon  Pi  is  plotted  as  a  function  of  the  neighboring  cell  polanzanon  P-.  The 
soiid  line  shows  the  polanzanon  ot  the  spin-annsyminetnc  state  and  the  doned  line 
shows  the  polanzanon  of  the  (nearly  degenerate)  spin-symmetric  state. 

FIGURE  4.  A  linear  array  of  interacting  cells.  Each  cell  holds  two  electrons.  Hopping 
between  cells  is  assumed  to  be  completely  suppressed, 

FIGURE  5.  The  response  of  a  line  of  cells.  The  polanzanon  of  ceil  1  (shown  in  (b) 
with  a  darker  outline)  is  fixed  and  the  ground-state  polarization  induced  in  the  line  of 
cells  is  calculated.  The  plot  shows  the  induced  polarization  for  a  driver  polarization  of 
P  =  0.9, 0.8,  0.6,  0.4,  0.2  and  0.02.  For  the  case  of  the  weakest  driver  polarization,  P  = 
0.02,  the  charge  densities  on  each  site  are  shown  in  b).  The  diameter  of  each  dot  is 
proportional  to  the  charge  density  on  that  site.  The  Hamiltonian  parameters  used  here 
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arc  those  of  the  ‘standard  ceil”  discussed  in  the  text.  The  result  shows  that  even  a  slight 
polarization  in  a  driver  cell  induces  nearly  complete  polarization  in  the  line  of  cells. 

FIGURE  6.  The  response  of  a  line  of  cells  for  a  different  value  of  tunneling  energy 
parameter.  As  in  Figure  5.  the  polarization  of  cell  1  is  fixed  and  the  ground-state 
polarization  induced  in  the  line  of  cells  is  calculated.  The  plot  shows  the  induced 
polarization  for  a  driver  polanzauon  of  P  =  0.9,  0.8,  0.6,  0.4,  0.2  and  0.02.  The  model 
cells  here  differ  from  the  standard  cells  used  for  Figure  5  in  that  the  tunneling  energy  r 
is  1.0  meV  and  r'  is  negleoted.The  result  shows  that  even  a  slight  polarization  in  a 
driver  cell  induces  a  polarization  in  the  line  of  cells  but  that  the  polarization  saturates  at 
a  vaiue  Psat  (here  about  0.85). 

FIGURE  7.  The  response  of  a  line  of  cells  for  a  different  vaiue  of  tunneling  energy 
parameter.  The  polarization  of  cell  1  is  fixed  and  the  ground-state  polarization  induced 
in  the  line  of  cells  is  calculated.  The  plot  shows  the  induced  polarization  for  a  driver 
polarization  of  P  =  0.9,  0.8,  0.6,  0.4,  0.2  and  0.02.  For  the  case  of  the  weakest  driver 
polarization,  P  =  0.02,  the  charge  densities  on  each  site  are  shown  in  b).  The  diameter 
of  each  dot  is  proportional  to  the  charge  density  on  that  site.  The  model  cells  here  differ 
from  the  standard  cells  used  for  Figure  5  in  that  the  tunneling  energy  r  is  1.0  meV  and 
t'-nlO.  The  result  shows  that  even  a  slight  polarization  in  a  driver  ceil  induces  a 
polarization  in  the  line  of  cells  but  that  the  polarization  saturates  at  a  value  P ^  (here 
about  0.7)  which  characterizes  the  response  of  the  line. 

FIGURE  8.  Failure  of  a  driver  cell  to  polarize  the  line.  In  this  case  the  tunneling 
parameters  are  chosen  so  that  t  =  1.5  meV  and  t'  =  r/10.  The  result  is  that  the  kinetic 
energy  term  in  the  Hamiltonian  (Eq.  (2))  overwhelms  the  Coulombic  terms.  A  driver 
cell  which  is  completely  polarized  then  induces  only  a  small  polarization  in  its 
neighbors,  and  the  polarization  decays  quickly  down  the  line.  The  charge  densities  are 
shown  in  b) 
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FIGURE  9.  Schematic  view  of  ceil  geometry  used  in  self-consistent  calculation  of  the 
polarization  of  an  inrinitely  long  chain  of  cells. 

FIGURE  10.  The  saturation  polarization  for  an  infinite  linear  chain  of  cells  as  a 
function  of  the  tunneling  parameter  r.  Other  cell  Hamiltonian  parameters  are  fixed  at 
the  “standard  cell"  values.  * 

FIGURE  11.  The  saturation  polarization  for  an  infinite  linear  chain  of  cells  as  a 
function  of  the  near-neighbor  site  distance  a  (see  Figure  1).  Other  cell  Hamiltonian 
parameters  are  fixed  at  the  “standard  cell”  values. 

FIGURE  12.  The  values  of  Psal  for  the  parameter  space  spanned  by  the  parameters  in 
the  Hamiltonian. 
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FIGURE  1.  Schematic  of  quantum  ceil.  The  geometry  of  the  ceil  Is  shows  in  a).  The  solid  Haea 
indicate  tunneling  between  the  quantum  dots.  The  tonne  ling  energy  between  the  inner  dot  and 
the  outer  dots  is  t,  and  the  fnaeUng  energy  between  adjacent  outer  dots  is  f.  The  Coulomb 

itpddmhhwtetmihdwi  which  ocenyy  the  edtimuhn  In  grenad-matetoaigarartoai 
with  the  electrons  allpad  In  the  tw  e  orfa ntaHene  shown  In  b>.  The  polarisation  defined  by  Eq. 
(1)  takes  the  nines  I  and  »i  for  them  two  conflgnratiooa. 
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FIGURE  2.  The  eicr  ngt**  energies  for  ccH  1  as  a  function  of  the  potoriaathm  of  adjacent  ceil  2 
The  polarization  of  the  eigenstates  is  indicated  by  tha  inset  diagrams.  The  km  energy  state  ■ 
always  the  one  with  the  same  polarization  as  the  “driver”  ceU  2.  Sight  e%dmage  sptttdag 
<  between  the  spatially  symmetric  and  antisymmetric  states)  is  evident  for  very  small  values  of 
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FIGURE  3.  The  cell-cell  my  oner  function  (after  reference  (3)).  The  Mated  cell  polarization 
Pj  b  plotted  as  a  ftinctton  of  the  neighboring  cdl  polarisation  Pj.  The  eoih  Mae  shown  tide 
polarization  of  the  spin-tatisyaxu  k  state  and  the  dotted  Hoe  shone  the  poiartzatioQ  of  the 
(nearly  degenerate)  spio-synaietrk  state. 
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FIGURE  5.  The  rnpoasa  of  a  line  of  cells.  The  polarisation  of  cell  1  (slums  in  (b)  with  a  darker 
outline)  is  bed  aad  the  proud-state  polarisation  iadaced  la  the  line  of  cells  is  calculated.  The 
plot  shows  the  iadaced  polarization  for  a  (farrier  petartsatioa  of  P  s  0.9, 0J,  0 4, 0  A  0 2  aad  0.02. 
For  tft  rtffT  tr*  flit  ~rakTit  riitmr  polarisation,  P  IT  in  ttir  riisrgr  deatitks  on  rirh  site  arr 
shown  fas  b).  The  diameter  of  each  dot  is  proportional  to  the  charge  density  on  that  site.  The 
Hamiitooiaa  parameters  used  here  are  those  of  the  “standard  cett”  discussed  in  the  test  The 
result  shows  that  even  a  slight  polarization  in  a  driver  ceil  induces  nearly  complete  polarization 
iu  the  line  of  ceils. 
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FIGURE  6.  The  response  of  s  line  of  cells  for  a  different  value  of  tnnneMng  energy  parameter. 
As  in  Figure  5,  the  polarization  of  cell  l  is  fixed  and  the  ground  stats  potartutian  iadaced  ia  the 
line  of  ceils  to  cakaiated.  The  plot  shows  the  indncad  notarization  lor  a  driver  polarization  of  P  * 
0.9,  0*  (U,  04, 92  aad  0M.  The  modal  cella  here  differ  from  the  standard  mile  assd  for  Finn 
Sin  that  tbataanaltag  energy/ Is  LOmtV  and  I*  Is  negtactodiTV  rewM  shoos  that  even  a  slight 
polarization  in  a  driver  ceM  indseee  a  polarixatioa  ia  the  line  of  i  efis  hat  that  the  poiarixatioa 
saturates  at  a  raise  Pm  (here  a  boat  0  J5X 
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FIGURE  7.  The  reeponae  of  a  line  of  cdla  for  a  different  value  of  tunneling  e Deify  parameter. 
The  poiartxatloa  of  ceil  1  la  fixed  and  the  gnrand-ttate  polarization  indneed  in  the  line  of  cdla  to 
calculated.  Tie  plot  shovel  the  induced  polarization  for  a  driver  polarization  of  P  =  0.9,  Oik  0A 
0.4, 0  J  and  u.92.  For  the  cate  of  the  weakest  driver  polarization,  P  =  0412,  the  charge  dendtien 
on  each  tote  are  ahown  lab).  The  dUnettr  of  tndi  dot  to  proportional  to  the  charge  deadly  on 
that  tile.  The  BMdd  ceito  here  differ  firoaa  the  ataadard  cdto  need  for  Figure  5  ia  that  the 
tnaaetoag  energy  t  to  14  aeV  and  The  resalt  shows  that  even  a  alight  polarization  ha  a 
driver  edi  indacea  a  polarization  in  the  line  of  cdla  hat  that  the  polarization  aatanrtea  at  a  mine 
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FIGURES.  Failure  of  ■  driver  ceH  to potarfae  the  line, la  this  am  the  tamettaf  parameters  are 
choeea  so  that  t  •  1 J  mtV  and  t'  ■  (Jl6.  The  mall  >a  that  the  ktaatte  u»n  tana  ia  the 
H— iheataa  (Eq.  (2))  ovcrwMaa  the  Coaksahte  term.  A  driver  ceil  wtich  ia  ccfteuly 
polarized  thea  iadaces  ©sly  a  null  poiartauttoa  is  ita  neighbors'  aad  the  |in*ua  iaurtnu  decays 
quickly  down  the  line.  The  charge  densities  are  shown  iab). 
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FIGURE  9.  Sdbcaatk  view  of  cell  no— i try  used  in  Mtf-comiiteatt  caicoioikw  of  the 
potartartton  of  an  infiaitdyloBgefe&jBofetik. 
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FIGURE  LL  The  umioi  aohrlalloa  for  aa  UUli  Untar  chata  of  edit  M  a  fkuaioa  of  the 
near-adfhbor  site  diataace  a  (see  Plgvrc  1).  Other  cell  HaiaWoaiM  parameters  are  fixed  at  the 
“staadard  celT  valaes. 
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FIGURE  12.  The  values  of  Pm  for  the  parameter  space  spanned  by  the  parameters  in  the 
Hamiltonian. 
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ABSTRACT 

Model  quantum  dot  cells  are  investigated  as  potential  building  blocks  for 
quantum  cellular  automata  architectures.  Each  cell  holds  a  few  electrons 
and  interacts  Coulombically  with  nearby  cells.  In  acceptable  cell  designs, 
the  charge  density  tends  to  align  along  one  of  two  cell  axes.  Thus,  we  can 
define  a  cell  “polarization”  which  can  be  used  to  encode  binary 
information.  The  polarization  of  a  cell  is  affected  in  a  very  nonlinear 
manner  by  the  polarization  of  its  neighbors.  We  quantify  this  interaction  by 
calculating  a  cell-cell  response  function.  Effects  of  non-zero  temperature 
on  the  response  of  a  model  cell  are  investigated.  We  also  examine  the 
effects  of  multiple  neighbors  on  a  ceil  and  discuss  programmable  logic  gate 
structures  based  on  these  ideas. 

PACS:  73.20.Dx,  85.90.+h,  71.90.+q 
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I.  Introduction 

For  many  years,  the  size  or  microelectronic  devices  has  oeen  shrinking,  ana  this  has  led  to 
taster,  denser  circuits.  Despite  these  improvements,  the  basic  computing  paradigm  has 
remained  virtually  unchanged  because  device  operation  has  been  largely  unchanged  apart 
from  re-scaling.  There  is  now  much  interest  in  extremely  dense  device  arrays  forming 
locally  interconnected  architectures  like  cellular  automata  (CA)  [1]  and  cellular  neural 
networks  [2).  Such  architectures  could  lead  to  changes  in  device  structure  of  a  less 
evolutionary  and  more  revolutionary  nature. 

At  the  same  time,  many  researchers  have  been  investigating  wavs  to  use  quantum 
structures  as  electronic  devices.  In  the  course  of  such  research,  a  great  deal  has  been 
learned  about  the  behavior  of  electrons  in  very  small  structures.  Because  of  the  size  of  the 
structures  involved,  an  outstanding  difficulty  is  providing  a  scheme  in  which  one  of  these 
quantum  devices,  which  typically  carry  nanoamperes  of  current,  could  be  used  to  drive 
several  other  similar  devices.  In  addition,  the  capacitance  of  the  'vires  needed  to 
interconnect  such  structures  would  tend  to  dominate  their  behavior.  Therefore,  locally 
connected  architectures  like  CA’s  may  be  an  attractive  paradigm  for  implementing 
quantum  device  architectures  f  31- 

CA  architectures  composed  of  nanometer-scaled  quantum  devices  which  are  coupled 
through  the  Coulomb  interaction  (no  current  flows  between  devices)  have  been  proposed 
by  the  authors  elsewhere  (4-61.  We  call  such  architectures  quantum  cellular  automata 
(QCA).  The  QCA  contains  an  array  of  quantum-dot  cells  which  are  connected  locally  by 
the  interactions  of  the  electrons  contained  within  them.  The  quantum  state  of  each  multi- 
dot  cell  encodes  the  "logical”  state  of  that  cell.  For  this  reason,  each  cell  should  ideally 
have  exactly  two  stable  states,  since  this  will  allow  direct  encoding  of  binary  information 
[7],  Such  two-state  cells  need  also  to  exhibit  bistable  saturation  to  ensure  that  noise  or 
small  geometric  variations  do  not  overwhelm  the  signal. 
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To  function  as  a  CA.  the  state  of  each  cell  should  be  dependent  on  the  states  of  its 
neighbors.  In  this  paper,  we  compare  the  ceil-cell  coupling  and  bistable  saturation  of 
several  different  quantum  cell  designs  which  might  form  the  basis  of  quantum  cellular 
automata.  All  of  these  designs  have  certain  characteristics  m  common:  a  few  (typically 
four  or  five)  quantum  dots  connected  by  coupling  coefficients  and  populated  by  a  total  of 
one  to  three  electrons.  In  these  cells  the  required  interaction  between  neighbors  is  caused 
by  the  mutual  Coulombic  repulsion  of  the  electrons  contained  in  the  cells.  We  use  a  very 
simple  model  of  each  cell,  neglecting  details  relating  to  exactly  how  the  quantum  dot 
structures  are  realized,  but  focussing  on  the  charge  distribution  among  the  dots  and  the 
Coulomb  coupling  between  cells.  We  define  a  cell-cell  response  function  which 
characterizes  the  interaction  between  neighboring  cells. 

In  the  next  section  we  will  introduce  the  theoretical  model  of  the  "standard  cell”,  on  which 
much  of  the  work  of  references  4,  5,  and  6  is  based.  It  is  the  most  thoroughly  investigated 
cell  design  because  it  displays  strong  bistable  saturation.  We  discuss  the  model 
Hamiltonian  used  for  the  cell,  the  method  used  to  calculate  the  cell-cell  response  function, 
and  the  effects  of  non-zero  temperature.  Section  III  compares  various  other  cell  designs 
Among  these  are  different  geometric  arrangements  of  the  quantum  dots,  one  and  three 
electron  cells,  and  continuous  quantum  dashes.  In  Section  IV,  we  extend  our  results  to 
include  the  effects  of  multiple  neighbors  on  a  cell.  We  show  that  such  effects  in  a  system 
with  three  nearest  neighbors  can  be  thought  of  as  majority  voting  logic.  We  show  how  this 
behavior  can  be  used  to  implement  programmable  logic  gates,  and  then  show  other 
possible  implementations  for  dedicated  AND  and  OR  gates.  A  discussion  and  conclusion 
follow  in  Section  V. 
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II.  A  Model  Quantum  Cell 

The  model  “standard  cell"  design,  shown  schematically  in  Fig.  (la),  consists  of  five 
quantum  dots  located  at  the  comers  and  the  center  of  a  square.  Tunneling  occurs  between 
the  central  site  and  all  four  of  the  outer  sites  (near- neighbor  tunneling)  and  to  a  lesser 
degree  between  neighboring  outer  sites  (next-near-neighbor  tunneling).  It  is  assumed  that 
the  potential  barriers  between  cells  are  high  enough  to  completely  suppress  intercellular 
tunneling.  The  cell  is  occupied  by  a  total  of  two  electrons  hopping  among  the  five  sites; 
these  electrons  tend  to  occupy  antipodal  outer  sites  within  the  cell  due  to  their  mutual 
electrostatic  repulsion  (see  Figure  1(b)). 

We  will  show  that  these  two  stable  states  are  degenerate  in  an  isolated  cell,  but  an 
electrostatic  perturbation  in  the  cell’s  environment  (such  as  that  caused  by  neighboring 
cells)  splits  the  degeneracy  and  causes  one  of  these  configurations  to  become  the  cell 
ground  state.  Altering  the  perturbation  causes  the  cell  to  switch  between  the  states  in  an 
abrupt  and  nonlinear  manner.  This  very  desirable  bistable  saturation  behavior  is  due  to  a 
combination  of  quantum  confinement.  Coulombic  repulsion,  and  the  discreteness  of 
electronic  charge. 

A.  Cell  polarization 

Since  Coulomb  repulsion  causes  the  electrons  to  occupy  antipodal  sites,  the  ground  state 
charge  density  may  have  the  electrons  aligned  along  one  of  the  two  diagonal  axes  shown 
in  Fig  (lb).  Wc  therefore  define  the  cell  polarization,  a  quantity  which  measures  the  extent 
to  which  the  charge  density  is  aligned  along  one  of  these  axes.  The  polarization  is  defined 
as 

(P,  +  P3)-  (P2  +  Pd)  (1) 

p0  +  p,  +p2  +  p3  +  p4 

where  p,  denotes  the  electron  probability  density  at  site  i.  As  in  Fig.  (lb),  electrons 
completely  localized  on  sites  1  and  3  will  result  in  P=l,  while  electrons  on  sites  3  and  4 


BiiufaiB 


n  Coupled  Qumnda  Cod* 


Toujaw,  Leal,  tad  tasd 


yield  P=-l.  An  isolated  cell  would  have  a  ground  state  which  is  a  linear  combination  of 
;nese  two  states  and  would  therefore  have  a  net  polanzanon  ot  zero  181. 
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B.  Model  cell  Hamiltonian 

We  employ  a  simple  model  of  the  quantum  cell  which  uses  a  tight-binding  Hubbard-tvpe 
Hamiltonian.  We  represent  the  quantum  dots  as  sites,  ignoring  any  degrees  of  freedom 
internal  to  the  dot.  The  Hamiltonian  for  a  single  isolated  cell  can  be  written  as: 


L/ceit 

Ho 


>  !■  0 


X£Q\.'V 


1 


V 


.  ni.  anj,  a' 
2 


(2) 


Here  aI  0  is  the  anmhilation  operator  which  destroys  a  panicle  at  site  i  (i=0,l,2,3,4)  with 
spin  o.  The  number  operator  for  sue  i  and  spin  o  is  represented  by  n;  0.  Eg  is  the  on-site 
energy  for  each  dot,  is  the  energy  associated  with  tunneling  between  dots  i  and  j,  and 
Eq  is  the  on-site  charging  energy  (the  purely  Coulombic  cost  for  two  electrons  of  opposite 
spin  to  occupy  the  same  dot).  The  last  term  in  (2)  represents  the  Coulombic  potential 
energy  due  to  electrons  on  the  i‘h  and  jlh  sues  at  positions  Rj  and  R;.  Vq  is  an  electrostatic 
parameter  fixed  by  fundamental  constants  and  the  dielectric  constant  of  the  material  used 
to  form  the  dots. 


For  the  cell  described  above  we  use  values  of  the  parameters  in  the  Hamiltonian  based  on 
a  simple,  experimentally  reasonable  model.  We  take  Eg  to  oe  the  ground  state  energy  of  a 
circular  quantum  dot  of  diameter  10  nm  holding  an  electron  with  effective  mass 
m*  =  0.067  m0.  The  near-neighbor  distance  between  dot  centers,  a,  is  taken  to  be  20  nm. 
The  Coulomb  coupling  strength,  Vq,  is  calculated  for  a  material  with  a  dielectric  constant 
of  10,  and  Eq  is  taken  to  be  Vq/(D/3)  [9].  The  coupling  energy  between  an  outer  dot  and 
the  central  dot  is  t  =  f0  t  =  0.3  meV  (<=  1,2, 3,4),  and  the  next-near  neighbor  coupling 
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connecting  the  outer  dots,  i  .  is  taken  to  be  t/ 10  (consistent  with  one-dimensional 
calculations  tor  a  barrier  height  of  150  meV)  110) 

The  spins  of  the  two  electrons  in  the  cell  can  be  either  parallel  or  annparaiiel.  We  consider 
here  the  case  of  electrons  with  antiparallel  spins,  since  that  is  the  ground  state  of  the  cell. 
Calculations  with  electrons  having  parallel  spins  yield  qualitatively  very  similar  results. 

To  maintain  charge  neutrality  in  the  cell,  a  fixed  positive  charge  p  ,  corresponding  to  a 
charge  of  (2/5)e,  is  also  assumed  on  each  site.  In  a  single  isolated  cell  this  just 
renormalizes  Eq,  but  the  fixed  charge  is  important  when  simulating  systems  with  more 
than  one  cell.  If  each  cell  had  a  net  negative  charge,  then  electrons  near  the  edges  of  a 
group  of  cells  would  respond  mostly  to  the  net  negative  charge  of  the  other  cHls.  In  a 
semiconductor  realization,  the  fixed  positive  charge  would  likely  be  provided  by  ionized 
donor  impurities  and  charge  on  the  surface  of  metal  gates. 

The  interaction  of  a  cell  wuh  us  electrostatic  environment  (including  neighboring  cells)  is 
contained  in  a  second  Hamiltonian  term  which  we  write  as  We  solve  the  time- 

independent  Schrodinger  equation  for  the  nth  eigenstate  of  the  cell.  I4/n>,  under  the 
influence  of  the  neighboring  cells: 

(W""+0  ^ 

The  total  Hamiltonian  is  diagonalized  directly  in  the  basis  of  2-parucle  site  kets.  We 
calculate  the  single-particle  density,  Pj,  from  the  two-particle  ground-state  wavefunction 
IH'q)  by  finding  the  expectation  value  of  the  number  operator  for  site  i: 

P,  =  >1> 

a 

We  can  then  use  these  densities  to  calculate  the  cell  polarization  P  as  in  Eq.  (1). 
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C.  Calculating  the  cell-cell  response  function. 

To  be  useful  in  cellular  automata-tvpe  architectures,  the  state  of  a  cell  must  be  strongly 
influenced  by  the  states  of  neighboring  cells.  To  demonstrate  how  one  of  these  cells  is 
influenced  by  the  state  of  its  neighbor,  consider  the  two  ceils  shown  in  the  inset  to  Fig.  (2). 
The  cell  centers  are  separated  by  a  distance  of  3a  =  60  nm.  We  assume  cell  2  has  a  given 
polarization  P2  and  that  the  electron  density  on  the  central  site  is  negligible.  This  means 
that  the  charge  density  is  completely  determined  by  the  ceil  polarization.  For  the 
corresponding  electron  density  on  each  site  of  cell  2,  we  calculate  the  electrostatic 
potennal  at  each  sue  of  cell  1.  This  additional  potennal  energy  is  then  included  in  the 
Hamiltonian  for  cell  1.  Thus  the  perturbing  Hamiltonian  component  is: 


ucetl  _ 
™  inter  ~ 


V; 


1  <=  cell  1,  o 


l,  O 


(5) 


where 


I  VC7 


(P*-p> 


(6) 


:s  the  potential  at  sue  1  in  cell  m  due  to  the  charges  in  all  other  cells.  We  denote  the 
postuon  of  site  j  in  cell  k  as  and  the  electron  density  at  site  j  in  cell  k  as  p‘.  The  total 
Hamiltonian  for  cell  1  is  then 


Hce“  =  Hc0e“  +  H\eil.  (7) 

The  rwo-clectron  time-independent  SchrPdinger  equation  is  solved  using  this  Hamiltonian 
for  a  series  of  values  of  P2  in  the  range  (-1,  +1],  The  ground  state  polarization  of  cell  1,  Pj, 
is  then  computed  for  each  value  of  Z5-  as  described  in  the  previous  section.  Thus,  we  can 
plot  the  induced  polarization  of  cell  1  as  a  function  of  the  polarization  of  cell  2.  This 
funcuon  P;(P2)<  which  we  call  the  cell-cell  response  function,  is  one  measure  of  how  well 
a  cell  will  operate  in  a  quantum  cellular  automaton  architecture. 
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Fig.  (2)  shows  the  cell-cell  response  funcnon  for  the  standard  cell.  The  highly  nonlinear 
nature  of  the  response  indicates  tnat  a  small  polarization  in  cell  2  causes  a  very  strong 
polanzadon  in  its  neighbor,  cell  1.  The  figure  also  sh'ws  that  the  polarization  of  ceil  1 
saturates  very  quickly  to  a  value  of  +1  or  -1.  This  bistabie  saturation  is  the  basis  of  the 
quantum  cellular  automata  since  it  means  that  we  can  encode  bit  information  using  the  cell 
polarization.  We  assign  the  bit  value  of  1  to  the  P=-t-l  state  and  the  bit  value  -1  to  the  P=-l 
state.  Since  the  cell  is  almost  always  in  a  highly  polarized  state  (IPI  =  1 ),  the  state  of  the 
cell  will  be  indeterminate  only  if  the  “lectrostatic  environment  due  to  other  cells  is 
perfectly  symmetric. 

Fig.  (3)  shows  the  lowest  four  eigen-energies  of  ceil  1  as  a  function  of  the  polarization  of 
cell  2.  This  shows  that  the  perturbation  due  to  the  polarization  of  cell  2  quickly  separates 
the  states  of  opposite  polarization.  For  a  completely  polarized  standard  cell,  the  excitation 
energy  from  the  ground  state  to  the  first  excited  state  with  opposite  polanzanon  is  about 
0.8  meV.  This  corresponds  to  a  temperature  of  about  9K. 

The  abruptness  of  'he  cell-cell  response  function  depends  on  the  ratio  of  the  tunneling 
energy,  t  in  Eq.  (2),  to  the  Coulomb  energy  for  electrons  on  neighbonng  sites.  The 
magnitude  of  the  tunneling  energy  depends  exponentially  on  both  the  distance  between 
dots  and  the  height  of  the  potential  bamer  between  them.  Fig.  (4)  shows  the  cell-cell 
response  function  for  different  values  of  the  tunneling  energy  t.  The  switching  becomes 
more  abrupt  as  t  decreases.  Of  course,  if  t  goes  to  zero,  the  tunneling  would  be  completely 
suppressed  and  no  switching  would  occur.  Extremely  small  values  of  t  would  similarly 
slow  the  switching  time.  For  t=0.3  meV,  the  standard  cell  value,  we  estimate  the  tunneling 
time  as  -  =  2  psec. 

f 
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D.  Non-Zero  Temperature  Cell-Cell  Response 

We  extend  the  calculation  of  the  cell-cell  response  function  to  nonzero  temperatures  by 
calculating  the  thermal  expectation  value  of  the  electron  density  at  each  site  of  the  cell. 


t./  ( kg  r) 


P,=  <  <*i>  >  = 


-£,/(*,!) 


Evaluating  the  thermal  average  requires  knowledge  of  the  excited  states  of  the  cell  as  well 
as  the  ground  states.  Using  the  results  of  Eq.  (8),  the  polarization  of  the  cell  can  be 
calculated  as  before  using  Eq.  ( 1).  The  results  of  such  a  calculation  for  the  standard  cell 
I.  with  the  next-near-neighbor  coupling  t’=01  are  shown  in  Fig.  (5).  The  curve  forT=0  is  the 
same  as  in  Fig.  (2).  The  nonlinearity  of  the  response  degrades  as  the  temperature 
increases.  For  temperatures  up  to  4.2  K,  the  response  is  good,  but  for  higher  temperatures 
it  would  probably  be  unacceptable  for  use  in  aQCA- 


Note  that  this  maximum  operating  temperature  will  increase  as  the  size  of  the  cell 
decreases.  Thus,  although  a  20  nm  design  rule  requires  cryogenic  temperatures  for 
sausfactorv  operation,  the  design  scales  to  smaller  sizes  easily  and  a  much  smaller, 
possibly  macro- molecular  implementation  111]  would  work  at  room  temperature. 
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III.  Alternative  Quantum  Cells 

While  the  cell  described  above  has  demonstrated  an  excellent  cell-cell  response,  there  is 
no  reason  to  discount  other  possible  cell  designs.  Slight  modifications  to  this  cell  give  nse 
to  a  family  of  similar  cells  whose  behavior  can  provide  insight  into  the  nature  of  the 
system. 

In  looking  for  other  model  cells,  there  are  several  approaches  we  can  take.  The  most 
obvious  of  these  is  to  alter  the  number  of  sites  and  their  geometric  arrangement. 
Altemauvely,  the  ceil  occupation  can  be  altered.  Finally,  tunneling  between  the 
intracellular  sues  can  be  increased,  decreased,  or  effectively  eliminated  by  varying  the 
potential  barriers  between  the  sues. 

A.  Four  quantum  cells 

In  this  section  we  will  investigate  the  cell-cell  response  of  four  different  quantum  cells. 
While  these  four  are  representative  of  the  sort  of  cells  one  might  consider,  they  in  no  way 
exhaust  the  study  of  new  cell  designs. 

The  first  cell,  included  mainly  as  a  standard  by  which  to  judge  the  others,  is  the  original 
cell  described  above  wuh  t=0.3  meV.  This  will  be  called  cell  A.  Next  will  be  the  same  cell 
with  no  tunneling  between  the  outer  neighbors  ( i '  =  0).  We  will  refer  to  this  as  cell  B. 
Cell  C  omits  the  presence  of  the  central  site  and  allow  tunneling  only  between  the  four 
outer  sites.  Finally,  cell  D  inhibits  tunneling  even  further,  allowing  it  only  between  sites  1 
and  2  and  between  sites  3  and  4.  Schematic  diagrams  of  these  four  cell  designs  are  shown 
in  Fig.  (6a). 

In  a  semiconductor  realization  of  these  cells,  the  minimum  spacing  between  nearest 
neighbor  sues  will  be  limited  by  the  fabrication  technology.  For  this  reason,  these  cells  are 
designed  with  a  constant  20  nm  design  rule  (the  nearest  neighbors  in  each  cell  are  20  nm 
apart).  While  this  makes  cells  C  and  D  smaller,  it  is  the  most  physically  reasonable  way  to 
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compare  their  operation.  The  spacing  between  interacting  ceils  is  set  ai  three  times  the 
near-neighbor  dot  spacing. 

It  is  possible  to  consider  cell  B  as  an  approximation  to  cell  A  which  neglects  tunneling 
between  outer  neighbors.  In  reaiity  there  will  always  be  a  certain  amount  of  tunneling 
between  outer  sites,  but  this  tunneling  can  be  made  arbitrarily  small  by  selectively 
increasing  the  potential  bamers  between  the  outer  sites.  The  same  increase  in  potential 
barriers  would  be  needed  to  suppress  horizontal  tunneling  in  cell  D. 

Fig.  (6b)  shows  the  cell-cell  response  functions  for  these  four  cells.  This  figure  shows  that 
cells  A  and  B  have  very  similar  responses,  and  both  are  superior  to  cells  C  and  D.  Thus, 
elimination  of  the  central  site  as  in  cells  C  and  D  degrades  the  response.  This  leads  us  back 
to  the  five-site  cell  we  originally  considered.  Since  the  complete  suppression  of  next-near 
neighbor  coupling  as  in  cell  B  might  introduce  additional  fabrication  difficulty  with  little 
improvement  in  the  cell  response,  cell  A  may  be  the  most  practical  of  these  four  cell 
designs. 

B.  One  and  three  electron  cells 

As  aii  altemauve  to  changing  the  geometry  of  the  cell,  we  can  also  alter  the  electron 
occupancy.  Fig.  (7)  shows  the  cell-cell  response  function  for  cell  A  occupied  by  a  single 
electron,  and  Fig.  (8)  shows  the  response  for  the  same  cell  with  three  electrons  (two 
parallel  spins,  one  antiparallel).  These  nearly  linear  response  functions  never  become 
strongly  polarized,  even  for  fully  polarized  neighbors.  This  indicates  that  such  ceils  would 
perform  very  poorly  as  the  basis  of  a  quantum  cellular  automaton  [12]. 

C.  Quantum  dashes  and  double«weils 

Proposals  have  been  made  for  one-electron  "quantum  dash”  cells  which  appear 
qualitatively  similar  to  the  cells  we  have  discussed  here  [13].  In  this  section  we  investigate 
the  cell-cell  response  function  of  single-electron  quantum  dashes  and  compare  this  to  a 
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very  similar  double  quantum  well  to  show  how  important  the  discreteness  of  electronic 
charee  is  to  the  non-lineanty  of  the  response  functions  seen  in  the  previous  sections. 

Since  these  cells  are  of  a  more  spatially  continuous  nature  than  cells  previously 
considered,  the  site  representation  is  no  longer  useful.  Each  cell  will  be  modeled  as  a  one¬ 
dimensional  hard-walled  square  well  of  width  30  nm.  The  two  cells  are  separated  by  a 
distance  of  20  nm.  These  dimensions  are  similar  to  those  of  the  cells  described  above.  We 
use  the  finite  element  method  to  solve  the  single-electron  rime-independent  Schrddinger 
equation  for  each  one-electron  cell.  The  geometry  used  to  calculate  the  cell-cell  response 
function  is  shown  schematically  in  Fig.  (9a). 

Since  these  cells  have  only  a  single  axis  along  which  to  distribute  the  electronic  charge,  a 
new  definition  of  polarization  must  be  introduced.  The  new  definition,  which  takes  into 
account  the  continuous  nature  of  the  probability  density,  is: 


0  L/2 

J  p  {x)dx-  |  p  {x)dx 


\  p(x)dx 

o 


Because  of  its  continuous  nature,  the  charge  density  in  cell  2,  the  “driver"  cell  is  no  longer 
uniquely  determined  by  specifying  the  cell  polarization.  We  therefore  fix  the  charge 
density  to  be  constant  in  each  half  of  cell  2. 

The  cell-cell  response  function  calculated  for  such  a  system  is  shown  in  Fig.  (9b).  As  this 
figure  shows,  the  response  is  quite  linear  and  cell  l  is  virtually  unpolarized  even  for  a  fully 
polarized  neighbor.  The  electron  probability  density  as  a  function  of  position  for  cell  1 
with  a  fully  polarized  neighbor  (P2=l)  >s  shown  in  Fig.  (9c).  The  probability  density  is 
nearly  symmetric  about  the  center  of  the  cell  as  we  would  expect  for  such  a  small 
polarization. 
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A  related  cell,  the  double  well,  is  shown  schematically  in  Fig.  (10a).  It  is  a  quantum  well 
of  the  same  dimensions  as  in  Fig.  (9a),  but  the  potential  in  the  middle  third  of  the  well  has 
been  raised  by  150  meV.  This  cell  is  also  very  similar  to  half  of  cell  D  from  the  last 
section,  so  we  would  expect  its  response  to  be  much  better  than  that  of  the  simple  quantum 
dash. 

The  calculated  response,  shown  in  Fig.  (10b),  is  indeed  much  better  than  that  of  Fig.  (9b). 
Its  nonlinearity  and  saturation  properties  are  very  similar  to  those  of  cells  C  and  D  in  Fig. 
(6b).  This  response  shows  that  one-electron  cells  can  be  used  to  provide  the  required 
nonlinear  response,  but  it  is  also  possible  to  view  each  pair  of  these  cells  as  a  single  2- 
electron  ceil,  which  becomes  geometrically  very  similar  to  cell  D  of  Fig.  (6a). 

The  fact  that  such  a  seemingly  small  change  in  the  nature  of  the  cell  should  cause  such  a 
profound  change  in  the  cell-cell  response  function  is  linked  to  the  fact  that  electron  charge 
is  discrete  in  regions  surrounded  by  high  potential  barriers.  That  is  to  say,  the  expectation 
value  of  the  number  operator  approaches  an  integer  value  as  the  region  becomes  more  and 
more  isolated  by  the  potential  barriers  surrounding  it  f  14].  Therefore,  almost  the  entire 
wavefunction  will  become  localized  in  one  half  of  the  cell  if  a  small  asymmetry  in  the 
electrostatic  environment  is  introduced.  This  fact  is  demonstrated  in  Fig.  (10c),  which 
shows  nearly  all  the  charge  density  in  the  right  half  of  the  cel!.  Since  there  is  no  bamer  in 
the  middle  of  the  quantum  dash  to  isolate  the  top  and  bottom  of  the  cell,  no  such 
localization  behavior  is  seen  there  and  the  charge  density  is  always  nearly  symmetric 
about  the  center  of  the  well. 
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IV.  Multiple  Neighbor  Interactions 

Thus  tar.  we  have  only  considered  the  interaction  between  a  cell  and  a  single  neighboring 
cell.  The  natural  extension  of  this  is  to  investigate  the  effects  of  multiple  neighbors  on  the 
state  of  a  cell.  Since  this  implies  considering  a  system  which  contains  several  cells  and 
therefore  several  electrons,  we  cannot  use  the  direct  solution  method  described  earlier  for 
treating  a  single  cell.  For  the  analysis  of  such  systems,  we  treat  the  physics  within  each 
cell  as  before,  including  exchange  and  correlation  effects  exactly.  The  intercellular 
interaction  is  treated  self-consistently  using  a  Hartree  approximation.  This  method,  called 
the  Intercellular  Hartree  Approximation  (ICHA)  is  detailed  in  references  5  and  6. 

Fig.  11  shows  an  arrangement  of  standard  cells  such  that  one  cell  has  multiple  neighbors. 
The  charge  densities  of  the  cells  on  the  top,  left,  and  bottom  are  fixed,  while  those  of  the 
middle  and  right  cells  are  free  to  react  to  the  fixed  charge.  iR  an  actual  QCA,  the  states  of 
the  neighbors  would  not  be  fixed;  they  would  be  driven  by  the  results  of  previous 
calculations  or  come  from  inputs  at  the  edge  of  the  QCA. 

In  the  specific  state  shown  in  Fig.  1 1 ,  two  of  the  fixed  neighbors  are  in  the  “one”  state,  and 
the  other  is  in  the  ‘zero”  state.  When  the  ICHA  is  used  to  determine  the  ground  state  of 
this  system,  we  find  that  the  states  of  the  center  and  right  cells  maten  the  state  of  the 
majority  of  the  fixed  neighbors.  We  refer  to  this  feature  of  the  cell  behavior,  which  is  true 
for  all  combinations  of  the  three  inputs,  as  majority  voting  logic.  Note  that  Figures  11,  12, 
and  13  are  not  schematic,  but  plots  of  the  self-consistent  electron  density  on  each  site.  The 
radius  of  each  dot  is  proportional  to  the  single-electron  density  at  that  site. 

While  majority  'onng  logic  behavior  is  valuable  by  itself,  its  potential  functionality  is 
shown  by  a  particular  interpretation  of  the  three  inputs.  In  Fig.  12,  we  have  singled  out  one 
of  the  tnree  and  called  u  the  program  signal.  Note  that  any  one  of  the  three  neighbors 
could  serve  as  the  program  signal,  but  the  one  case  we  are  showing  (with  the  program  line 
coming  in  from  the  left)  is  sufficient  for  illustration  purposes.  The  four  systems  shown 
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include  all  possible  combinations  of  signals  on  the  two  non-program  lines.  Since  all  four 
'.ystems  in  Fig.  12  show  the  program  iine  m  the  "one  ‘  'date,  the  central  ceil  can  oniv  be 
zero  if  the  other  two  inputs  are  both  zero.  The  system  thus  realizes  the  truth  table  of  the 
OR  operation.  Likewise,  if  the  program  signal  is  zero,  the  result  is  zero  unless  both  of  the 
other  inputs  are  one.  This  is  a  realization  of  the  AND  operation. 

Qv  interpreting  any  one  of  the  inputs  as  a  program  line,  we  have  implemented  a 
programmable  AND/OR  gate.  The  nature  of  this  gate  (AND  vs.  OR)  is  defined  by  the  state 
of  the  program  line,  and  the  other  two  inputs  are  applied  to  the  gate  thus  defined. 

The  fact  that  the  nght-most  cell  always  matches  the  central  ceil  means  that  the  result  of 
this  calculation  can  be  propagated  away  from  the  gate,  down  a  QCA  “wire'’  [151,  and 
eventually  serve  as  the  input  to  subsequent  gates.  It  is  necessary  to  disnnguisli  between 
driving  neighbors  and  driven  neighbors  in  this  system.  Since  the  nght-most  cell  is  free  to 
react  to  the  states  of  its  neighbors,  it  is  a  driven  neighbor.  Its  state  will  always  match  that 
of  the  central  cell,  so  only  the  three  dnving  neighbors  are  involved  in  the  majonty  voting. 
Of  course,  once  the  signal  is  propagated  away  from  this  gate,  the  outgoing  cells  are  being 
driven  and  can  be  used  as  driving  neighbors  for  subsequent  gates. 

A  dedicated,  non-programmable,  implementation  of  the  AND  gate  is  shown  in  Fig.  13. 
This  system  has  only  two  driving  inputs;  there  is  no  program  signal.  The  role  previously 
played  by  the  program  signal,  biasing  the  central  cell  so  it  can  only  be  in  the  one  state  if 
both  of  its  neighbors  are,  is  performed  by  slightly  enlarging  the  two  quantum  dots  on  sites 
1  and  3  in  the  central  cell  ( 161.  This  means  that  the  ground  state  of  the  isolated  cell  is  no 
longer  a  non-polarized  state;  the  cell  is  biased  toward  the  zero  state  and  can  only  be 
persuaded  to  enter  the  one  state  if  both  of  its  driving  neighbors  are  one.  Again,  the  signal 
propagates  away  to  the  nght  and  can  be  used  to  drive  subsequent  gates.  A  dedicated  OR 
gate  can  similarly  be  implemented  by  enlarging  sites  2  and  4.  biasing  the  cell  toward  the 
one  state.  It  will  only  be  in  the  zero  state  if  both  of  its  driving  neighbors  are  zeros  also. 
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V.  Discussion 

With  the  above  results,  we  have  demonstrated  several  quantum-dot  ceils  suitable  for 
implementing  a  quantum  cellular  automata  architecture.  Examination  of  the  cell-cell 
response  function  shows  that  tor  appropriate  cell  designs,  the  state  ot  a  cell  is  influenced 
very  strongly  by  the  state  of  its  neighbors.  The  highly  nonlinear  response  of  the  cell 
suggests  that  a  signal  that  has  become  degraded  by  noise  will  be  restored  to  full 
polarization  by  subsequent  cells  in  the  array  [15].  In  this  way,  the  bistable  saturanon  of  the 
quantum  cell  is  analogous  to  the  gain  in  a  conventional  digital  device. 

We  have  assumed  throughout  that  the  many  electron  system  is  in  its  ground  state.  In 
general,  a  system  will  start  in  the  ground  state  and  then  be  driven  into  an  excited  state  by 
externally  changing  the  states  of  input  cells  near  the  edge  of  a  QCA  array.  Inelastic 
processes,  which  are  usually  very  detrimental  to  the  operation  of  quantum  devices,  then 
drive  the  system  back  to  a  new  ground  state  corresponding  to  the  new  inputs.  The  details 
of  the  temporal  evolution  of  the  many-elcctron  system  as  it  relaxes  to  its  ground  state  arc 
very  complicated.  In  the  QCA  scheme,  we  rely  on  the  properties  of  the  system  ground 
state  and  not  the  details  of  the  relaxation  process  for  doing  the  computation.  This  idea  of 
computing  with  the  ground  state”  and  the  related  concept  of  “edge-driven "  systems  are 
discussed  more  thoroughly  in  reference  5. 

The  behavior  of  lines  of  these  cells,  the  most  basic  (and  important)  components  of  a 
quantum  cellular  automaton,  is  discussed  in  reference  6.  The  results  show  an  excellent 
example  of  the  restoration  of  full  signal  strength  after  degradation  by  noise.  In  addition,  it 
shows  that  the  particular  set  of  parameters  we  chose  in  section  IIB  is  not  critical;  there  is  a 
wide  range  of  parameter  values  for  which  the  cells  transmit  information  from  one  cell  to 
another. 

Clearly,  fabrication  of  these  devices  presents  a  major  challenge  in  the  realization  of  QCA 
devices,  but  semiconductor  realizations  of  such  systems  using  new  nanolithographic 
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techniques  should  be  possible.  It  is  also  possible  that  future  realizations  of  these  cells  will 
be  on  a  macromolecular  basis.  Another  challenge,  sensing  the  presence  or  absence  of  a 
single  electron  without  disturbing  the  system,  necessary  for  reading  the  output  state  of  a 
QCA  device,  has  been  successfully  addressed  f  17]. 

In  conclusion,  we  have  explored  the  interaction  of  neighboring  quantum-dot  cells.  We 
have  defined  the  cell-cell  response  function  which  characterizes  the  non-linearirv  of  the 
coupling  between  cells  and  thus  determines  suitability  of  a  particular  cell  design  for 
quantum  cellular  automata  implementations.  Several  cell  designs  that  exhibit  the  required 
nonlinear  response  and  bistable  saturation  have  been  examined.  Temperature  effects 
degrade  ceil  performance  but  analysis  in  this  simple  model  suggests  that  operation  at  4.2K 
should  be  within  the  reach  of  semiconductor  implementations.  When  a  cell  has  several 
neighbors,  its  state  is  determined  by  the  state  of  the  majority  of  the  neighboring  cells.  This 
majority  voting  logic  make  possible  the  construction  of  programmable  AND/OR  logic 
gates  as  well  as  dedicated  AND  and  OR  gates. 
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Press,  Boston,  1992). 
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Jones,  and  D.G.  Hasko.  Phys.  Rev.  Lett.  70,  1311  (1993). 
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FIGURE  CAPTIONS 


FIGURE  1.  Schematic  of  the  basic  five-site  cell,  ta)  The  geometry  of  the  cell.  The 
tunneling  energy  between  the  middle  sue  and  an  outer  site  is  designated  by  t,  while  t’  is 
the  tunneling  energy  between  two  outer  sites,  (b)  Coulombic  repulsion  causes  the 
electrons  to  occupy  antipodal  sites  within  the  cell.  These  two  bistable  states  result  in 
cell  polarizations  of  P=+l  and  P=- 1  (see  Eq.  (1)). 

FIGURE  2.  Cell-cell  response  function  for  the  basic  five-site  ceils  shown  in  the  inset. 
This  shows  the  polarization  Pj  induced  in  cell  1  by  the  fixed  polarization  of  its 
neighbor.  P;.  The  solid  line  corresponds  to  antiparallel  spins,  and  the  dotted  line  to 
parallel  spins.  The  two  are  nearly  degenerate,  especially  for  significantly  large  values  of 
P:. 

FIGURE  3.  The  lowest  four  eigenstate  energies  of  cell  1  induced  by  the  polarization  of 
cell  2.  The  insets  show  that  the  lowest  two  energy  states  always  correspond  to  the  same 
polanzauon  direction  as  in  the  driver.  Slight  exchange  splitting  effects  between 
spanallv  symmetric  and  spatially  antisymmetric  states  breaks  the  fourfold  degeneracy 
for  very  small  values  of  P2. 

FIGURE  4.  The  cell-cell  response  function  of  the  basic  five-site  cell  for  various  values 
of  the  parameter  t  m  Eq.  (2)  (after  reference  [4]).  The  induced  polarization  in  cell  1  is 
plotted  as  a  function  of  the  polarization  of  its  neighbor,  cell  2.  The  curves  correspond  to 
t=0.2  meV  (solid  line).  t=0.3  meV  (dotted  line),  t=0.5  meV  (dashed  line),  and  t=0.7 
mcV  (dot-dashed  line).  Note  the  horizontal  axis  only  shows  P2  in  the  range  (-0.1, +0.1]. 

FIGURE  5.  The  cell-cell  response  funcaon  for  the  standard  cell  with  t’=0  at  various 
temperatures.  The  response  degrades  as  temperature  increases.  Above  4.2K,  the 
response  would  be  unacceptable  for  use  in  a  QCA.  This  maximum  operating 
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temperature  is  highly  dependent  on  tne  physical  size  of  the  cell;  molecule-sized  cells 
vouid  behave  in  a  satisfactory  manner  up  to  room  temperature. 

FIGURE  6.  Four  geometric  variations  on  the  simple  model  quantum  cell.  (a) 
Schemauc  diagrams  of  the  four  cells.  Cells  C  and  D  occupy  less  area,  but  all  four  cells 
are  drawn  with  the  same  minimum  spacing  between  neighbors.  Cells  B  and  D  will 
require  potential  variation  between  the  sites  to  selectively  inhibit  tunneling,  (b)  The 
cell-cell  response  function  for  each  of  these  cell  designs.  Cell  B  has  the  best  response, 
but  the  improvement  over  A  is  small. 

FIGURE  7.  The  cell-cell  response  function  for  the  basic  five-site  cell  occupied  by  a 
single  electron.  The  weak  response  indicates  mat  such  a  cell  is  unsuitable  as  the  basis  of 
a  QCA. 

FIGURE  8.  Cell-cell  response  function  for  the  basic  five-site  cell  occupied  by  three 
electrons.  Such  a  cell  is  also  unacceptable  as  the  basis  of  a  QCA. 

FIGURE  9.  The  '“quantum  dash”  as  a  QCA  cell,  (a)  A  schemauc  diagram  of  the 
cellular  arrangement.  The  length  and  spacing  is  similar  to  that  of  the  basic  five-site  cell 
in  Fig.  ( la).  Each  cell  is  modelled  as  a  one-dimensional  infinite  square  well.  The  cell¬ 
cell  response  is  shown  in  (b).  Note  that  the  vertical  axis  only  shows  P?  over  the  range  (- 
0.1, +0.1].  (c)  The  one-dimensional  charge  density  in  cell  2  for  a  fully  polarized 
neighbor  (Pj= 1 ).  The  nearly  symmetric  charge  density  yields  a  very  low  polarization. 

FIGURE  10.  The  double  well  as  a  QCA  cell,  (a)  A.  schematic  diagram  of  the  cellular 
arrangement.  The  total  dimensions  are  identical  to  those  of  Fig.  (8).  The  middle  third  of 
each  cell  contains  a  150  meV  barrier  to  isolate  the  top  and  bottom  of  the  cell,  (b)  The 
cell-cell  response  function  for  such  an  arrangement.  Note  that  he  vertical  axis  now 
shows  Pt  over  the  range  [-1.0,  +1.0].  (c)  The  one-dimensional  charge  density  in  cell  2 
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fora  fully  polarized  neighbor  (P)  =  n.  The  highly  asymmetric  charge  density  results  in  a 
cell  that  is  almost  completely  poianzed. 

FIGURE  11.  Majority  vonng  logic.  The  states  of  the  center  and  nght  cells  are  always 
the  same  as  the  majority  of  the  three  tixed  neighbors.  The  cells  with  heavy  borders  have 
fixed  charge  densities.  These  are  not  schematic  diagrams;  they  are  the  actual  results  of 
the  ICHA  solution  of  the  ground  state  charge  densities  in  this  system.  The  diameter  of 
each  dot  is  proportional  to  the  charge  density  on  that  site. 

FIGURE  12.  The  programmable  AND/OR  gate.  The  program  line  is  set  to  one  in  each 
system,  so  the  gate  is  displaying  OR  logic.  All  four  combinations  of  the  non-program 
line  inputs  are  shown.  The  cells  with  heavy  borders  have  fixed  charge  densities.  Any 
one  of  the  three  inputs  could  be  the  program  line;  the  left  cell  is  not  special.  These  are 
not  schematic  diagrams;  they  are  the  actual  results  of  the  ICHA  solution  of  the  ground 
state  charge  densiues  in  each  system.  The  diameter  of  each  dot  is  proportional  to  the 
charge  density  on  that  sue. 

FIGURE  13.  The  non-programmable  AND  gate.  All  four  combinations  of  the  inputs 
are  shown.  The  cells  with  heavy  borders  have  fixed  charge  densities,  while  those  with 
dotted  borders  are  geometrically  biased  toward  zero  as  show  n  in  the  inset.  The  bias  is 
sufficient  to  decrease  the  on-site  energy  of  the  affected  sites  by  1%.  Note  that  the  output 
only  equals  one  if  both  of  the  inputs  are  also  one.  These  are  not  schematic  diagrams; 
they  are  the  actual  ICHA  results  of  the  ground  state  charge  densities  in  each  system. 
The  diameter  of  each  dot  is  proportional  to  the  charge  density  on  that  site. 
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FIGURES 


FIGURE  1.  Schematic  of  the  bask  five-site  cetL  (a)  The  geometry  of  the  celL  The  tunneling  energy 
between  the  middle  site  and  an  outer  site  is  designated  by  t,  while  t’  is  the  tunneling  energy  between 
two  outer  sites,  (b)  Coulombic  repulsion  causes  the  electrons  to  occupy  antipodal  sites  within  the 
cell  These  two  bistable  states  result  in  cell  polarizations  of  P=+l  and  P=-i  (see  (1)). 
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FIGURE  2.  Cell-cell  response  function  for  the  basic  five-site  cells  shown  in  the  inset.  This  shows  the 
polarization  Pi  induced  in  cell  1  by  the  fixed  polarization  of  its  neighbor,  P2.  The  solid  line 
corresponds  to  antiparallel  spins,  and  the  dotted  line  to  parallel  spins.  The  two  are  nearly 
degenerate,  especially  for  significantly  large  values  of  P2. 
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FIGURE  3.  The  lowest  four  eigenstate  energies  of  cell  1  induced  by  the  polarization  of  ceil  2.  The 
insets  show  that  the  lowest  two  energy  states  always  correspond  to  the  same  polarization  direction 
as  in  the  driver.  Slight  exchange  splitting  effects  between  spatially  symmetric  and  spatially 
antisymmetric  states  breaks  the  fourfold  degeneracy  for  very  small  values  of  Pj. 
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FIGURE  4.  The  cell-cell  response  function  of  the  basic  five-site  cell  for  various  values  of  the 
parameter  t  in  Eq.  (2)  (after  reference  (4]).  The  induced  polarization  in  cell  1  is  plotted  as  a  function 
of  the  polarization  of  its  neighbor,  cell  2.  The  curves  correspond  to  t=0.2  meV  (solid  line),  t-0  J  meV 
(dotted  line),  t=0.5  meV  (dashed  line),  and  t=0.7  meV  (dot-dashed  line).  Note  the  horizontal  axis 
only  shows  P2  in  the  range  (-0.1, >0.1). 
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FIGURE  5.  The  cell-cell  response  function  for  the  standard  cell  with  t’-O  at  various  temperatures. 
The  response  degrades  as  temperature  increases.  Above  4  JK,  the  response  would  be  unacceptable 
for  use  in  a  QCA.  This  maximum  operating  temperature  is  highly  dependent  on  the  physical  size  of 
the  cell;  molecule-sized  cells  would  behave  in  a  satisfactory  manner  up  to  room  temperature. 
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FIGURE  6.  Four  geometric  variation!  on  the  simple  model  quantum  celL  (a)  Schematic  diagrams 
of  the  four  cells.  Cells  C  and  D  occupy  less  area,  but  all  four  ceils  are  drawn  with  the  same 
minimum  spacing  between  neighbors.  Cells  B  and  D  will  require  potential  variation  between  the 
sites  to  selectively  inhibit  tunneling,  (b)  The  cell-cel!  response  function  for  each  of  these  cell  designs. 
Cell  B  has  the  best  response,  but  the  improvement  over  A  is  small. 
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FIGURE  9.  The  “quantum  dash”  as  a  QCA  celL  (a)  A  schematic  diagram  of  the  cellular 
arrangement  The  length  and  spacing  is  similar  to  that  of  the  bask  five-site  cell  in  Fig.  (la).  Each 
cell  is  modelled  as  a  one-dime nsiotiaJ  infinite  square  well.  The  cell-cell  response  is  shown  in  (b). 
Note  that  the  vertical  axis  only  shows  P2  over  the  range  (-fi.1,+0.1).  (c)  The  one-dimensional  charge 
density  in  ceil  2  for  a  fully  polarized  neighbor  (Pj=i).  The  nearly  symmetric  charge  density  yields  a 
very  low  polarization. 
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FIGURE  10.  The  double  well  as  a  QC  A  cell,  (a)  A  schematic  diagram  of  the  cellular  arrangement 
The  total  dimensions  are  identical  to  those  of  Fig.  (8).  The  middle  third  of  each  cell  contains  a  150 
raeV  barrier  to  isolate  the  top  and  bottom  of  the  celt  (b)  The  cell-cell  response  function  for  such  an 
arrangement  Note  that  the  vertical  axis  now  shows  P2  over  the  range  [-1.0,  +1.0].  (c)  The  one- 
dimensional  charge  density  in  cell  2  for  a  fully  polarized  neighbor  (P1=l).  The  highly  asymmetric 
charge  density  results  in  a  cell  that  is  almost  completely  polarized. 
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FIGURE  U.  Majority  voting  logic.  The  states  of  the  center  and  right  cells  are  always  the  same  as 
«iie  majority  of  the  three  fixed  neighbors.  The  cells  with  heavy  borders  have  fixed  charge  densities. 

th,*Ly  are  the  actual  results  of  tbe  ICHA  solution  of  the  ground 
on  thaf  StT  d^  ti  ^  system.  The  diameter  of  each  dot  is  proportional  to  the  charge  density 
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FIGURE  12.  The  programmable  AND/OR  gate.  The  program  line  is  set  to  one  in  each  system,  so 
the  gate  is  displaying  OR  logic.  All  four  combinations  of  the  non>program  line  inputs  are  shown. 
The  cells  with  heavy  borders  have  fixed  charge  densities.  Any  one  of  the  three  inputs  could  be  the 
program  line;  the  left  cell  is  not  special.  These  are  not  schematic  diagrams;  they  are  the  actual 
results  of  the  ICHA  solution  of  the  ground  state  charge  densities  in  each  system.  The  diameter  of 
each  dot  is  proportional  to  the  charge  density  on  that  site. 
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FIGURE  13.  The  non-programmable  AND  gate.  AH  four  combinations  of  the  inputs  are  shown. 

II  he  cells  with  heavy  borders  have  fixed  charge  densities,  while  those  with  dotted  borders  are 

geometrically  biased  toward  «ro  as  shown  in  the  inset.  The  bias  is  sufficient  to  decrease  the  on-site 
energy  of  the  affected  sites  by  1%.  Note  that  the  output  only  equals  one  if  both  of  the  inputs  are  also 
one.  These  are  not  schematic  d  digrams;  they  are  the  actual  ICHA  results  of  the  ground  state  charge 
■  densities  in  each  system.  The  diameter  of  each  dot  is  proportional  to  the  charge  density  oo  that  site. 
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Transmission  resonances  and  zeros  in  quantum  waveguides 
with  resonantly  coupled  cavities 

Wolfgang  Porod,  Zhi-an  Shao,  and  Craig  S.  Lent 

Department  of  Electrical  Engineering,  University  of  Sot  re  Dame.  Sotre  Dame.  Indiana  46556 
(Received  19  May  1992;  accepted  for  publication  24  June  1992) 

We  report  on  the  existence  of  transmission  zeros  in  quantum  waveguide  structures  with 
resonantly  coupled  cavities.  Such  zeros  do  not  occur  in  the  usual  double-barrier  resonant 
tunneling  systems.  For  quantum  waveguides,  the  transmission  probability  exhibits  pairs  of  poles 
and  zeros  in  the  complex-energy  plane.  The  observed  sharp  structure  of  the  transmission 
resonances  and  zeros  can  be  understood  in  terms  of  these  zero-pole  pairs. 


Electronic  transport  in  ultrasmall  semiconductor 
structures  resembles  wave  propagation  in  waveguides.12 
and  device  applications  based  on  this  analogy  to  micro- 
wave  devices  have  been  proposed.  The  transmission  ampli¬ 
tude  in  these  systems  exhibits  a  rich  structure  which  is 
related  to  resonance  phenomena.3'5  In  this  letter,  we  dem¬ 
onstrate  how  quasibound  states  in  resonantly  coupled  cav¬ 
ities  give  rise  to  zero-pole  pairs  in  the  complex-energy 
plane.  Transmission  zeros  are  unique  to  quantum  wave¬ 
guide  structures,  and  are  absent  for  double-bamer  reso¬ 
nant  tunneling. 

Resonances  have  long  been  studied  in  transmission 
through  double-bamer  resonant-tunneling  structures.6  7  It 
is  well  known  that  these  resonances  are  related  to  the  ex¬ 
istence  of  quasibound  states  in  the  quantum-well  region. 
Within  the  Breit-Wigner  formalism,  a  quasibound  state  at 
energy  £ o  and  decay  time  r=fl/T  will  give  rise  to  a  trans¬ 
mission  resonance  with  a  Lorentzian  line  shape,  T{E) 
=  ;r2/((£-£0)2  +  Jr2].  In  the  complex-energy  plane,  this 
corresponds  tc  a  simple  pole  of  the  transmission  amplitude 
at  the  complex  energy  z  =  £0— /T/2.® 

It  is  instructive  to  demonstrate  why  a  quasibound  state 
gives  rise  to  a  pole  in  the  complex  energy  plane.  In  analogy 
i0  an  optical  Fabry-Perot  resonator,  the  total  transmission 
amplitude  across  both  barriers,  KL  (from  left  to  right), 
may  be  related  to  partial  transmission  and  reflection  coef¬ 
ficients  at  each  barrier:4 

y  RL  =  fRw{e‘kL  +  e,KLrRe‘kLrLe‘kL 


As  an  illustration  of  the  above  arguments,  we  show  in 
Fig.  I  the  transmission  amplitude  in  the  complex-energy 
plane  for  a  double-bamer  resonant-tunneling  structure 
which  is  schematically  depicted  in  the  inset.  This  structure 
supports  true  bound  states  for  £<0,  double-bamer  reso¬ 
nances  for  0 <E <Vq,  and  continuum  resonances  for  £ 
>  F0.  Figure  1(a)  shows  the  transmission  coefficient  on 
the  real-energy  axis  (£>  0),  while  Fig.  1(b)  depicts  a  con¬ 
tour  plot  of  the  absolute  vaiue  of  the  transmission  ampli¬ 
tude  in  the  complex-energy  plane.  Note  that  transmission 
resonances  and  poles  occur  at  essentially  the  same  energies. 

We  now  proceed  to  the  study  of  transmission  in  quan¬ 
tum  waveguides  in  the  presence  of  coupled  resonators.  The 
prototypical  resonator  structure  we  adopt  is  the  resonantly 
coupled  stub,  as  schematically  shown  in  Fig.  2.  The  reso¬ 
nant  cavity  is  created  by  closing  off  the  side  arm  in  a 
three-way  branch  (Fig.  2(b)).  The  new  feature  here,  with 
respect  to  quasi-one-dimensional  double-barrier  resonant- 
tunneling  is  the  existence  of  wire  branches  which  inher¬ 
ently  makes  this  problem  spatially  two-dimensional. 

We  start  out  by  considering  transmission  through  the 
three-wz/  splitter  [Fig.  2(a)].  This  problem  has  been  stud¬ 
ied  by  several  workers.10"12  and  we  follow  them  in  choosing 
a  scattering  matrix  approach  which  connects  the  out-going 
and  in-coming  waves  in  each  wire  branch, 

/0l\  /  rt.  !lr  1ls\  ( h.  \ 

|  Or  I  =  (  1rl  rR  1rs  I  (  (3) 

\OsJ  \isL  1 sr  rsJ\JsJ 


+  e^LrKe‘kLrLe,kLrKe:kLrLe‘kL  +  ...)tWL  ( 1 ) 

1 

=‘RW  e-iu._^vqrtwL-  (2) 

Here,  tw ,  denotes  the  transmission  amplitude  from  the  left 
to  the  well  region,  and  rR  is  the  reflection  coefficient  at  the 
right  barrier.  The  phase  accumulated  by  an  electron  with 
energy  £  moving  from  one  side  of  the  quantum-well  reso¬ 
nator  of  length  L  to  the  other  is  represented  by  the  phase 
factor  exp (ikL),  where  k  =  v(2m,£)/fti.  Poles  occur  at 
those  complex  energies  for  which  the  denominator  van¬ 
ishes.  For  real-value  reflection  amplitudes,  it  is  an  easy 
matter  to  see  that  this  occurs  for  wave  numbers  k  whose 
real  part  is  an  integer  multiple  of  n/L,  i.e.,  for  quasibound 
states.  Note  that  this  geometric  senes  does  not  possess  ze¬ 
ros. 


The  elements  of  the  scattering  matrix  are  constrained  by 
unitanty.  The  reflection  and  transmission  amplitudes  are 
the  elements  of  a  Shapiro-Biittiker  matrix,10'13  and  their 
specific  values  depend  upon  the  detailed  geometry  of  the 
waveguide  and  junction.  Typically,  the  elements  of  the 
scattering  matrix  are  slowly  varying  functions  of  energy. 

Making  the  sidenrm  into  a  resonator  forces  a  standing 
wave  in  the  stub  (Fig.  2(b)).  This  imposes  an  additional 
relationship  between  the  out-going  and  in-coming  ampli¬ 
tudes  in  the  side  branch,  Os  and  Is,  respectively, 

Os=ME)Is,  (4) 

where  A  =  and  the  phase  angle  d>(£)  is  a  property  of 
the  resonator/ 
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FIG  1  Trxmimxuon  amplitude  for  a  doublc-bamer  resonam-iunneling 
structure,  which  a  schematically  depicted  in  the  inset  ( Fo-0.2  eV.  K„ 
=  0.1  eV.  L  =  i 0  nm.  and  4=5  run);  (a)  thowi  the  transmission  coeffi¬ 
cient  on  (be  res) -energy  aits,  and  (b)  shows  a  contour  phx  of  the  absolute 
value  of  the  transmauon  amplitude  in  the  complex-energy  plane. 


and  3,  may  now  be  determined  by  combining  Eqs.  (3) 
and  (4).  For  the  case  of  transmission  from  left  to  right, 
they  are  given  by 


lK&SL  .  .  'L^SL 

■y  KL  —  tRL'^^~r  ■  and  L  =  rL  +  ’ 


(5) 


Note  that  the  second  terms  contain  a  resonance  dencmu- 


I,  O, 

t  * 


(a) 


(hi 


FIG.  2.  Schematic  drawing  of  a  waveguide  with  a  resonantly  coupled 
cavity,  (a)  shows  *  wire  branch  with  incoming  and  outgoing  waves  out¬ 
side  the  jvocuon  re  n.  which  is  indicated  by  the  dashed  box;  (b)  shows 
a  resonant  stub  which  is  obtained  by  closing  off  the  s  oearm. 


nator,  which  is  reminiscent  of  double- bam er  resonances, 
Eq.  ( 2 ) .  An  expansion  of  ( 5 )  yields 

/I  I  I  I  1  1  \ 

■>  RL  =  ‘*L+'Ks[i  +  J'*X  +  jr*xrfX  +  ...JtSL,  (6) 

which  allows  the  following  interpretation  of  the  transmis¬ 
sion  and  reflection  amplitudes  for  the  resonantly  coupled 
stub.  Each  multiple  reflection  in  the  stub  contributes  a 
factors  rs  for  reflection  back  into  the  sidearm  and  a  phase 
factor  I /A  for  the  roundtrip  (up  and  down).  The  sum  of 
all  multiple  reflections  results  in  a  geometric  senes,  very 
much  like  a  Fabry-Perot  resonator.  Structure  in  the  trans¬ 
mission  amplitude  is  due  to  two  effects:  (i)  The  resonance 
denominator  which  gives  rise  to  poles,  and  (ii)  the  possi¬ 
bility  of  destructive  interference  between  the  first  and  the 
second  terms  which  may  result  in  transmission  zeros.  Note 
that  in  contrast  to  Eq.  (1).  zeros  are  now  possible. 

Next,  we  examine  in  more  detail  conditions  for  the 
existence  of  transmission  zeros.  As  seen  from  Eq.  (5),  ze¬ 
ros  in  the  transmission  amplitude,  occur  if 


A  =  (when  .TRL=0).  (7) 

l*L 

The  above  condition  relates  a  property  of  the  resonator,  A, 
to  the  characteristics  of  the  junction  between  the  stub  and 
the  channel,  t’i  and  r's.  In  particular,  Eq.  (7)  can  only  be 
true  if  the  right-hand  side  is  a  phase  factor  on  the  jnit 
circle,  i.e.,  -\.  It  is.  perhaps,  a  surprising 

consequence  of  unitarity.  but  easy  to  show,  that  always 


insist. 

Irl 


1. 


(8) 


Unitarity,  therefore,  ensures  that  both  the  left-hand  side 
and  the  right-hand  side  of  Eq.  (7)  are  constrained  to  the 
unit  circle,  which  implies  that  a  transmission  zero  occurs 
when  both  phase  angles  are  the  same.  This  proves  the  ex¬ 
istence  of  transmission  zeros  for  transmission  in 
waveguides. 

In  the  following,  we  elucidate  the  above  general  argu¬ 
ments  using  specific  model  systems.  We  assume  that  the 
transmission  channels  are  very  thin  wires,  allowing  us  to 
consider  only  the  coordinate  along  the  wire.  Transmission 
and  reflection  coefficients  of  such  quasi-one-dimensional 
models  have  been  studied  in  literature.10 11 14  We  match  the 
values  of  the  wave  functions  and  the  appropriate  derivative 
boundary  conditions  at  each  branch  point  in  the  network.1’ 
For  the  symmetrical  open  branch,  this  results  in  reflection 
and  transmtsakw  amplitudes  which  are  independent  of  en¬ 
ergy  and  orient* boa,  rL  =  rK  =  rs=  - 1/3  and  tLM  =  tLS 
=  ,sr  —  2/3. 

The  sidearm  can  now  be  made  into  a  resonator  of 
length  L  by  erecting  an  infinite  potential  barrier.  This 
forces  the  wave  function  to  be  zero  there,  and  implies  A  (£) 
—  —  exp(  —2ikL).  Thus,  A  moves  around  the  unit  circle 
with  an  angular  frequency  proportional  to  the  wave  num¬ 
ber.  Using  Eq  (5),  the  transmission  amplitude  for  this  case 
of  a  strongly  coupled  stub  can  be  given  analytically,  .T 
=  2/(2  +  /cot(AI,)j.  Figure  3  shows  •>"(.:)  in  the  complex- 
energy  plane:  for  a  complex  argument  z.  Note  the  appear- 
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FIG  3  Transmission  amplitude  for  ihe  strongly  coupled  stub,  which  is 
schematically  depicted  in  the  inset:  (a)  shows  the  transmission  coefficient 
.in  the  real-energy  axis,  and  ( b )  shows  a  contour  plot  of  the  absolute 
value  of  the  transmission  amplitude  in  the  complex-energy  plane. 

ancc  of  transmission  zeros  on  the  real-energy  axis,  and  the 
existence  of  poles  in  the  fourth  quadrant  of  the  complex- 
energy  plane.  The  zeros  occur  at  energies  for  which  a 
standing  wave  forms  in  the  stub,  i.e.,  when  k  =  rvn/L  with 

n=  1,2 . Also  note  that  the  maxima  of  the  transmission 

coefficient  do  not  occur  at  the  location  of  the  poles,  as  for 
double-b&mer  resonant  tunneling.  This  is  a  particularly 
simple  example  since  the  elements  of  the  scattering  matnx 
are  independent  of  energy. 

An  energy  dependence  in  the  elements  of  the  scattering 
matnx  may  be  introduced  by  weakly  connecting  the  stub  to 
the  channel  via  a  tunneling  barrier,  as  schematically  de¬ 
picted  in  the  inset  of  Fig.  4.  We  present  numerical  results 
for  a  tunneling  barrier  of  0.5-cV  height  and  1-nm  thick¬ 
ness.  Figure  4  shows  the  transmission  amplitude  for  this 
weakly  coupled  stub  in  the  complex  energy  plane.  Note 
again  the  existence  of  transmission  zeros  as  predicted  by 
Eq.  (8).  The  poles  move  closer  to  the  real-energy  axis 
which  corresponds  to  the  longer  lifetime  of  the  resonant 
suites  due  to  the  confining  barrier.  The  most  striking  fea¬ 
ture  is  the  occurrence  of  a  zero-pole  pair  for  each  quasi¬ 
bound  state.  With  increasing  barrier  height,  the  pole  ap¬ 
proaches  the  zero  which  leads  to  a  sharper  and  sharper 
transit'on  between  a  transmission  zero  and  one  on  the  real- 
energy  axis  (compare  Figs.  3  and  4).  In  the  limit  of  an 
infinitely  high  barrier,  the  poles  and  zeros  merge  which 
corresponds  to  y~  =  1  for  a  completely  decoupled  stub. 

Ir.  summary,  we  have  demonstrated  that  quasibound 
states  in  cavities,  which  are  resonantly  coupled  to  quantum 


FIG.  4.  Transmission  amplitude  for  the  weakly  coupled  stub,  which  is 
schematically  depicted  in  the  inset;  tal  shows  the  transmission  coefficient 
on  the  real-energy  axis,  and  (b)  shows  a  contour  plot  of  the  absolute 
value  of  the  transmission  amplitude  in  the  complex-energy  plane. 

waveguides,  lead  to  zero-pole  pairs  of  the  transmission  am¬ 
plitude  in  the  complex-energy  plane.  The  proximity  of 
these  zeros  and  poles  leads  to  sharp  variations  of  the  trans¬ 
mission  coefficient  with  energy.  Zeros  are  a  new  “animal” 
not  observed  in  the  usual  one-dimensional  transmission 
resonances. 
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Transmission  phenomena  in  quantum  waveguide  structures  are  studied  by  exam¬ 
ining  the  transmission  amplitude  in  the  complex-energy  plane.  We  find  that,  similar 
to  double-barrier  resonant  tunneling,  there  are  transmission  poles  in  the  complex- 
energy  plane  for  quantum  waveguide  structures  which  contain  quasi-bound  states  in 
attached  resonators,  such  as  t-stubs  and  loops.  In  contrast  to  double-barrier  reso¬ 
nant  tunneling,  however,  we  also  find  that  the  quantum  wire  networks  also  possess 
transmission  zeros  (antiresonancesg  which  always  occur  on  the  real-energy  axis.  The 
existence  of  transmission  zeros  is  a  unique  feature  of  quantum  waveguide  system 
with  attached  resonators,  hut  is  absent  for  double-barrier  resonant  tunneling,  which 
contains  the  resonant  cavity  as  part  of  the  transmission  channel.  We  demonstrate 
that  each  quasi-bound  slate  of  the  resonantly-coupled  quantum  waveguide  system 
ieads  to  a  zero-pole  pair  of  the  transmission  amplitude  in  the  complex-energy  plane. 
The  previously  noted  resonance/antiresonance  behavior  of  the  transmission  coeffi¬ 
cient  which  leads  to  its  sharp  variation  as  a  function  of  energy,  can  be  understood 
in  terms  of  these  zero-pole  pairs.  We  discuss  our  findings  in  the  context  of  Fano 
resonances  (U.  Fano,  Phys.  Rev.  124.  1866  (  1961))  which  are  known  to  occur  when 


two  scattering  channels  are  available,  one  oorropsonding  to  a  continuum  of  states  and 
the  other  one  to  a  discrete  quasi-bound  state. 

PACS  numbers:  72.10.Bg,  73.20. Dx.  73.40.Gk 

I.  INTRODUCTION 

Electronic  transport  in  ultra-small  semiconductor  structures  reveals  the  quantum 
tnechamcai  wave  nature  of  the  charge  carriers.  As  shown  in  pioneering  papers  by 
Landauer  and  Buttiker  [1.2!.  electronic  conduction  in  this  so-called  mesoscopic  regime 
[3]  can  be  viewed  as  a  transmission  problem,  and  the  conductance  is  related  to  the 
transmission  coefficient  by  the  quantum  unit  of  conduction  e2/h.  Much  work  has 
been  inspired  by  analogous  wave  phenomena  in  optics  and  the  possibility  of  utilizing 
resonant  transmission  behavior  for  electronic  device  applications  (4).  Fabry- Perot-like 
transmission  resonances  in  semiconductor  superlattice  structures  have  been  studied 
since  the  seminal  work  of  Esaki  and  Tsu  [5].  The  phenomenon  of  double-barrier 
resonant  tunneling  (DBRT)  is  well  understood  and  practical  devices  based  on  this 
concept,  even  operating  at  room  temperature,  have  been  developed  (6).  Recent  work 
has  focused  on  transmission  in  electronic  waveguides  and  related  quantum  interference 
devices,  and  it  has  been  noted  that  resonance  phenomena  in  these  structures  give  rise 
to  rich  features  in  the  transmission  coefficients  [7] . 

In  this  paper  we  investigate  resonance  phenomena  for  transmission  in  quantum 
waveguide  structures  by  studying  the  transmission  amplitude  in  the  complex-energy 
plane.  In  analogy  to  double-barrier  resonant  tunneling,  we  find  that  transmission 
resonances  are  related  to  the  existence  of  quasi- bound  states.  There  is  one  major 


'inference,  however,  as  pointed  out  by  us  m  <t  recent  letter  :8j.  DBRT  gives  rise 
10  the  weil-known  Lorentzian-shaped  Bren- W  iener  transmission  resonances,  which 
correspond  to  poles  in  the  compiex-energy  [)iane.  L  he  tranmission  coefficient  for 
resonantly  coupied  waveguides,  on  the  other  nand.  exhibits  resonance/ antiresonace 
features,  which  correspond  to  zero-pole  pairs  in  the  complex  transmission  amplitude. 
W’e  will  demonstrate  that  these  antiresonances,  in  fact,  are  zeros  and  that  their  exis¬ 
tence  is  a  consequence  of  unitaritv  for  transmission  in  quantum  waveguide  structures. 

Resonance-anti  resonance  features  including  sharp  transmission  minima  have  been 
seen  in  recent  numerical  work  on  conduction  in  quantum  waveguide  structures  and 
for  transmission  through  an  oscillating  barrier  0].  A  much-studied  system  consists 
ot  a  main  transmission  channel  with  an  attached  t-stub  resonator  jlO-16).  Sharp 
drop.,  to  a  minimum  are  obseived  iu  the  transmission  coefficient  (we  will  show  that 
those,  in  fact,  are  zeros/,  and  forbidden  bands  are  formed  for  multiple  stub  systems 
■17-20].  Using  a  scattering  matrix  approach.  Price  [22]  shed  light  on  the  relationship 
between  the  transmission  coefficient  and  the  quasi-bound  states  in  the  resonant  t- 
stubs.  Another  example  of  a  resonantly-coupled  waveguide  consists  of  a  channel 
which  is  connected  to  a  circular  cavity  [21!.  In  this  so-called  "quantum  whistle"  the 
quasi-bound  states  in  ihe  cavity  arc  excited  at  resonant  energies  bv  the  "electron 
wind"  in  the  channel,  giving  rise  to  sharp  structure  in  the  transmission  coefficient. 
Impurities  in  a  transmission  waveguide  also  give  rise  to  conduction  in  the  presence 
of  quasi-bound  states,  and  resonance  effects  have  been  observed  in  several  studies 
[23-28] .  Geometric  effects  in  conduction  channels  may  also  result  in  bound  states 
;29l.  and  the  transmission  coefficient  has  been  studied  for  bends  [30.  31],  corners 
[32,33],  crosses  [34-371.  etc.  The  sharp  drops  of  the  transmission  coefficient  are  also 
found  in  the  loop  structures  [3S— til.  Similar  resonant  behavior  has  also  been  reported 
for  transmission  in  systems  where  several  electronic  subbands  are  available.  Such 


studies  include  electronic  T  —  A  conduction  band  minima  i4'2-44l  and  heavv-hole 
1  i sht- hole  [45]  interference  effects  for  resonant  tunneling  in  GaAs/AIAs  double- barrier 
aeterostructures.  Common  to  all  of  the  above  examples  is  that  resonance  features  are 
observed  when  more  than  one  scattering  channel  is  available  [46].  When  continuum 
states  interact  with  localized  states,  two  scattering  channels  are  available,  one  belongs 
to  a  continuum  and  the  other  to  a  bound  state.  These  so-called  Fano  resonances  [47] 
have  first  been  studied  for  the  interaction  between  light  and  electrons  from  atoms  and 
molecules.  The  two  scattering  channels  may  also  belong  to  the  two  arms  of  a  loop, 
or  to  two  different  electronic  conduction  band  minima  (tor  example.  F  and  A'). 

The  prototypical  system  studied  in  this  paper  is  shown  in  Fig.  1(a).  An  incident 
wave  impinges  upon  the  resonator  structure  under  study,  as  schematically  represented 
bv  the  dashed  box.  and  transmitted  and  reflected  waves  emerge.  The  classes  of  sys¬ 
tems  investigated  here  comprise  double-barrier  resonant  tunneling  and  quantum  wire 
networks,  including  t-stubs  and  loops.  The  quasi-one-dimensional  problem  of  DBRT 
can  be  thought  of  as  transmission  in  a  quantum  wire  which  contains  two  barriers,  as 
shown  in  Fig.  1(b)  where  the  potential  barriers  on  the  channel  are  represented  by 
the  shaded  boxes.  Also  shown  is  a  "zoo  of  so-called  strongly-  and  weakly-coupled 
■  -stubs  and  loops  which  will  be  investigated.  As  described  in  more  detail  in  the 
appendix,  we  utilize  several  different  numerical  as  well  as  analytical  schemes  to  ob¬ 
tain  the  transmission  and  reflection  amplitudes  in  the  complex-energy  plane.  Our 
analysis  concentrates  on  the  analytical  behavior  of  these  functions,  in  particular  on 
the  zeros  and/or  poles  which  represent  the  quasi-bound  states  in  the  resonators.  We 
assume  perfectly  ballistic  transport  and  quasi-one-dimensional  dynamics,  which  mav 
be  realized  in  the  lowest  subband  of  a  very  narrow  quantum  wire. 

The  body  of  this  paper  is  organized  as  follows:  Double-barrier  resonant  tunneling 
is  reviewed  and  discussed  in  section  11.  A  general  treatment  of  quantum  waveguides 
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•Ait fi  attached  resonators  is  presented  in  section  ill.  which  includes  the  proot  for  the 
existence  of  transmission  zeros  as  a  consequence  of  unitarity.  We  study  thin-wire 
networks  m  section  IV  and  show  results  for  t -stub  and  loop  structures.  Section  V 
contains  concluding  remarks.  Details  of  the  mathematical  formalism  are  given  in  the 
appendix. 


II.  DOUBLE-BARRIER  RESONANT  TUNNELING 


It  is  well  known  that  transmission  resonances  occur  in  double-barrier  resonant¬ 
tunneling  structures  [48.49].  and  that  these  resonances  are  related  to  the  existence 
of  quasi-hound  states  in  the  quantum  well  region.  This  relationship  can  be  made 
explicit  when  viewing  the  transmission  amplitude  in  the  complex-energy  plane  [50. 
o  1 It  has  been  shown  that  the  poles  of  the  propagator  are  the  same  as  the  poles 
of  the  transmission  amplitude  [all.  Consequently,  a  quasi-bound  state  at  energy  E0 
and  decay  time  r  =  h/T  gives  rise  to  a  simple  pole  in  the  transmission  amplitude, 
/(r).  at  the  complex  energy,  :  —  E0  -  ;T/2.  If  this  pole  is  sufficiently  close  to  the 
real-energy  axis,  the  transmission  probability,  T(E)  —  j/ ( £" ) |2 .  for  a  physical  energy 
on  the  real-energy  axis.  E,  is  given  by, 
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which  is  a  Lorentzian  line  centered  at  energy  C0  with  a  full  width  at  half  maximum 
of  T.  This  Breit  Wigner  formula  [52,53]  describes  the  transmission  resonance  which 
is  caused  by  the  quasi-bound  state  at  energy  Co  and  decay  time  r  =  h/T. 

It  is  instructive  to  demonstrate  how  a  quasi-bound  state,  which  is  the  constructive 
superposition  of  multiply  reflected  waves,  gives  rise  to  a  pole  in  the  complex-energy 
plane.  In  analogy  to  an  optical  Fabry- Perot  resonator  [54],  the  total  transmission 
amplitude.  T.  can  be  expressed  in  terms  of  the  partial  transmission  and  reflection 
amplitudes.  Us  and  r’s.  at  each  barrier.  For  transmission  from  left  to  right. 
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Here,  twi  and  twn  denote  the  transmission  amplitudes  from  the  left  to  the  well 
region  and  from  the  well  region  to  the  right,  respectively.  The  reflection  amplitudes 
at  the  right  and  the  left  barriers  are  denoted  by  and  rj,,  respectively.  An  electron 
with  energy  E  and  wavenumber  k  =  \J(2mmE)/fi 2  accumulates  a  phase  factor  of 
cxp(ikL)  in  traversing  the  width  of  the  well,  which  is  denoted  by  L.  Poles  in  the 
transmission  amplitude  are  thus  possible  at  those  energies  and  wavenumbers  for  which 
the  resonance  denominator  in  (3)  vanishes.  It  is  an  easy  matter  to  see  that,  for 
real- valued  reflection  amplitudes,  this  occurs  for  wavenumbers  k  with  a  real  part 
which  is  an  integer  multiple  of  z/L.  But  this  also  is  precisely  the  condition  which 
determines  the  energies  of  the  quasi-bound  stater.  Therefore,  transmission  lesonances 
and  resonant  states  coincide  in  energy.  We  also  emphasize  that  the  geometric  series  in 
(2)  does  not  posses  zeros  (except  for  the  trivial  case  of  zero  transmission,  i.e.  tLW  =  0 
or  t WR  =  0.) 

We  illustrate  the  above  arguments  with  a  numerical  example.  Figure  2  shows 
the  transmission  coefficient  in  the  complex-energy  plane  for  a  double-barrier  resonant 
tunneling  system  which  is  schematically  depicted  in  the  inset  (barrier  height  If,  =  0.2 
eV.  barrier  depth  V'u  =  -0.1  eV,  well  width  L  =  30  nm,  and  barrier  thickness  b  -  5 
nm).  This  structure  supports  true  bound  states  for  V Tv  <  E  <  0.  quasi-bound  states 
for  0  <  E  <  3 o .  and  continuum  resonances  for  E  >  Vo.  Part  (a)  of  Fig.  2  shows 
the  transmission  coefficient  on  the  real-energy  axis  \E  >0),  while  part  (b)  depicts 
a  contour  plot  of  the  absolute  value  of  the  transmission  amplitude  in  the  complex- 
energy  plane.  Note  that  transmission  resonances  and  poles  occur  at  essentially  the 
same  real  energies  and  that  no  transmission  zeros  exist.  The  lowest  three  resonances 
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possess  energies  beiow  the  barrier  heignt;  iney  correspond  to  iong- 'lived  stales  with 
poles  close  to  the  real-energy  axis.  The  continuum  resonances  at  higher  energies  have 
snorter  lifetimes  and  the  corresponding  poles  move  farther  into  the  complex-energy 
plane.  Alternately,  increasing  the  strength  of  the  barrier  (height  or  thickness)  moves 
'he  poies  closer  up  to  the  real-energy  axis,  which  implies  a  ionger  lifetime  of  the 
resonant  state.  In  the  limit  of  an  infinite  barrier,  only  bound  states  exist  and  the 
poles  move  onto  the  real  axis  at  these  bound-state  energies. 

It  is  weil  known  that  quasi-bound  states  lead  to  rapid  variations  in  the  phase 
of  the  transmission  amplitude.  Figure  3  represents  the  phase,  modulo  2x,  of  Trl  in 
the  complex-energy  plane;  in  part  (a)  on  the  real-energy  axis,  and  in  part  lb)  as  a 
contour  plot  in  the  plane.  Going  full  circle  around  each  pole,  there  is  a  phase  cnange 
'4  2 rr  indicative  of  a  simpie  pole  of  the  form  1  j(E  —  [Eq  —  iT/2)).  Note  that  lines  of 
constant  piiase  "stream  downward"  toward  more  negative  imaginary  parts. 

Figure  4  shows  the  charge  accumulated  in  the  quantum  well,  which  is  obtained 
as  the  integral  of  the  charge  density  between  the  barriers.  Consistent  with  our  in¬ 
terpretation.  maximum  accumulation  is  found  at  those  energies  which  correspond 
to  the  quasi-bound  states.  The  resonant  charge  buildup  is  due  to  the  constructive 
-uperDosition  of  reflected  and  transmitted  waves. 

III.  QUANTUM  WAVEGUIDES  WITH  ATTACHED  RESONATORS 

It  is  well  known  that  the  transmission  coefficient  in  a  quantum  waveguide  pos¬ 
sesses  structure  due  to  changes  in  the  waveguide  geometry,  such  as  bends,  constric¬ 
tions.  crosses,  etc.  The  related  problem  of  conduction  in  waveguides  in  the  presence 
of  quasi-bound  states  has  received  less  attention,  although  a  few  studies  have  been 
icported  [21.22].  Here,  we  specifically  focus  on  transmission  in  quantum  waveguide 
-tructures  which  are  connected  to  resonant  cavities.  The  isolated  resonator  possesses 


bound  states:  attaching  it  to  the  conduction  channel  allows  the  wavetunction  to  leak 
out.  We  will  show  that  this  coupling  introduces  both  finite  lifetimes  of  the  quasi¬ 
bound  states  and  resonance  “ffects  in  the  transmission  coefficient.  These  features  are 
similar  to  the  double  barrier  resonant  tunneling  problem  considered  in  the  previous 
section,  however,  the  structure  of  the  transmission  amplitude  in  the  complex-energy 
plane  is  different  in  each  case.  In  particular,  we  will  demonstrate  that  transmission 
zeros  exist  for  the  resonant  waveguides,  and  that  the  complex  transmission  amplitude 
possesses  zero-pole  pairs  which  are  related  to  the  quasi-bound  states. 

Coupling  between  the  quantum  waveguide  and  the  resonator  is  accomplished  in 
two  steps,  as  schematically  shown  in  Fig.  5.  First,  the  junction  region  is  viewed 
as  rhe  branch  point  in  a  three-way  splitter,  as  indicated  bv  the  dashed  line  in  Fig. 
1(a).  The  properties  of  this  wire  branch  are  described  by  a  scattering  matrix,  which 
is  further  explained  in  section  III. A.  Second,  the  resonator  is  obtained  by  closing  otf 
the  side  arm.  as  schematically  shown  in  Fig.  5(b).  The  stand, ng  wave  in  the  resonant 
cavity  is  characterized  by  a  phase  factor,  which  is  detailed  in  section  III.B.  Based 
on  the  unitaritv  of  the  scattering  matrix,  we  are  able  to  prove  that  i..e  transmission 
coefficient  for  these  structures  exhibits  zeros. 

A.  Wire  Branch 

For  the  three-wav  splitter,  as  shown  in  Fig.  5(a),  the  amplitudes  of  out-going  and 
in-coming  waves  are  related  by  the  3x3  scattering  matrix: 
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The  elements  of  the  scatt  ing  matrix  represent  the  reflection  amplitudes  in  each 
branch,  the  r's,  and  the  transmission  amplitudes  between  the  various  arms,  the  t's; 
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'he  branches  arc  denoted  by  /..  ii.  and  5.  for  ieit.  right,  and  side  tor  stub),  re¬ 
spectively.  We  have  implicitly  assumed  single-moded  behavior,  i.e.  there  is  only  one 
relevant  transverse  mode  in  each  branch  to  scatter  to.  l  ime  reversal  Invariance,  which 
applies  here  in  the  absence  of  magnetic  Helds,  constrains  the  scattering  matrix  to  be 
symmetric  [55.  561.  Current  conservation  requires  this  scattering  matrix  also  to  be 


unitary,  which  implies  the  following  relationships: 

rlrL  +  IlrLlR  +  =  ^  (5) 

*  RL^'rL  "h  rRrR  +  —  1  (6) 

;SLL'si  ""  +  rSrs  ~  ‘  i  0 

And: 

rLiRL  +  tlRrR  +  *LsIrs  =  f*  ($) 

rL^SL  'r  iLRtsR  +  t-LSrS  =  0  (^) 

tRLtsL  ~  rRtSR  T  tRSr's  =  0  (10) 


The  values  of  the  elements  in  the  scattering  matrix  depend  upon  both  the  carrier 
energy  and  the  junction  geometry.  This,  of  course,  offers  us  the  possibility  of  control¬ 
lable  device  operation.  For  the  special  case  of  a  completely  symmetrical  three-wav 
-plit ter  with  three  identical  arms,  the  scattering  matrix  is  constant,  which  wiil  be 
shown  below.  Generally,  the  transmission  and  reflection  amplitudes  for  a  branch  are 
slowly  varying  functions  of  energy. 


B.  Resonator 

Terminating  the  side  arm  completely,  results  in  the  formation  of  a  standing  wave 
in  the  stub.  The  amplitudes  of  the  out-going  and  in-coming  waves  then  no  longer  are 
linearly  independent,  but  are  constrained  by  an  additional  relationship. 
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Here.  A  =  cxp\i$lE))  is  a  phase  factor  which  describes  the  .standing  wave.  The 
energy-dependent  phase  <!>(£)  depends  upon  the  details  ol  the  resonator  geometry. 

Transmission  in  the  presence  ot  the  resonator  is  described  by  a  '2x2  scattering 
matrix.  The  condition  ill)  reduces  the  dimensionality  of  the  original  S-matrix  by  1. 
Combining  (4)  and  (11).  it  is  an  easy  matter  to  show  that. 
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where  Trl  denotes  the  transmission  amplitude  from  left  to  right,  and  TZi  the  reflection 
amplitude  for  the  left-hand  side,  which  are  given  by. 
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Note  that  the  total  amplitudes  depend  upon  the  characteristics  of  the  t-stub  resonator, 
i.e.  A (E).  and  the  details  of  the  three-way  splitter,  i.e.  the  partial  amplitudes  t(E) 
and  r[E).  In  a  fashion  similar  to  double-barrier  resonant  tunneling,  the  second  term 
of  eqn.  (13)  can  be  expanded  as. 
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(15) 


The  resulting  geometric  series,  contained  in  the  brackets,  describes  multiple  reflections 
in  the  side  arm.  Fach  roundtrip  in  the  stub  (up  and  down)  contributes  a  phase  factor 
1/A.  and  each  reflection  back  into  the  stub  a  factor  rs .  The  amplitudes  for  being 
scattered  into  (from  the  left)  and  out  (to  the  right)  of  the  resonator  are  denoted  by 
t sl  and  ins,  respectively,  and  Irl  denotes  the  straight-through  transmission  path 
without  a  detour  into  the  resonant  stub. 
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r he  genera!  form  oi  Tnt  is  mat.  it  consists  of  two  independent  terms,  as  seen 
;n  eqns.  |13)  -  <  15).  One  term  describes  the  straight-through  transmission  in  the 
lOsence  of  the  stub,  and  the  second  term  is  a  geometric  series  which  is  hue  ;o  multiple 
reflections  in  the  resonator.  This  has  as  a  consequence  the  following  structure  of  the 
'ransmission  amplitude  in  the  complex-energy  plane:  ii)  poles  are  possible  because 
of  the  resonance  denominator,  in  analogy  to  double-barrier  resonant  tunneling;  and 
di)  zeros  are  possible  because  the  two  terms  may  cancel  each  other.  The  existence  of 
both  terms  is  the  major  difference  with  respect  to  double-barrier  resonant  tunneling. 
In  the  latter  case,  as  derived  in  the  previous  section,  the  transmsission  amplitude  is 
given  by  just  the  geometric  series. 

The  form  A  —  rs  for  the  denominator  of  Tri  also  predicts  that  the  sharpness  of 
'tie  resonance  features  will  depend  upon  the  strength  of  the  coupling  be* ween  the  side 
arm  and  the  channel,  for  a  weakly  coupled  t-stub.  there  is  a  !ar(:v  -bability  for 
reflection  back  into  the  side  arm,  i.e.  jr 9 j  1.  This  implies  that,  in  this  case  rs  may 
appro:-  h  A  on  the  unit  circle  (compare  Fig.  61.  thus  giving  rise  to  sharp  resonance 
features.  On  the  other  hand,  a  strongly-coupled  l-slub  has  |r5|  =  1/3  and  therefore 
the  amplitude  r5  never  gets  close  to  A  on  the  unit  circle,  resulting  in  weak  features 
m  the  transmission  coefficient. 


Proof  of  the  Existence  of  Transmission  Zeros 
In  the.  previous  section  we  demonstrated  that  transmission  zeros  are  possible,  in 
principle.  In  this  section  we  prove  that,  in  fact,  transmission  zeros  must  occur  and 
ihat  their  existence  is  a  consequence  of  unitarity. 

A  zero  of  the  transmission  amplitude  at  a  certain  energy  means  that  Trl~0  for 
that  energy.  As  can  be  seen  from  t-qn.  (  13).  this  implies  that 
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The  above  condition  relates  a  property  of  the  resonator,  the  phase  factor  A.  to  a 
property  of  the  junction  bewteen  the  waveguide  and  the  resonant  cavity,  the  t's  and 
'■  ?  which  are  the  elements  of  the  sr.vrenng  matrix  for  the  three-way  splitter.  Because 
>  is  a  phasor  on  the  unit  circle.  1 16)  can  only  be  true  if  the  r.h.s.  also  lies  on  the  unit 
'■:rcle  for  those  energies  at  which  transmission  zeros  occur.  It  is  a  perhaps  surprising 
consequence  of  unitaritv  that  for  ail  energies  the  r.h.s.  of  (16)  is  constrained  to  be 


on  the  unit  circle,  i.e.  always 
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File  detailed  proof  of  the  above  equation  is  given  in  Appendix  Bl.  Unitaritv.  therefore, 
'■nsures  that  both  the  l.h.s.  and  the  r.h.s.  of  ( 1  6 )  are  constrained  to  the  unit  circle, 
as  schematically  shown  in  Fig.  6.  which  implies  that  a  transmission  zero  occurs  when 
both  phase  angles  are  the  same.  Usually,  the  r.h.s.  is  a  slowly  varying  function  of 
energy.  .-.nd  the  l.h.s.  is  a  phasor  which  moves  around  the  unit  circle  with  an  angular 
dependence  proportional  to  the  wavenumber,  as  shown  in  the  examples  below  [57]. 

Using  similar  arguments,  one  may  also  investigate  the  conditions  for  unity  trans¬ 
mission,  The  unitaritv  of  the  scattering  matrix  by  itself  is  not  sulficerit  to 

ensure  the  existence  of  ones  in  the  transmission  amplitude.  As  shown  in  Appendix 
U2.  Trl  =  1  holds  true  for  certain  energies  if  the  structure  is  symmetric  with  respect 
■o  'left'  and  'right.'  i.e.  if  the  scattering  matrix  possesses  the  symmetry  property  that 
■■rs  —  1  LSi  etx-  This  behavior  is  similar  to  double  barrier  resonant  tunneling  where  it 
is  known  that  perfect  transmission  only  occurs  for  symmetric  barrier  structures  [-18. 


IV.  THIN- WIRE  NETWORKS 

We  illustrate  the  above  general  argumei.’s  bv  demonstrating  several  specific  ex¬ 
amples.  As  a  model  system,  we  choose  networks  of  thin  wires  which  are  sufficiently 
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narrow  that  only  motion  in  the  direction  of  tne  wires  is  ol  interest.  I  he  motion  per¬ 
pendicular  to  the  wire  is  frozen  in  the  lowest  transverse  subband  resuiting  in  quasi 
cne-dimensional  dynamics.  These  thin-wire  networks  exiiibit  the  essential  behavior 
of  the  transmission  amplitude  in  the  compiex-energy  plane  under  study  here,  without 
additional  geometric  complications  inherent  in  a  true  two-dimensional  system.  For 
certain  structures  our  model  is  sufficiently  simple  to  yield  analytical  answers.  Other 
case?  require  numerical  investigation.  We  show  results  for  stronlgy-  and  weakly- 
coupled  stubs  and  symmetric  and  asymmetric  loops. 

A.  Three-way  Splitter 

The  nasic  building  block  of  the  stub  and  loop  structures  is  the  simple  wire  branch, 
or  three-way  splitter.  The  wavefunction  in  the  left,  right,  and  stub  branches  are 
denoted  by  'l<£,  'I'/?,  and  respectively.  For  a  perfect  wire,  they  are  superpositons 
of  in-coming  and  out-going  plane  waves. 

=  ILf  KX‘-  -  0Le-'ks*- 

<l>R  =  0Re>KIK  ~  IRe~'kzR  ( 18) 

=zOst,k*s  +  /5e",itrs. 

Here.  z/,.  xR  and  is  denote  the  spatial  coordinates  in  each  branch,  i.e..  left,  right,  and 
'tub.  respectively.  The  matching  conditions  at  the  branch  point,  zj.  =  tr  =  is  =  (). 
lor  the  wavetunctions  and  the  derivative  are: 

h.  +  Or,  -  Or  4-  IR 

I  l  +  Oi  =  Os  +  Is  (19) 

h  ~  0[,  =  UR  —  lR  a  Os  -  h 

The  last  of  these  relations  is  the  matching  condition  for  the  derivatives.  We  require 
the  sum  of  the  derivatives  in  all  directions  at  a  branch  point  to  be  equal  to  zero, 
which  is  a  generalization  of  the  current  conservation  condition.  However,  the  above 
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derivative condition  is  stronger  than  current  conservation;  it  impiies  the  conservation 
of  current,  hut  not  vice  versa.  Similar  conditions  have  been  used  in  the  literature 
of  quantum  networks  i58],  where  the  sum  of  the  derivatives  is  reiated  to  a  so-called 
vertex  potential  which  is  a  delta-function  potential  at  a  given  branch  point.  In  our 
case,  the  vertex  potential  is  assumed  to  be  zero  and  the  general  Sturm-Liouville 
boundary  condition  reduces  to  the  above  requirement  of  the  derivatives  adding  to 
zero. 

The  above  system  of  equations  represents  3  conditions  which  constrain  the  6  am¬ 
plitudes  for  the  incoming  and  outgoing  waves  in  each  of  the  three  branches.  These 
6  amplitudes  are  also  related  by  a  scattering  matrix  when  viewing  the  3  amplitudes 
of  the  incoming  waves  as  independent  parameters,  and  the  3  amplitudes  of  the  out¬ 
going  waves  as  the  dependent  variables.  The  3  equations  (19)  thus  are  sutficient  to 
completely  specify  the  scattering  matrix.  It  is  an  easy  matter  to  show  that. 
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Comparing  with  (4),  we  see  that  rL  =  rR  =  rs  —  -1/3  and  tRL  =  t  RS  -  t?L  =  2/3 
for  this  simple  three-way  splitter. 

In  Appendix  C  we  show  that  the  above  result  for  the  scattering  matrix  is  a  special 
case  ol  previous  work  (38.41. 12]  in  which  the  coupling  of  a  ring  to  a  lead  was  studied. 


B.  T-Stubs 

We  now  create  a  t-stub  resonator  in  the  form  of  a  dangling-wire  of  length  L  by 
truncating  the  side  arm  of  the  three-way  splitter  with  an  infinite  potential  barrier  at 
x$  =  L.  The  wavefunction  has  to  be  zero  at  the  end  of  the  side  arm.  O  se'kL  + 1  se~'kL  = 
0,  which  implies  that  the  amplitudes  of  the  in-coming  and  out-going  waves  are  related 


14 


i.'V  a  phase  factor.  A  =  Os/  h-  as  previously  disci  .  geometry,  the  standing 

waves  in  the  resonator  are  characterized  by  the  phasor,  ME)  —  —nxp{—2ikL).  with 
a  phase  that  changes  linearly  with  wavenumber  k. 

The  transmission  amplitude  for  this  so-called  strongly-coupled  stub,  which  is 
schematically  shown  in  the  inset  of  Fig.  7.  can  now  be  found  by  using  in  eqn.  1 13) 
the  above  form  for  A  and  the  elements  of  the  scattering  matrix  for  the  wire  branch 
1 20b  It  is  an  easy  matter  to  show  that  the  transmission  amplitude  is  given  analytically 
bv: 


T  - 


—  cop  k  L 


(21) 


Figure  7  snows  the  transmission  amplitude  in  the  complex-energy  plane  for  a  stroneiy- 
coupied  t-stub  with  stub  length  L  =  10  nm:  part  (a)  shows  the  transmission  coefficient 
on  the  reai-energy  axis,  and  part  (b)  shows  a  contour  plot  of  the  absolute  value  of  the 
transmission  amplitude  in  the  compiex-energv  plane.  Note  the  appearance  of  trans¬ 
mission  zeros  on  the  real-energy  axis,  and  the  existence  of  transmission  poles  in  the 
complex-energy  plane.  Figure  8  represents  the  phase  of  the  transmission  amplitude 
in  the  cornpiex-energy  plane  for  the  strongly-coupled  stub.  The  phase,  modulo  2t, 
is  shown  in  part  (a)  on  the  real-energy  axis,  and  in  part  (b  )  as  a  contour  plot  in 
lie  piane.  Note  that  at  each  quasi-bound  state,  which  coincides  with  the  transmis¬ 
sion  zeros,  the  phase  rapidly  changes  by  The  most  striking  feature  of  Fig.  S  is 
the  demonstration  of  zero-pole  pairs  in  the  complex-energy  plane.  The  zeros  occur 
at  energies  for  which  standing  waves  form  in  the  stub.  i.e.  when  k  =  n~/L  with 
n  -  1.2.  ■  ■.  The  wavefunction  at  a  transmission  zero  has  to  be  zero  at  the  branch 
point  which  forces  the  wavefunction  in  the  resonantor  to  be  zero  at  both  ends  of  the 
■-tub.  hole.  also  that  the  maxima  oj  the  transmission  coefficient  do  not  align  with  the 
location  oj  the  poles,  as  in  the  case  of  double-barrier  resonant  tunneling . 


Because  of  the  symmetry  of  the  structure,  transmission  maxima  in  this  case  are 
‘ransmission  ones.  For  T  =  1.  the  wavefunction  at  the  branch  point  must  be  1.  which 
implies  a  standing  wave  in  the  stub  with  a  maximum  at  the  branch  point  and  a  zero  at 
t  he  end  point:  i.e.  when  k  =  (2n  +  \  )r/[2L)  with  n  =  0.  1. 2.  ■  -  In  general,  maxima 
for  waveguide  structures  occur  between  two  zeros  at  some  intermediate  energy  which 
is  determined  by  the  proximity  to  the  real-energy  axis  of  neighboring  poles.  For  this 
simple  case,  the  elements  of  the  s<  ering  matrix  are  constants,  i.e.  independent 
of  energy.  The  energy  dependence  ot  the  transmission  amplitude  is  provided  by  the 
resonance  phasor  ME). 

An  energy  dependence  in  the  elements  of  the  scattering  matrix  may  be  introduced 
'dv  weaklv  coupling  the  stub  to  the  channel  via  a  tunneling  barrier  ot  length  /  and 
height  Vq.  as  schematically  depicted  in  the  inset  of  Fig.  9.  The  transmission  amplitude 
may  be  given  in  closed  form, 

1  K  [kcos(kA)co9i  Kl)  -  Ksin(k&)sin(Kl)}  1  ^ 

2  k  [kcos(k±)sin( Kl)  +  I\  sin(kA)cos( Kl)\ 

where  k  -  \/2m‘E/h<  I\  =  J2m'\  E  -  \'0)/h.  and  A  =  L  —  l.  For  the  numerical 
example  shown  in  Fig.  9.  we  choose  a  tunneling  barrier  at  the  branch  point  with  a 
height  of  0.5  eV  and  a  thickness  of  1  nm  t  The  same  dimensions  will  also  be  used  for  the 
barriers  in  subsequent  examples).  Figure  9  depicts  the  transmission  amplitude  in  the 
complex-energy  plane  for  this  so-called  weakly-coupled  stub.  Note  again  the  existence 
of  transmission  zeros  on  the  real-energy  axis,  as  predicted  by  our  general  arguments 
in  section  III.  Note  also  that,  with  respect  to  the  previous  example  of  a  strongly- 
coupled  stub,  the  poles  in  the  complex  plane  now  are  closer  to  the  real  axis,  which 
corresponds  to  the  longer  lifetime  of  the  resonant  states  due  to  the  confining  barrier. 
As  a  consequence  of  the  zeros  and  poles  approaching  each  other  in  the  complex  piane. 
the  mav  ma  on  the  real  axis  move  closer  to  the  zeros,  which  results  in  the  stronger 
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energy  dependence  observed  in  Fig.  Olai  when  compared  to  F  ig.  7(aj.  Fach  resonant 
state  produces  a  zero-pole  pair  in  the  complex  energy  piane  which  gives  rise  to  the 
observed  energy  dependence  of  the  transmission  coefficient  on  the  real-energy  axis. 
With  increasing  barrier  height,  the  pole  approaches  the  zero  which  leads  to  a  sharper 
and  sharper  transition  between  a  transmission  zero  and  one  on  the  real-energy  axis. 
In  the  limit  of  an  infinitely  high  barrier,  the  poles  and  zeros  merge  which  corresponds 
to  T  =  1.  and  independent  of  energy,  for  a  channel  with  a  completely  decoupled  stub. 

The  proximity  of  transmission  zeros  and  ones  on  the  real-energy  axis,  which  results 
in  the  more  or  less  sharp  variations  of  the  transmission  coefficient  with  energy,  can 
lie  understood  from  a  wavefunction  argument.  The  electronic  states  in  the  resonator 
are  standing  waves,  which  have  to  match  to  the  wavefunctions  m  the  channel  at  the 
branch  point.  This  impiies  that  for  a  transmission  zero  or  one.  the  wavefunction  at 
the  branch  point  has  to  be  zero  or  one.  respectively.  This  circumstance  is  illustrated 
in  Figures  10  and  1 1.  where  the  branch  point  is  labeled  by  0  on  the  spatial  coordinate. 
Shown  are  the  absolute  values  of  rhe  wavefunctions  in  the  stub  at  both  transmission 
zeros  and  ones  for  the  cases  of  strongly-  and  weakly-coupled  t-stubs,  respectively.  As 
discussed  above,  and  illustrated  in  Figs.  10(a)  and  11(a).  for  the  strongly-coupled 
stub  the  standing  waves  in  the  resonator  differ  by  a  quarter  wavelength  for  T  =  0  and 
T  =  I.  This  implies  that  in  this  case  the  zeros  and  ones  are  well  separated  in  energy, 
as  seen  in  Fig.  7(a).  For  the  weakly-coupled  stub,  the  standing  wave  is  connected 
to  the  wire  branch  via  a  tunneling  barrier,  as  illustrated  in  Figs.  10(b)  and  11(b). 
Now  only  a  small  change  in  the  wavelength  of  the  standing  wave  is  needed  as  the 
transmission  coefficient  varies  from  a  maximum  to  a  minimum.  Also  note  that  the 
amplitudes  of  the  standing  waves  at  a  zero  are  larger  than  those  at  a  one.  Figure 
12  illustrates,  as  a  function  of  energy,  the  charge  build-up  in  the  t-stub.  which  is 
measured  by  the  integral  of  |'I>|2  over  the  length  of  the  stub.  The  arrow's  at  the  top 


axis  denote  the  locations  of  the  poles  ot  the  transmission  amplitude  in  the  complex- 
energy  plane  for  the  cases  of  strongly-  and  weakly-coupled  stubs,  which  are  identified 
in  the  insets:  compare  aiso  Figs  7(b)  and  9(b).  The  resonant  states  for  the  weaklv- 
coupled  stub  are  sharper  in  energy  and  they  contain  more  charge  than  those  of  the 
strongly-coupled  stub,  wnich  is  due  to  the  confinement  provided  bv  the  tunneling 
barrier. 

It  is  interesting  to  study  double-barrier  resonant  tunneling  in  addition  to  t-stub 
resonances.  The  results  of  adding  two  tunneling  barriers  on  the  transmission  channel 
for  strongly-  and  weakly-coupled  stubs  are  shown  in  Figs.  13  .  .  -  14.  respectively. 
The  separation  between  these  two  barriers  with  height  Vo  =  0.5  eV  is  assumed  to 
be  d  -  4  nm.  and  the  length  of  the  stub  is  again  L  —  10  nm.  We  notice  in  both 
cases  that  there  is.  in  addition  to  the  now  familiar  zero-pole  irs.  another  set  of 
poles  in  the  complex-energy  plane,  and  a  corresponding  set  ot  transmission  ones  on 
the  real-energy  axis.  The  additional  ones  are  caused  by  resonant  tunneling  through 
the  two  tunneiing  barriers  on  the  transmission  channel,  in  complete  analogy  to  the 
previously  discussed  case  of  double-barrier  resonant  tunneling.  Comparing  Figs.  7 
and  13  for  the  strongly-coupled  stub,  we  note  that  the  transmission  zeros  occur  at 
exactly  the  same  energies.  Because  of  the  confinement  provided  by  the  barriers,  the 
zero-pole  pairs  are  closer  together  in  Fig.  13  than  in  Fig.  7.  which  is  also  reflected 
in  the  sharper  energy  dependence  on  the  real-energy  axis.  The  additional  pole  at 
E  —  0.14  eV,  which  is  associated  with  the  transmission  one,  is  due  to  the  first 
resonant  state  energy  of  two  tunneling  barriers  on  the  transmission  channel.  Because 
of  our  choice  for  the  separation  between  the  barriers  and  the  length  of  the  stub,  this 
energy  is  close  to  the  energy  of  the  second  lowest  t-sub  resonant  state.  This  leads  to 
the  apparent  coupling  of  the  two  poies,  and  the  resulting  "stretching''  of  the  second 
lowest  zero-pole  pair.  The  case  of  the  weakly-coupled  stub  with  the  double  barriers 
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on  the  transmission  chanr.ei  is  illustrated  in  Fig.  i 4 :  compare  to  Fig.  9  without  the 
barriers  in  the  channel.  Again,  the  additional  double  barrier  resonant  tunneling  does 
not  aiter  the  location  of  the  zeros  which  are  a  property  of  the  quasi-bound  states  in  the 
stub,  cf.  Figs.  14  and  9.  Also,  the  additional  barriers  lead  to  the  very  close  zero-pole 
pairs  and  sharp  transmission  peaks  shown  in  Fig.  14.  Because  of  the  relative  lengths 
chosen,  the  lowest  double-barrier  resonant  state  is  close  in  energy  to  the  second  lowest 
quasi-bound  state  in  die  t-stub.  As  also  explained  above,  this  leads  to  an  interaction 
between  the  pole  which  is  due  to  double  barrier  resonant  tunneling,  and  the  pole 
which  belongs  to  the  t-stub‘s  zero-pole  pair. 

The  interaction  of  the  poles  due  to  the  double-barrier  resonances  and  a  weakly- 
coupled  t-stub  is  illustrated  in  Fig.  15.  The  separation  between  the  double  barriers, 
which  are  placed  in  the  channel  symmetrically  around  the  stub,  is  d  —■  4  nm,  d  —  6 
urn.  and  d  =  8  nm  for  parts  (a),  t  b ) .  and  (c),  respectively.  In  all  cases,  the  total 
length  of  the  i-slub  is  L  =  10  nm.  For  Fig.  15(a),  lowest  doubie-barrier  resonant 
state  is  close  in  energy  to  the  second  quasi-bound  state  in  the  stub,  which  leads  to 
the  observed  interference  between  the  lowest  isolated  pole  and  the  second  zero-pole 
pair.  No  strong  interaction  is  observed  in  Fig.  15(b).  which  shows  sharp  zero-pole 
pairs  and  isolated  poles  at  intermediate  energies.  In  Fig.  15(c).  every  double  barrier 
resonance  is  close  in  energy  to  a  t-stub  state,  and  there  is  again  strong  interaction 
between  the  p>  ,es  in  the  complex-energy  plane.  Figure  16  shows  the  phase  in  the 
complex-energy  plane  for  the  same  structure  as  in  Fig.  15(b).  Note  the  rapid  phase 
chan  e  for  each  zero-pole  pair,  compare  Fig.  S.  and  the  behavior  of  the  isolated  poles 
which  is  similar  to  that  in  Fig.  3. 

All  wire  structures  discussed  so  tar  are  symmetrical  about  the  t-stub.  which  im¬ 
plies  that  the  scattering  rnatri:  possesses  a  left- right  invariance.  As  shown  in  the 
previous  figures  and  proven  in  the  appendix,  this  symmetry  property  ensures  that 
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:ransmission  maxima  are  transmission  ones.  Non-svmmetncai  wire  structures  are 
mown  in  the  insets  of  Figs.  17  and  18  for  strongly-  and  weakly-coupled  t-stubs.  re- 
'pectiveiy.  The  left-right  symmetry  is  broken  by  placing  a  single  tunneling  barrier  on 

■  me  side  of  the  transmission  channel  at  a  distance  of  d  =  2  nm  from  the  branch  point. 
While  transmission  maxima  no  longer  correspond  to  perfect  transmission.  T  <  1. 
transmission  zeros  still  persist  in  accordance  with  our  theory.  Note  lurthermore,  that 
the  asymmetrical  barrier  in  the  channel  does  not  alter  the  location  of  the  zeros,  which 
is  a  property  of  the  t-stub;  compare  Fig.  17  to  Fig.  7  (strong  coupling),  and  Fig. 
iS  to  Fig.  9  (weak  coupling).  For  the  strongly-coupled  t-stub.  there  are  poles  in 
'he  complex-energy  plane  which  correspond  to  standing  waves  between  the  tunneling 
barrier  and  the  end  of  the  stub.  An  example  is  the  additional  pole  between  the  lowest 
and  second  lowest  zero-pole  pair  shown  in  Fig.  17.  For  the  weakly  coupled  t-stub. 

■  hese  additional  ouasi-bound  states  are  not  possible  because  of  the  barrier  at  the 
t/ranch  point.  Consequently.  Fig.  18  does  not  show  bouble  barrier  resonant  tunneling 
poies  in  addition  to  the  familiar  zero-pole  pairs. 

C.  Loops 

We  also  investigated  transmission  in  loop  structures  which  has  been  the  topic 
<>i  numerous  previous  studies  reported  in  the  literature.  Our  key  rinding  reported 
here  is  that  loops  also  exhibit  zero-pole  pairs  of  the  transmission  amplitude  in  the 
I'omplex-energy  plane.  Loops,  in  analogy  to  t-stubs.  may  be  viewed  as  resonators 
with  associated  quasi-hound  states,  which  give  rise  to  transmission  resonances  and 
zeros. 

Figures  19  and  20  show  the  transmission  amplitude  in  the  complex-energy  plane 
for  symmetrical  and  asymmetrical  loops,  respectively,  as  sketched  in  the  insets.  The 
lengths  of  the  lower  and  upper  arms  are  denoted  by  Lj  and  respectively.  For  these 
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-o-railed  strongly-coupled  loops,  the  transmission  amplitude  may  be  found  analyti¬ 
cally  by  cascading  the  scattering  matrices  of  the  two  brancn  points,  which  represent 
lie  coupling  to  the  leads,  and  with  values  given  by  eqn.  (20'i.  A  phase  factor  t:xL' 
represents  the  phase  change  in  traversing  the  arm  with  length  L i,  with  a  similar  term 
for  the  other  arm. 

_  4e‘*Ll(l  -  zukL*)  +  4e,ii3(l  -  e2,kL') 

(3  —  e,/c(L'+ij*)2  —  (e,kL'  -r  )2 

From  the  above  analytical  expression  for  T,  we  see  that  transmission  zeros  occur 
when  the  numerator  in  eqn.  (23)  vanishes,  i.e. 

.-uni kL\  j  -r  smi kL2)  =  0.  '24) 

This  requires  the  arguments  of  both  sine-functions  to  satisfy. 

k(L\  -r  l2 )  =  2  tit,  (25) 

or 

Jb(I,  -  L2)  =  (2n  +  1)t.  i 26) 

The  first  relation,  eqn.  (25).  is  the  condition  for  the  formation  of  a  standing  wave 
around  the  loop.  The  second  relation,  eqn.  (26),  is  the  condition  for  destructive 
mterterence  due  to  the  Aharonov  -  Bohm  effect.  Note  that  for  the  symmetrical  loop, 
a  zero  in  the  numerator  is  accompanied  by  a  zero  in  the  denominator  of  (23). 

The  strongly-coupled  symmetric  loop,  as  shown  in  Fig.  19  for  L\  —  L2  —  10.5 
um.  exhibits  transmission  resonances  with  T  =  1,  but  no  zeros  are  visible.  Note 
the  existence  of  poles  in  the  plane  which  are  due  to  multiple  reflections  between  the 
two  branch  points,  in  a  fashion  analogous  to  double  barrier  resonant  tunneling.  The 
symmetric  loop  is  special  since  it  possesses  true  bound  states  which  produce  poles  on 
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the  real-energy  axis.  These  poles  exactly  cancel  the  zeros  ot  T .  compare  big.  1'Jiai, 
which  would  otherwise  be  present.  Transmission  zeros  appear  for  t  he  strongly  coupled 
asymmetric  loop,  as  shown  in  Fig.  JO  for  Z.,  -  12  nm  and  L2  =  10.5  nm.  Any  slight 
asymmetry  leads  to  decaying  quasi-bound  states  with  their  poles  removed  from  the 
real-energy  axis.  This  produces  the  zero-poie  pairs  visible  in  Fig.  20. 

The  difference  between  symmetrical  and  asymmetrical  loops  can  also  be  under¬ 
stood  using  wave  functions  arguments,  schematically  shown  in  Fig.  21.  In  general, 
the  wavefunction  in  the  loop  is  given  bv, 

=  AlC'kx'  -  B}e~'kz'  1  27) 

,.'2  =  A2t:KZ'  -  B2e~,KI'  2$) 

wtiere  tq  and  v2  are  the  wave  functions  and  x,  and  x2  are  the  coordinates  along  the 
respective  arm  of  the  loop;  the  origin  is  rhosen  to  be  at  the  left  branch  point  B /,  tsee 
inset  of  Fie.  21),  The  A's  and  the  B's  are  the  coefficients  which  will  be  determined 
by  the  particular  boundary  conditions.  1'tilizing  the  same  matching  conditions  as  in 


section  IV. A  at  the  branch  points  Bt  and  Br,  we  obtain. 

1  •+•  r  =  A|  -f  B\  (29) 

1  ■+■  r  =  At  —  B2  ( 30) 

1  —  r  =  '  /l  |  —  B\  i  -+•  { .4  7  —  B2 )  *31) 

ana 

t  =  Axe,kL'  4-  Bxe~,kL'  (32) 

/. .  =  ,\2e,iLl  +  B2t-'kL'  (33) 

t  =  {A]e'kL'  -  B,e~'kL')^(A2e'kL'  -  B2e~'kL')  (34) 

A  standing  wave  is  formed  around  the  loop  when  k(L\A-L2)  =  2t.  For  the  symmetrical 
loop,  we  find  from  (23)  that  the  transmission  amplitude  t  =  —  1  and  hence  r  =  0. 
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Substituting  these  values  in  (29)  i  31).  it  is  an  easy  matter  to  show  that  ,4i  =  ~  3/ 4 

and  D\  —  Bi  =  1/4.  Thus,  the  wavefunction  tor  the  standing  wave  in  the  symmetrical 
.oop  is  given  by, 

c(^)  =  cos(kx)  —  --sinikx),  i.  35) 


where  x  can  be  either  Xj  or  X2,  and  its  absolute  value  is  plotted  in  Fig.  '21(a).  It  can 
be  seen  that  at  this  incident  energy,  the  incoming  amplitude  at  the  branch  point  Bi 
is  one.  and  the  outgoing  amplitude  at  the  other  branch  point  Bn  is  also  one.  Hence 
a  standing  wave  around  the  symmetrical  loop  corresponds  to  perfect  transmission,  as 
opposed  to  the  zero  predicted  by  the  numerator  of  (23).  For  the  case  of  a  standing 
wave  in  an  asymmetrical  loop,  we  and  from  p23j  that  t  =  0  and  r  =  1.  which  yields. 


2 

B ,  - 

1 36) 

1  ..  e2‘kLt 

[  —  f-**  kL\ 

0 

b2  = 

~2e2lkL'2 

'.37) 

The  corresponding  wave  functions  in  each  arm  of  the  loop  are  given  by, 


<^i 


2sin[k(L\  —  xj )] 
sin(kL\ ) 

2sin{k[L2  ~  *2)] 


i,38) 

(39) 


sinikLi) 

Plotting  this  wave  function  in  Fig.  21(b),  we  see  that  in  this  case  the  wavefunction  is 
zero  at  the  out-going  branch  point  Br,  but  nonzero  at  the  in-coming  branch  point  B i. 
Therefore,  a  standing  wave  around  an  symmetrical  loop  corresponds  to  a  transmission 
zero,  as  also  predicted  by  the  zero  numerator  in  (23). 

The  charge  accumulated  in  the  strongly-coupled  loop  is  shown  in  Fig.  22.  Part  (a) 
and  (b)  represent  the  symmetrical  and  the  asymmetrical  cases,  respectively,  and  the 
same  units  tor  the  charge  are  used  in  both  parts.  The  arrows  at  the  top  axis  indicate 
the  location  of  the  poles.  Note  that  for  the  strongly-coupled  symmetrical  loop  in  part 
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'<n  tlie  arrows  also  indicate  the  positions  ot  transmission  maxima,  which  are  ciue  to 
die  existence  of  true-bound  states  leading  to  tne  cancellation  ot  the  zeros  and  poles 
on  tiie  reai-energy  axis.  Maximum  charge  accumuiation  in  the  asymmetric  loop  also 
occurs  at  the  formation  of  quasi-bound  states,  as  shown  in  part  ib)  Note  that  this 
resonant  charge  build  up  is  rather  sharp  in  energy,  and  that  it  is  more  pronounced 
than  for  the  symmetrical  loop. 

We  have  also  investigated  weakly-coupled  loops  which  are  formed  by  the  addition 
of  two  small  tunneling  barriers  at  the  two  branch  points  to  the  leads.  Figures  23  and 
24  present  the  transmission  amplitude  in  the  complex-energy  plane  for  the  weakly- 
coupled  symmetric  and  asymmetric  loops,  respectively,  as  schematically  shown  in  the 
insets.  i3ecause  of  the  confinement  provided  by  the  barriers,  the  poles  move  closer  to 
the  real-energy  axis  which  <orrespondc  ‘o  the  increased  lifetime  of  the  quasi-bound 
states.  This  is  true  both  for  the  isolated  poles,  as  well  as  tor  the  zero-pole  pairs. 
Similar  to  the  weakly-coupled  t-stubs.  the  close  proximity  of  the  zero  pole  pairs  leads 
to  a  sharp  variation  of  the  transmission  coefficient  on  the  real-energy  axis. 

V.  CONCLUSION 

We  studied  transmission  phenomena  in  quantum  waveguide  systems  in  the  pres¬ 
ence  of  resonant  cavities.  In  particular,  we  investigated  the  analytical  behavior  of  the 
transmission  amplitude  in  the  complex-energy  plane.  l  or  the  single-moded  quantum 
wires  under  study  here,  the  dynamics  is  quasi-one-dimensional.  This  also  allows  us 
to  compare  directly  the  much-studied  problem  of  double-barrier  resonant  tunneling 
'o  t lie  lesser  understood  case  of  transmission  in  quantum  wire  systems;  DBRT  can 
be  viewed  as  transmission  in  a  channel  which  also  contains  both  barriers.  One  of  our 
main  conclusions  is  that  the  analytical  behavior  of  the  transmission  amplitude  is  dif¬ 
ferent  depending  upon  whether  or  not  the  resonant  cavity  is  part  ot  the  transmission 
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vnannei.  as  for  DBRT.  or  is  attached  to  the  channel,  like  t-.stubs  or  ioops.  If  the  main 
t  ransmissicn  path  is  directly  througli  t  he  resonantor.  the  transmission  amplitude  only 
exhibits  poles  in  the  compiex-energv  plane.  These  poles  give  rise  to  the  well-known 
Lorentziun-shaped  Breit-U  igner  transmission  resonances.  If  in  addition  to  the  di¬ 
rect  trails. nissioti  path  there  is  an  additional  path  due  to  an  attached  resonator,  the 
transmission  an  '  ude  exhibits  zero-pole  pairs  in  the  complex-energy  plane.  The 
vicinity  of  these  zeros  and  poles  produces  resonance/antiresonance  behavior  of  the 
transmission  coefficient. 

It  v  as  noted  by  several  workers  in  previous  studies  that  the  transmission  coef- 
licient  in  quantum  waveguide  systems  exhibited  a  qualitatively  different  behavior  as 
compared  to  the  tamiliar  case  of  DBRT.  Our  research  shows  that  these  observed  sharp 
variations  of  the  transmission  coefficient  as  a  function  of  energy  can  be  understood  in 
lenns  of  the  zero-pole  pairs  in  the  complex-energy  plane.  The  proximity  of  the  zero 
and  the  pole  which  is  produced  bv  each  quasi-bound  state  ieads  to  the  sharp  energy 
dependence.  Furtneremore.  we  showed  that  the  existence  of  transmission  zeros  for 
resonantly-coupled  waveguides  is  a  consequence  of  unitarity,  regardless  of  the  sym¬ 
metry  ol  the  system.  In  other  words,  reflection  peaks  with  amplitude  equal  to  1  occur 
fur  symmetrical  as  weii  as  for  non- symmetrical  structures.  In  contrast,  transi  i 
peaks  with  an  amplitude  equal  to  1  only  occur  for  symmetrical  structures- .  1  his  resuh 
is  familiar  from  DBRT.  where  it  is  known  that  perfect  transmission  only  is  possible 
fir  symmetrical  barriers.  In  related  studies.  Price  [GOl  distinguishes  between  peaks  in 
transmission,  which  he  terms  resonances  of  the  firs'  kind,  and  d.ps  in  the  transmis¬ 
sion  coefficient,  which  he  terms  resonances  of  the  second  kind,  lie  also  shows  that 
i  he  peak  value  of  the  reflection  probability,  corresponding  to  the  resonances  of  the 
second  kind,  is  always  1, regardless  of  the  symmetry  of  the  system,  in  contrast  to  the 
!  i  ansini?’ ion  resonance  case  I  resonant  es  of  the  first  kind).  1  his  behavior  is  shown  to 


persisit  in  the  case  of  multichannel  ballistic  transport  ;bli. 

Another  striking  difference  between  DBRT  and  the  waveguides  is  the  location 
>>f  the  transmission  peaks  relative  to  the  poles  in  the  complex-energy  plane.  From 
DBRT.  one  is  used  to  associate  the  location  ot  a  transmission  maximum  with  the 
energy  of  a  quasi-bound  state,  which  are  represented  by  the  poles.  For  transmission 
in  waveguides  with  attached  resonators,  the  quasi-bound  states  still  are  given  by  the 
poies  in  the  complex-energy  plane,  however,  their  location  does  net  match  the  peaks 
in  the  transmission  probability.  Each  quasi-bound  state  now  is  represented  by  a  zero- 
pole  pair,  where  the  energy  of  the  pole  is  close  to  the  energy  of  the  zero.  Transmission 
maxima  occur  somewhere  between  the  zeros  where  the  exact  location  of  the  peaks 
depends  upon  the  proximity  of  the  poles  to  the  zero  and  to  the  real-energy  axis. 
Therefore,  it  is  no  longer  valid  for  the  quantum  waveguide  structures,  to  a.  -  .  de 
the  energy  of  a  transmission  peak  with  the  energy  of  a  quasi  bound  state. 

In  summary,  our  mam  conclusions  are:  (i)  Transmission  zeros  exist  in  quantum 
waveguide  structures  with  attached  resonators,  and  their  existence  is  a  consequence  of 
unitarity;  this  result  is  in  contrast  to  DBRT  where  no  transmission  zeros  are  possible, 
tiil  For  the  quantum  waveguide  structures,  each  quasi-bound  state  of  the  attached 
resonator  leads  to  a  zero-pole  pair  of  the  transmission  amplitude  in  the  complex- 
'■uergy  plane,  liir  In  a  fashion  similar  to  DBRT,  sy.-.  netrical  waveguide  systems 
possess  peaks  with  perfect  tr  •  As  ion.  (i\'  In  contrast  to  DBRT,  the  location  of 
i lie  transmif..-  n  maxima  in  resonantly-coupled  quai.  um  waveguides  does  not  give 
the  energy  of  the  quasi-hound  resonantor  states. 
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APPENDIX  A:  NUMERICAL  CALCULATIONS 


I.  MODEL 

Utilizing  both  wavefunction  matching  and  finite  element  methods,  the  time- 
independent  Schrodinger  Equation  is  solved  to  obtain  the  transmission  amplitude  in 
the  complex-energy  plane  for  both  double-barrier  resonant  tunneling  and  the  quan¬ 
tum  waveguide  structures.  We  assume  that  an  incoming  wave  with  energy  E  incident 
upon  t lie  system  from  the  left,  results  in  a  reflected  and  transmitted  wave,  as  sch  .*mat- 
i cal ly  shown  in  Fig.  1(a).  The  wavefunctions  in  the  asymptotic  regions  on  the  left 
and  right  are  given  by: 

cl(x,  k)  —  ex}>{  ikx)  4-  r[k)  exp(-ikx)  (Al) 

Vfi(x,  k)  —  t(k)  exp(ikx)  (A2) 

Here  k  =  x/irn’E/h  is  the  complex  wavevector  variable,  and  r(k)  and  t(k)  de¬ 
note  the  reflection  and  the  transmission  amplitudes,  respectively.  The  effective  mass 
m'=0  067mo  is  used  in  the  calculation,  where  mo  is  the  free-electron  mass.  In  this 
treatment,  we  neglect  the  effects  of  charge  accumulation  and  inelastic  scattering. 

The  transmission  amplitude  t(k).  or  U  E).  for  an  in-coming  wave  with  wavenumber 
k.  or  energy  £'.  is  then  obtained  from  the  out-going  wavefunction  u’r  bv 

tljc)  =  vni^o.k) 

.  with  Jo  fixed.  The  transmission  amplitude  may  also  be  obtained  from  the  Creen 
function.  If  we  denote  the  out-going  Creen  propagator  by  G’+(i,  x'\  £),  then 

t(k)  =  2ik  rJ+(Q.x0-k)  e~'kx° 

In  a  separate  section  below,  we  discuss  how  the  Creen  function  readily  is  obtained 
in  the  finite  element  method. 


11.  WAVEFUNCTION  MATCHING  METHOD 


This  technique  is  very  useful  if  the  problem  domain  consists  of  sections  in  wnich 
the  potential  is  constant.  One  may  then  write  the  wavefunction  in  each  section  as  a 
superposition  of  left-  and  right-going  waves  with  unknown  coefficients.  The  matching 
i  onciictions  for  the  wavefunction  and  its  derivative  at  the  enapoints  of  each  section 
lead  to  a  linear  system  of  equations  for  the  unknown  expansion  coefficients.  Below, 
we  show  as  examples  the  results  of  a  weakly-coupled  t-stub  resonator  and  a  strongly- 
coupled  loop. 

1.  Weakly-Coupled  T-Stub 

The  example  t-stub  structure  is  scnematically  shown  in  the  inset  ol  Fig.  'J.  where 
a  t-stub  is  weaklv-coupied  to  the  main  transmission  channel  by  a  tunneling  barrier. 
The  stub  length  is  denoted  by  L.  and  a  tunneling  barrier  of  length  l  and  height  \’0  is 
located  at  the  branch  point.  Choosing  the  branch  point  as  the  coordinate  origin,  the 
wavefunctions  in  each  region  are  given  bv, 

VL  =  e,krL  +  re-'ktL(xL<Q),  I  A3) 

Vr  —  te'KZR{xfi  >  0).  I A 4 ) 

:.‘s=  ABt,Kts  -  BBt-'Kzs{ 0  <  x5  <  /)-  ■  A 5 ) 

v!:=Ast'ias  +  Dse-,kT5(l  <  xs  <  L).  iA6) 

We  denote  the  wavenumber  of  the  propagating  waves  by  k  —  w'lm'E/h,  and  ot 

the  decaying  waves  by  l\  =  y"2 m’(E  -  Vn)/h .  which  is  for  the  wavefunction  in  the 

barrier,  vb  ■  The  spatial  coordinates  i/,,  xr,  and  xc  represent  the  left,  right,  and  stub 
branches,  respectively.  I.  sing  the  matching  conditions  for  the  branch  point,  which  are 
•liscussed  in  section  IV.  A,  we  obtain. 
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1  t  r  =  t 


1  -i-  r  =  Ag  +  Bg 
1  —  r  =  !  KHc){Ab  ~  Bg)  +  t 

(AT) 

Ase'kt  +  Bse~'K>  =  ABt'hl  +  BBe~'hl 
AstM  -  Bse-'Ki  =  (K/k)(ABe'KI  -  BBe~'Ki ) 

Asc,kL  +  B$t~'kL  =  0 

The  above  system  of  equations  is  sufficiently  simple  that  it  can  be  solved  analytically, 
and  the  result  for  the  transmission  amplitude  t  is  given  bv  eq.  (22)  in  IV.  B.  In 
general,  the  resulting  linear  system  of  quations  has  to  be  solved  numerically. 

2.  Strongly-Coupled  Loop 

We  also  present  as  an  example  the  so-called  strongly-coupled  loop  structure  which 
is  schematically  shown  in  the  inset  of  Fig.  21(b).  We  choose  the  left  branch  point 
Bi  as  the  coordinate  origin  for  the  left  branch  and  the  two  arms  of  the  loop,  and  the 
right  branch  point  Bb  as  the  origin  for  the  right  branch.  Then  the  wavefunctions  in 


each  region  can  be  written  as, 

Vi  =  e'kzL  -r  re~'kzLlxi  <  0)  (AS) 

vr  =  tc'KXR{xg  >  0)  iA9) 

Vl  =  Axt,kz'  +  0  <  x,  <  L\)  (A  10) 

=  A2e,kXi  A  B2e-'kz'{ 0  <  x2  <  L2)  (All) 


Here,  x/  and  xB  are  the  coordinates  of  the  left  and  the  right  branch,  and  x,  and  x2  are 
the  coordinates  of  the  respective  arms  of  the  loop  with  length  L,  and  L2,  respectively. 
Using  the  matching  conditions  discussed  in  section  IV.  A  for  each  branch  point,  we 
obtain. 
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1  -j-  r  =  .-1,  -  Bx 
i  +■  r  =.  .ll  —  /?> 

1  —  r  =  i  .  —  D\ )  +  i  .-l 2  —  B?) 

t  =  Alt'*L'  - 

t  =  A7e‘KL 3  4-  B7t~'*Ll 

<  =  (.41e,fcL'  -  B^e~'kL' )  +  ( A7e'kL7  -  B7e~'kL') 


These  particluar  equations  can  be  solved  analytically,  and  the  solution  for  the  trans¬ 
mission  amplitude  is  given  by  eq.  (23)  in  section  IV.  C.  Again,  for  more  complicated 
loop  structures  the  resulting  linear  system  of  equations  has  to  be  solved  numerically. 


III.  FINITE  ELEMENT  METHOD 

For  systems  with  complicated  potential  variations,  it  is  convenient  to  uiscretize 
the  problem  domain  and  to  evaluate  the  wavefunction  at  a  set  of  nodal  points.  Be¬ 
tween  nodal  points,  in  each  so-called  finite  element,  the  solution  is  approximated  by 
linear  basis  functions.  We  typically  divide  the  structure  into  60  elements,  and  the  en¬ 
ergy  mesh  is  300x50  for  quantum  waveguide  systems  and  200x30  for  double-barrier 
resonant  tunneling.  In  the  vicinity  of  some  of  the  very  sharp  zero-pole  pairs,  the 
reai-energy  axis  is  further  refined,  typically  bv  some  6000  nodal  ooints. 


1.  Formalism 

For  the  problem  domain  [0 . a i .  which  contains  the  potential  V  ,  the  one¬ 
dimensional  Schrodinger  equation. 

h2 


2  m* 


+  Vv  =  Ev, 


(A  13) 


an  be  written  as. 


v 


A'V  =  0,  A'2  =  2m’(£  -  V)/h2  ( 0  <  i  <  n ] 


i  A 14) 
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v  —  k' v  -  (J.  k“  —  Jm*£ '/ft* 


i  j  <  0,  x  >  a  I 


'  lie  regions  outside  the  problem  domain  are  assumed  to  be  potential  free.  For  an  in¬ 
coming  wave  from  the  left,  which  gives  rise  to  a  reflected  and  a  transmitted  component 
'compare  Fig.  1(a)).  the  boundary  conditions  at  the  edges  of  the  problem  domain 


v(0)  _  1  1  +  r 
c'(0)  ik  1  —  r 

t‘(q)  _  _l_ 

v  ia )  i k 

f  sing  a  lest  function  o.  the  weak  variational  form  of  (Alt)  is. 


I A 16) 


( A 1 7 ) 


o  —  l\\'o)  di  —  0. 


Integration  by  parts  yields, 


c  (rt)O(n)  -  c  (0)0(0) 


f*  ,  ,  r* 

I  v  o  dx  +  /  K'vodx  =  0. 
Jo  Jo 


We  now  discretize  the  solution  domain,  and  define  n  nodal  point  coordinates  x,,  where 
•;t  corresponds  to  x  =  0.  and  i„  to  i  =  a.  Furthermore,  we  expand  the  wavefunction 
atld  the  test  function  o  in  terms  of  their  values  at  the  nodal  points  v,  and  o,, 
respectively,  and  in  terms  of  shape  functions 

’I 

v  =  Y.V,L:„  '.  A  20) 


y o,l,. 


( A  21) 


f  sing  the  property  of  the  shape  functions  t hat  C;(x,)  =  6,},  we  obtain  at  the  boundary 


of  the  solution  domain, 


cl  a)  =  cn.  ola  I  =  on, 


o(0)  =  c,. 


O(0)  =  Q\  . 


!  A  23) 


With  i  A16WA17)  and  (A22)-(A23).  lAl'J)  ran  now  be  written  as. 


tJt^nOn  -  >k[2  -  <V|Pi  -  j  V  odx  +  /  K\'odx  0.  '  -V24) 

0  -0 

After  substituting  ^A'_0)-(A21)  and  some  rearranging,  t A 24 )  becomes. 

■i  r  n  .<j  f  t  ~j  ,*a 

'2r Aroi  =  ikvnOn  +  rkvjO \  —  XI  j^XI  ^  ,B;dxv,  ~  XI  JQ  A  jdxi\ 
which  can  be  written  as. 

-2^X>6 1)  (A26> 

;  =  1 

—  y  o,  j y~  I  L \L\dxVi  —  XI  'll  I  A  ,L jdzv,  +  i kvn8n)  +  ikv\6\ , 

,=1  "  Li=  1  '°  J  ;  =  1  U=1  “° 

Since  o  is  an  arbitrary  function,  the  above  equation  must  hold  individually  tor  each 

term  in  the  sum.  Remembering  that  l\l  —  k:  —  2m‘V/h2,  (A26)  can  be  written  in 

matrix  form  as, 


[C  -  k2Q  -  ikB)xp  =  P. 


A27) 


This  is  an  equation  for  the  wavefunction  contained  in  the  vector  v.  The  vector  P 
represents  the  forcing  term  due  to  the  in-coming  wave,  and  C,Q,  B  are  n  x  n  matrices, 
siven  bv 


Cn  =  jf°  UlU'jdx  +  (2m- /h2)  [  VU,Ujdx 

Q„  -  [  U,Ujdx 

Jo 

B\J  —  A 

P3  =  -2  ik6tj 


( A28) 
i  A  29) 
( A30) 
l  A31 ) 


Finally,  we  define  the  matrix  A  as. 


A  —  C  -  klQ  —  ikB. 


■A  o2) 
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and  (  A27)  becomes. 


Av  =  P.  !  A33) 

This  is  the  finite-element  discretized  form  of  the  Schrodinger  equation.  We  can  now 
find  the  wavefunction  of  the  system  bv  solving  the  above  linear  system  of  equations, 
and  we  can  then  determine  from  the  solution  vector  v  the  transmission  amplitude. 

2.  Matching  Condition  at  the  Branch  Point,  v  =  0 

The  matching  condition  v '  —  0  at  the  branch  point  may  be  included  in  a 
natural  wav  in  the  finite  element  method.  The  Schrodinger  equation  in  each  branch 
reads, 

-tS/'Im'v,  t  Vti'i  =  Evi,  '.A34) 

where  i  =  l,2,3  •  •  •,  n  labels  the  various  branches.  Applying  the  weak  variational  form 
of  the  finite  element  method  yields. 

ra |  fa, 

-  y,(0)o(0)  -  /  v[(p'dx  +  /  J\2v,odx  =  0.  (A35) 

Jo  Jo 

Here,  the  coordinate  at  the  branch  point  is  chosen  to  be  0  and  the  other  edge  of  the 
domain  in  the  ith  branch  is  denoted  by  a,.  When  adding  the  above  equations  for  all 
branches,  we  obtain  a  term. 

X>,'(0)o(0).  (A  36) 

Since  both  the  wavefunction  and  the  test  function  are  continuous,  our  matching  con¬ 
dition  at  the  branch  point  make  this  term  vanish, 

o(0)X>.'(0)  =0.  I.A37) 

t 

Therefore,  the  internal  boundaries  at  the  branch  point  do  not  introduce  additional 
terms  in  the  finite-element  matrices,  and  only  the  external  boundaries  of  the  solution 
domain  enter  in  the  final  matrices  A  and  P. 


i.  Green  Function  G  —  -.l-' 

Here  we  prove  that  the  Green  tunction  (/  is  given  by  G  -  —.4  where  .4  is  the 
coefficient  matrix  defined  in  i  A32).  I  he  Green  function  is  defined  by. 


a"(x.x'.E)  +  K2G(x.x'.E)  =  <Kx-  x'T 


f  A38) 


As  for  the  finite  element  method,  we  now  integrate  over  the  solution  domain  [0,a], 


J'  |G"(x,x'.£)  -r  A2G(x.x'.£)  -d(i-x')]  ,  V'f  x.  E)dx  =  0 
•here  V'(x,  E)  is  a  test,  function.  Integration  bt  parts  yields. 

ja  i G'ir.x’.EW'lx.E)  -  K2Gix.  x'.  E)V\x.  £11  dx 

-O'- 

-V(x'.£l  -  G'.a.x'.£)V(a.£)  -r  G'(0. x',  £)V(0.  £)  =  0. 


( A39) 


•'  A40) 


Discretization  of  the  solution  domain  introduces  the  values  of  the  Green  function  GtJ 
at  the  nodal  points  x,  and  x,. 


G (x.  x'.  £)  =  V  6\;(£)£t(x)£,(x'), 

.=i j=i 


Vix.E)  =  Y,Vi(E)Ei(x), 

;=i 

where  £,  is  the  same  shape  function  as  in  (A20)  and  ( A 2 1 ) .  This  yields. 

f  G(x.  x.  E)V(x.E)dx  =  V  Vt{E)U,ix)Z,,Gv , 

J°  .4 

r  G(x.x\  E)V(x,  E)dx  =  V;(£)^(x')g,lG1J. 

Jo 

with. 


( A  4 1 ) 
(A42) 


O' 


(A43) 
( A44) 


Z;,  =  [  l  I  (  'dx , 
Jo 

Qi,  =  [  E,U,dx. 

I  A 


( A45) 
( A46) 
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Note  that  Q  is  the  same  matrix  as  defined  in  ■  A29).  For  the  boundaries  at  the  edge  of 
the  solution  domain,  we  use  our  knowledge  of  the  Green  function  for  free  propagation, 

,:cir-r'! 

G(x,x\E)  = - 7 —  ix  <  0.x  >  a).  (A47) 

hk 

At  t he  boundaries  x  =  0  and  j  =  a.  we  then  have  the  following  conditions, 

G'(a,  x\  E)  =  ikGia,  x'.  E).  (A48) 

<7(0.  x\  E I  =  -ikG(0.  x',  E).  ( A49) 

Using  i  A37)-( A38)  and  the  equality  L\(a)  —  U,( 0)  —  1.  which  is  a  property  of  the 
shape  functions,  we  obtain 

(.<  I  a .  x'.  E)V\a.  E'\  ~  V  lj(  E)L'j(x')[ik6indinG,jj,  [  A  50) 

G,(0,x'.E)V(0.E)=-Yt\)(E)UJ(x,)[tk6n6nG,J\.  ( A  5 1 ) 

tji 

We  now  define  as  in  (A30), 

Du  =  d,n<S„  -r  <5, i <5/i ,  ( A52) 

and  after  substituting  ( A 4 6 ) - ( A 4 7 )  and  (A3S)-fA40)  into  (A36).  we  finally  obtain 
t  r  p- 

yf  \  ](  E)l'j(x')  153(0.  -  klQit  -  ikB[,)G,}  +  Si,  =  0.  (A53) 

,u  L  i 

where  Ct,  —  Zi,  +  (2 m'/h2)  fj  I'f  'J'.Zx  which  is  the  same  matrix  as  in  (A28).  We 
may  now'  define  At,  =  (Cu  —  k2Qt,  —  ikBi ,)  which  is  an  element  of  the  same  matrix  as 
in  (A 32).  Since  V  is  an  arbitrary  test  function  and  the  shape  functions  U  are  linearly 
independent,  the  Green  function  G  and  A  are  related  by 

AG- -I.  ( A54) 
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Q.F.D. 


APPENDIX  D:  ENITARITY  AND  ZEROS 


I.  Proof  of  the  Existence  of  Transmission  Zeros 
In  this  section,  we  prove  that,  for  ail  energies. 

'  RS^  SI.  I  , 


lr5  ~ 


iRL 


(Bl) 


which  ensures  the  existence  of  transmission  zeros. 

Let  a  =  rs  -  tfist-sLl Irl-  We  will  prove  (Bl)  by  demonstrating  that  aa 

f  RSt  i  rstRslsit'ftL  rS^RS^S^  RL 


*  =  1. 


oa  =  r«cro  -r 

t  RL^rl  t  rlL’rl 

T he  unitarity  of  the  scattering  matrix  requires: 

rLrL  +  iRLl'nL  +  t  SL^SL  =  b 
tRit-Ri  -t-  rnrn  -r  thst'RS  -  1. 
tsii-SL  tRSLRS  "C  rSrS  =  b 

.  and. 


ftL 


!  B2) 

.  B3) 

t  B4 ) 
!  B5) 


t  B6) 
i  B7) 
i  BS) 


+  IslIrs  -  0« 

rL^'si  +  =  0. 

tRit’sL  ~  rRlRS  T  —  (h 

We  now  substitute  (B7).  r*  f  =  —[rLt"SL  -r  tRLt‘RS),  into  the  third  term  ot  (B2)  and 

the  complex  conjugate  of  (BS).  rstRS  =  t  rRtfts)-  into  the  fourth  term  We 

define  d  as  the  sum  of  these  two  terms,  which  is  given  by, 

j  __  _  ^SLtn^RS  _  rStRStRLtSL 
^■RL^'rI  IrlL'rl 

_  ^t_hJjujRS_  -r  tRLtRsL’niJRS  tRLiSLt-RlJsL  +  rhi RSl RL^SL 
fRLt-Ri  t  RL^RL 

_  / •  ,  ■  t  -Ik  tRS[rLt’RL  -r  r’RtRL)  ,  dq\ 

=  LRStRS  -r  tSLtsLT  - - - - - • 


(RL*RL 


Substituting  it  back  into  iB2)  and  using  (B5)-(B6)  gives: 


r>a*  =  r5r*  -f  +  ~r 


L  RstRstsLt'sL  .  tSLtRS\rL^RL  ~  rRtRL> 


=  l 


ffu 3'rl 

tRst’RstsLtsL  ■  tRL^S{~isLtRs) 


tRL.t-1 


RL 


IrlIrL 


IrlL 


RL 


l  BIO) 


Q.E.D. 


2.  Proof  of  the  Existence  of  Transmission  Ones  in  Symmetrical  Structures 
In  this  section,  we  prove  that,  for  a  symmetrical  structure, 

Ls Lt-SL  I 


re  - 


rL 


( B 1 1 ) 


which  ensures  the  existence  of  transmission  ones. 

Instead  of  proving  7rl  —  1  directly,  we  prove  =  0.  which  implies 

tsLtSL 


A  -  rs  - 


rL 


(B12) 


If  the  modulus  of  the  r.h.s.  is  one,  which  is  condition  ( B 1 1 ) ,  zeros  in  reflection,  and 
thus  ones  in  transmission,  must  exist. 

Let  a=rs  —  t$itsL/rL-  Condition  t, B 1 1 )  then  requires  |a|  =  1,  which  we  will  prove 
by  demonstrating  that  qq"  =  1. 


uq  =  r$r  c  + 


.  \hl\  ~  rst‘sLrL  ~  '••■?(< st. )*rL 


\n\2 


:  b  i3) 


We  now  substitute  (B7),  r*d5£i  =  —  {rLt’SL  +  tRitRS),  into  the  third  term  of  (B13)  and 
'B7).  rLt‘SL  =  —(t.RitRS  -+■  r'stsL ).  into  the  fourth  term.  We  define  3  as  the  suiii  of 
these  two  terms,  which  is  given  by, 

~rS^SLrL  ~  rs(^s/.)*rL 


J  = 


Ft.  I 


ivs7.r  !rd'  -r  ^5-z, i 2  lr5 ] 2  4-  t  RLtRS{tSLr'L  +  rstmSL) 


\ri  I 
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( B 1 4 ) 


Substituting  it  back  into  lB13)  anti  using  1 13 7 i  gives. 


•/sXi4  -  -rs;‘ !  (.<!/,'  -  a  I*  \tnsi‘  ~  -hii.C  his  f 


uft  = 


—  'bs'L!2  ~  R5 1 1  _ 


>  I 


B151 


T; 


!fsf,i  *  ~  'rsi2  b“?L|2  -  ir/J*  'fl.s'F  -  'Fff.s'C 

—  t  4.  - ; - 

a;‘ 

(  sing  (  0 5 1  in  the  first  two  terms  of  the  above  numerator,  and  )  133)  in  the  iast  two 
terms,  yields 

!  fsz.  i 1  1  1  ~  1  f  RS  i 2  )  —  !  t  RS 1 2  (  1  —  I  hsL  i  ) 


QCl’  =  1 


rL  I 


t  B 16) 


=  1 


i ! tsi\‘  ~  \1rs\‘ 


For  symmetrical  systems.  -.IslI’  -  hish  •  which  proves  1 13 1 1 ) .  I  he  symmetrical 
structures  shown  in  Figs.  1-7  possess  transmission  ones. 

For  the  non-symmetrical  structures  shown  in  Figs.  9-10.  'fsLi'  -  F/<sF-  ana  no 
transmission  ones  exist.  Condition  iBll)  is  not  satisfied  in  this  case. 


APPENDIX  C:  SCATTERING  MATRIX 

Here,  we  show  that  our  result  for  the  scattering  matrix  in  thin  wire  networks, 
which  we  derived  in  section  IV. A.  is  a  special  case  of  previous  work  in  which  the 
coupling  of  a  ring  to  a  lead  was  studied  [38.41.  12).  It  was  shown  in  Ref.  38)  that 
i  lie  scattering  matrix  is  determined  by  three  parameters  in  the  form. 


1 -<a-rh)  tF2 


.1/2 


f  1/2 


a  b 

b  a 


(Cl) 


Fnitarity  imposes  the  following  constraints. 


:  a  +  h  r  +  2c  -  1. 


a  ‘  +  b~  —  e  =  1 . 


(C2) 

(C3) 
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['he  parameter  e.  which  ranges  between  0  <  <  <  1/2.  measures  the  strength  of  the 
oupling  between  the  lead  and  the  ring.  A  completely  detached  ring  corresponds  to 


i  =  i).  anti  maximum  coupling  is  assumed  to  occur  for  c  =  1/2. 

However,  we  noted  in  previous  work  [12]  that  the  strongest  coupling  occurs  for 
'  =  -Id)  land  not  for  r  =  1/2).  According  to  iC2)  and  ( C 3 ) ,  t  =  1/9  corresponds 
to  the  following  values  for  the  other  two  parameters,  a  =  —1/3  and  b  =  2/3.  The 
resulting  scattering  matrix  for  these  values  of  a  and  b  is  exactly  the  one  derived  by 
us  in  section  IV. A,  i.e.  eqn.  (20).  We  conclude  that  our  choice  of  the  matching 
conditions  at  the  branch  point  leads  to  a  scattering  matrix  which  is  a  special  case  of 
Hie  general  form  (Cl)  for  the  parameter  value  c  =  4/9. 
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FIGURE  CAPTIONS 


Figure  1.  Schematic  diagram  of  resonator  structures  coupled  ro  two  leads:  u| 
'hows  an  incident  wave  from  the  left  with  its  transmitted  and  reflected  components; 

■  b)  presents  typical  resonator  structures,  such  as  double  barriers,  t-stubs.  and  loops; 

:  he  snaded  boxes  on  the  waveguides  represent  potential  barriers. 

Figure  2.  Transmission  coefficient  for  a  double-barrier  resonant  tunneling  struc¬ 
ture  which  is  schematically  depicted  in  the  inset  (Vo  —  0.2eV,  V'w  =  O.leV’,  L  — 
40 nm.andb  —  onm  j;  (a)  shows  the  transmission  probablilitv  on  the  real-energy  axis, 
and  ib)  shows  a  contour  plot  of  the  absolute  value  of  the  transmission  amplitude  in 
’  he  complex-energy  plane. 

Figure  4.  Phase  of  the  transmission  amplitude  for  double-barrier  resonant  tun¬ 
neling  for  the  same  structure  as  in  Fig.  2:  (a)  shows  the  phase  of  the  transmission 
amplitude  on  the  real-energy  axis,  and  (b)  shows  a  contour  plot  of  the  phase  in  the 
complex-energy  plane. 

Figure  4.  Charge  accumulated  in  the  well  region  for  double-barrier  resonant 
tunneling  for  the  same  structure  as  in  Fig.  2. 

Figure  5.  Schematic  drawing  of  a  waveguide  with  a  resonantly-coupled  cavity:  (a) 
"tiows  a  wire  branch  with  incoming  and  outgoing  waves  outside  the  junction  region, 
which  is  indicated  by  the  dashed  box;  (b)  shows  a  resonant  t-stub  which  is  obtained 
by  closing-olf  the  side  arm. 

Figure  6.  Schematic  representation  of  the  condition  for  the  existence  of  transmis¬ 
sion  zeros,  which  occur  when  both  phasors  coincide  on  the  unit  circle. 

Figure  7.  Transmission  coefficient  for  the  strongly-coupled  t-stub  structure  which 
is  schematically  depicted  in  the  inset:  (a)  shows  the  transmission  probability  on  the 
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roai-energv  axis,  and  ( b )  shows  a  contour  plot  of  the  absolute  value  of  the  transmission 
amplitude  in  the  complex-energy  plane. 

Figure  S.  Phase  of  the  transmission  amplitude  for  the  strongly-coupled  t-stub 
i same  parameters  as  in  Fig.  71:  (a)  shows  the  phase  of  the  transmission  amplitude  on 
the  real-energy  axis,  and  lb)  shows  a  contour  plot  of  the  phase  in  the  complex-energy 
plane.  Note  the  existence  of  zero-pole  pairs. 

Figure  9.  Transmission  coefficient  for  the  weakly-coupled  t-stub  structure  which 
is  schematically  depicted  in  the  inset;  (a)  shows  the  transmission  probability  on  the 
real-energy  axis,  and  ( b )  shows  a  contour  plot  of  the  absolute  value  of  the  transmission 
amplitude  in  the  complex-energy  plane. 

Figure  10.  Wave  functions  in  the  stubs  corresponding  to  the  lowest  transmission 
zero  (solid  line)  and  transmission  one  (dotted  line)  for  the  t-stub  structures  shown 
in  the  insets;  (a)  strongly  coupled  t-stub  (same  parameters  as  in  Fig.  7).  and  (h) 
weakly-coupled  t-stub  (same  parameters  as  in  Fig.  9). 

Figure  11.  Wave  functions  in  the  stubs  corresponding  to  the  second  lowest  trans¬ 
mission  zero  (solid  line)  and  transmission  one  (dotted  line)  for  the  t-stub  structures 
shown  in  the  insets;  (a)  strongly-coupled  t-stub  (same  parameters  as  in  Fig.  i  ).  and 
ib)  weakly-coupled  t-stub  (same  parameters  as  in  Fig.  9). 

Figure  12.  Charge  accumulated  in  the  stubs  for  the  structures  shown  in  the  insets; 
i a)  strongly-coupled  t-stub  (same  parameters  as  in  Fig.  7).  and  (b)  weakly-coupled 
t-stub  (same  parameters  as  in  Fig.  9);  the  arrows  indicate  the  position  of  the  poles 
which  correspond  to  the  quasi-bound  states. 

Figure  13.  Transmission  coefficient  for  the  weakly-coupled  t-stub  structure  which 
is  schematically  depicted  in  the  inset;  (a)  shows  the  transmission  probability  on  the 
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reai-enerey  axis,  and  I  b)  shows  a  contour  plot  o:  the  absolute  vaiueof  the  transmission 
amplitude  :n  t tie  complex-energy  plane. 

figure  14.  Transmission  coefficient  of  the  weakly-coupled  t-stub  structure  which 
is  schematically  depicted  in  L he  inset:  la)  shows  the  transmission  probability  on  the 
real-energy  axis,  and  ( b)  shows  a  contour  plot  of  the  absolute  value  of  the  transmission 
amplitude  in  the  complex-energy  plane. 

Figure  15.  Transmission  coefficient  for  the  weakly-coupled  t-stubs  shown  in  Fig. 
14  for  different  separations  between  the  two  tunneling  barriers  on  the  transmission 
channel,  which  are  4.6.Snm  for  i  a),  (b).  and  ic).  respectively:  the  left  column  shows 
'he  transmission  probability  on  the  real-energy  axis,  and  the  right  column  shows  a 
contour  piot  of  the  absolute  value  of  the  transmission  amplitude  in  the  complex-energy 
plane:  part  lai  is  for  the  same  parameters  as  in  Fig.  14. 

Figure  16.  Phase  of  the  transmission  amplitude  of  the  weaklv-coupled  t-stub  for 
the  same  parameters  as  in  Fig.  15(b):  (a)  shows  the  phase  change  of  transmission 
amplitude  on  the  real-energy  axis,  and  part  lb)  shows  a  contour  plot  of  the  phase  in 
the  complex-energy  plane. 

Figure  17.  Transmission  coefficient  for  the  asymmetrical  t-stub  structure  which 
is  schematically  depicted  in  the  inset:  : a)  shows  the  transmission  probability  on  the 
real-energy  axis,  and  ( b)  shows  a  contour  plot  of  the  absolute  value  of  the  transmission 
amplitude  in  the  complex-energy  plane. 

Figure  18.  Transmission  coefficient  for  the  asymmetrical  t-stub  structure  which 
:s  schematically  depicted  in  the  inset:  (a;  shows  the  transmission  probability  on  the 
real-energy  axis,  and  I  b)  shows  a  contour  plot  of  the  absolute  value  of  the  transmission 
amplitude  in  the  complex-energy  plane. 

Figure  15.  Transmission  coefficient  for  the  strongly-coupled  symmetrical  loop 


which  is  schematically  depicted  in  the  inset:  iai  shows  the  transmission  probability 
mii  the  real-energy  axis,  arid  (hi  shows  a  contour  plot  of  the  absolute  value  of  the 
transmission  amplitude  in  the  complex-energy  plane. 

Figure  20.  Transmission  coefficient  for  the  stronglv-coupled  asymmetrical  loop 
which  is  schematically  depicted  in  the  inset:  (al  shows  the  transmission  probability 
on  the  reai-energy  axis,  and  (b)  shows  a  contour  plot  of  the  absolute  value  of  the 
transmission  amplitude  in  the  complex-energy  plane. 

Figure  21.  Wave  functions  for  the  strongly-coupled  loop  structures  shown  in  Figs. 
11)  and  20;  Bi  and  13  r  denote  the  branch  points  at  the  left  and  right,  respectively; 
i  at  wave  function  for  the  lowest  bound  state  in  the  symmetrical  loop  which  results 
;n  a  transmission  one;  (b)  wave  function  for  the  lowest  quasi-bound  state  in  the 
^asymmetrical  loop  which  results  in  a  transmission  zero. 

Figure  22.  Charge  accumulated  in  the  strongly-coupled  loops  shown  in  Figs.  19 
and  20:  (a)  symmetrical  loop,  and  lb)  asymmetrical  loop.  The  arrows  indicate  the 
position  of  the  corresponding  poles. 

Figure  23.  Transmission  coefficient  for  the  weakly-coupled  symmetrical  loop 
which  is  schematically  depicted  in  the  inset;  fa)  shows  the  transmission  probabil¬ 
ity  on  the  real-energy  axis,  and  (b)  shows  a  contour  plot  of  the  absolute  value  of  the 
transmission  amplitude  in  the  complex-energy  plane. 

Figure  24.  Transmission  coefficient  for  the  weakly-coupled  asymmetrical  loop 
which  is  schematically  depicted  m  the  inset:  fa)  shows  the  transmission  probability 
on  the  real-energy  axis,  and  (b)  shows  a  contour  plot  of  the  absolute  value  of  the 
transmission  amplitude  in  the  complex-energy  plane. 
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|  We  report  on  a  numencal  study  of  the  potential  profile  and  energy  states  of  lateral  p-n  junctions 
at  the  GaAs/AIGaAs  interface.  The  junctions  anse  from  the  amphotenc  nature  of  Si  doping 

Idunng  molccular-beam  epitaxial  growth  on  {100}  versus  {111}  surfaces  and  have  been 
previously  realized  experimentally  through  selective  chemical  etching.  We  find  that  the 
occurrence  of  a  lateral  p-n  junction  is  sensitive  to  the  doping  of  the  overlayer  and  for  Si  doping 
concentrations  less  than  5  X  1017  cm-3  in  Al^Ga^As,  the  p-n  junction  vanishes.  We  have 

(studied  the  formation  of  a  quantum  wire  in  a  V-groove  structure  and  show  that  a 
cne-dimensional  system  is  in  fact  formed  which  may  be  controlled  by  the  reverse  bias  applied 
between  the  n  and  p  regions. 


^INTRODUCTION 

During  moiecuiar-beam  epitaxial  (MBE)  growth  of  GaAs 

Id  AlGaAs,  Si  doping  is  observed  to  be  amphotenc  de¬ 
eding  on  the  substrate  orientation.  While  growth  on 
:20}  surfaces  invariably  leads  to  n-type  doping,  Ballingail 
Wood  observed  both  n-  and  p-type  clectncal  behavior 
■  ■■  i  10}  surfaces  depending  on  the  growth  temperature.’ 
Ptype  behavior  has  been  reported  for  {.V]1}A  (,V 
-  1.2,  surfaces  (Ga  terminated)  while  n  type  is  found 

I  growth  on  GaAs  {.VI  l}B  surfaces  (As  terminated).2-1 

is  behavior  in  the  case  of  { 1 1 1  }A  surfaces  may  be  un- 
-erstood  from  the  preferential  incorporation  of  Si  onto  As 

fiat  lice  sites  where  Si  behaves  as  an  acceptor,  rather 
n  the  more  energetically  favorable  incorporation  of  Si 
mo  Ga  sublattice  sites  where  it  behaves  as  a  donor) 

red  in  most  cases. 

Through  the  use  of  selective  chemical  etching,  it  is  pos- 
le  to  rioduce  t '111/A  facets  on  {100}  surfaces.  With 
e"i!.i\iai  recrowth.  one  may  then  obtain  regions  of  both  n- 
■  t  .t- type  doping  on  the  same  surface.  This  idea  was  used 
9  Miller  to  fabricate  lateral  GaAs  p-n  junctions  which 
remonstrated  good  diode  I-V  characteristics.  Using  St- 

Ined  Ai  -.Gao-As  rather  than  GaAs  during  epitaxial  re- 
;wth.  Ebner  et  al.'  reported  electroluminescence  corre- 
■  rending  to  the  GaAs  quantum  well  band  gap,  suggesting 

t  existence  of  a  quasi-two-dimensional  (2D)  p-n  junc- 
i  at  the  corrugated  GaAs/AIGaAs  interface.  The  ability 
Moncate  lateral  p-n  junctions  between  high  mobility  2D 
^ie  tnu  electron  gases  allows  for  a  variety  of  novel  com- 
Bmenurv  device  structures,  V-groove  structures  have 
Ten  reported  in  the  literature  which  resuit  in  quantum 
"■ire  structures  that  may  oe  employed,  for  example,  in  one- 

tiensional  (  ID)  semiconductors. !>"i  By  utilizing  ampho- 
it.  Si  in  such  a  V-groove  structure,  a  lateral  p-n-p  quan- 
1  a m  wire  may  be  realized.'  This  novel  way  of  fabricating  a 

t ntum  wire  structure  with  lateral  n-p  junctions  may  of- 
some  advantages  compared  to  present  unipolar  struc¬ 


tures  which  use  metal  gate  electrostatic  confinement  or 
sidewall  etching  (see.  e  g.,  Ref.  10). 

We  have  theoretically  investigated  the  properties  of 
such  quast-2D  p-n  junctions  for  various  layer  structures 
and  doping  conditions.  Using  a  2D  finite-element  method, 
we  determine  the  potential  landscape,  and  the  electron  and 
hole  charge  densities  at  the  interfaces  by  solving  Poisson  s 
equation  within  a  semiclassical  Thomas-Fermt  screening 
model.  Given  a  certain  potential  profile,  wc  then  solve 
Schrodtngers  equation  for  the  quantized  electron  and  hole 
states  at  the  neterointerfaces  in  one  spatial  dimension.  We 
discuss  the  design  of  a  novel  quantum  wire  structure  at  the 
comer  of  an  etched  and  overgrown  V  groove  as  mentioned 
above.  Among  the  interesting  properties  of  suen  a  quantum 
wire  structure,  are  the  coexistence  ot  quast-2D  electron 
and  hole  states  next  to  a  quasi- ID  electron  or  hole  system. 


II.  MODEL  SYSTEM 

The  model  geometry  for  the  study  of  lateral  p-n  junc¬ 
tions  is  schematically  depicted  in  Fig  i  A  500  A  thick 
layer  of  Si-dopeo  Al,  iGa,)  :As  is  overgrown  on  a  semt- 
insulating  GaAs  substrate  with  an  etched  V  groove.  The 
substrate  terminates  in  a  (  100)  plane,  whereas  the  side- 
walls  of  the  V  groove  are  members  of  the  \  1 1 1 }  family  of 
planes.  The  angle  between  the  ( 100)  and  ('  1 1  i  )A  plane  is 
54  74’.  As  shown  m  Fig.  I,  rr-type  doping  is  present  for  the 
i  100)  plane,  and  p-type  doping  for  the  {111}  planes.  The 
composition  and  layer  thicknesses  are  chosen  to  match 
those  used  bv  Ebner  er  u/.5  in  fabricating  a  lateral  light 
emitting  structure.  Also  shown  is  the  heterointerface  be¬ 
tween  GaAs  and  AlGaAs.  For  suitable  doping  conditions, 
a  2D  electron  and  hole  gas  (  2DEG  and  2DHG,  respec¬ 
tively)  forms  along  this  interlace. 

We  study  the  potential  profile  in  equilibrium  for  this 
spatially  2D  model  geometry.  Within  a  Thomas-Fermi 
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m 

/  p-n  .1  unction 


i  ■  -  :  scr.enatic  diagram  .1  :!;c  m-Xci  tCGnc* r. 

-crccmne  model,  the  electrostatic  potential  -:><  r-  deter¬ 
mines  tne  Cistrioution  ot  charge  and.  as  a  .c-n>euueitce.  the 
and  henoina  resuittne  from  l*<':>son  s  equation. 


•'he  cnaracieristies  ot  the  oslTetent  ntatertais  enter  through 
■".e  doping  densities  and  the  oand  oiscontinutt'es  at  the 
neterointerfaces.  The  amphoteric  Si-doping  densities  con¬ 
tribute  .n  the  p-type  layers  and  .V,'  m  the  »;-type  iay- 
■ts  t'omriete  ionization  ot’  the  impurities  is  assumed.  The 
electron  and  hole  densities  are  denoted  by  /it  >■)  and  pyr). 
respectively.  For  degenerate  statistics,  the  electronic 
haree  density  ts  given  bv  the  Fermt-Dirac  integral  of  or- 
,:cr  I  2.  •: i  >•  t  =  .V.(  -•  2)F.  ;(  t>).  where  v  is  the  energy 
-eonration  between  the  local  conduction  banu  edge  £',(n 
aiM  the  Perm:  level  E,  measured  in  units  of  s  „7',  n 
=  -  ■  E,  -  E?i/kt,T.  A  similar  relationship  applies  for 
•tie  hole  density  All  our  calculations  are  pertormed  for 
: -mm  temperature. 

We  aiso  study  tne  quantum-conrined  electronic  states  at 
■he  iteterointenaces  by  solving  the  Schrodinger  equation 
for  a  given  potential  landscape.  We  are  particularly  inter¬ 
ested  in  tne  formation  of  2DEGs  and  2DHGs  at  the  inter¬ 
faces  between  the  substrate  and  the  overgrown  layer.  To 
this  end.  we  solve  Schrodinger  s  equation  :n  the  direction 
perpendicular  to  the  heterointerfaces  for  the  potential 
which  we  obtain  from  Poisson  s  equation, 

yd 

~g — r  V2d'(r)  —  [  V(r)  -e<s(r)  }-Mr)  =  £il'(r ).  (2) 

am 

Here.  !  'r)  includes  external  potentials  and  band  offsets, 
me  Cwr,1  is  the  electrostatic  potential  obtained  from  Peis- 
sdn  s  eouation. 


III.  NUMERICAL  METHOD 

The  determination  of  the  2D  conduction  and  valence 
’■>and  potential  distribution  is  a  challenging  numerical 
problem,  because  of  the  complicated  geometry  and  the  dif- 
’erent  spatial  scales  in  the  problem.  The  size  ot  the  fabri¬ 
cated  structure  is  on  the  order  of  several  microns,  while 


■.car  the  hetcromien3cc  the  potential  profile  changes  rap.  jp 
;j!y  over  a  few  nanometers  Tins  :  c.: cures  a  ittghlv  r.onuni. 
form  end  which  is  coarse  in  the  buik  ana  very  tine  ciose  to  «■ 
Tie  interfaces  and  in  the  overgrown  layer.  This  nonuniform  B 
•;esn  is  aiso  designed  to  preserve  the  angle  between  ervs- 
inogiapme  airec'.tons  throughout  me  structure. 

We  use  the  finite  -element  method  and  Newton-Ramson  I 
iteration  to  solve  the  nonitnear  Pot«on  equation  within  a  ® 
[T.omas-Fermi  screening  model  Vnn-Neuman  and  Di- 
ricniet  boundary  conditions  are  used  at  the  edge  of  the  B 
problem  domain.  Far  tnside  the  sup-urate.  the  potential  is  B 
tixea  at  a  value  set  bv  the  background  doping  and  by  the 
requirement  of  space  charge  neutrality  in  the  bulk.  The  ■ 
potential  at  the  AH -Gao -As  yi00v  and  till}  surfaces  is  B 
assumed  to  be  pinned  due  to  surface  states  at  the  usual 
•  aiue  of  0.8  eV  t. separation  between  the  conduction  band™ 
edge  and  the  Fermi  level;.  Dtrtchlet  boundary  conditions B 
at  the  ieft  and  right  -ides  ot  the  solution  domain  force  the™ 
potential  m  be  hat.  which  simulates  invariance  along  the 
heterotnierfaces  tar  trom  the  p-e  unctions  Our  domain  isB 
a  aonumtorm  triangular  mesh  win  hrst  order  finite  eie-® 
ment  Chapeau  basts  functions  We  r-ically  use  a  mesh  of 
...'■proximately  a500  nodes  in  wine:',  me  largest  element  farB 
from  the  heterointerface  has  an  urea  oi  2  ■  ;:J  anaB 
tne  smallest  element  close  to  the  heterointerface  has  an 
area  of  '0  A’  M 

The  finite  element  method  results  in  a  large  system  of® 
linear  equations  for  the  unknown  potential  at  each  nodal 
point.  We  employ  band  width  optimization  and  sparse  ma-— | 
tn\  methods  for  an  efficient  numerical  solution  A  stan-B 
Jard  LU  decomposition  method  :s  used  lo  sc’ive  the  iinear™ 
system  after  it  has  been  reduced  to  ssyiine  band-sv  mmetrtc 
'orm  Most  numerical  computations  are  performed  on  afl 
Convex  C-2.  The  solution  ot'  Poisson's  equation  tvpicallvB 
takes  925  s  of  CPU  lime 

We  also  solve  Schrodinger  s  equation  for  the  resulting® 
potential  profiles.  Solutions  are  found  for  the  ID  problerrjj 
perpendicular  to  the  heterointerfaces  This  gives  us  infor¬ 
mation  regarding  quantum  connnement  in  the  2DEG  and* 

:dhgs.  I 


IV.  LATERAL  2D  p-n  JUNCTION  g 

We  now  concentrate  on  the  portion  of  our  model  struc¬ 
ture  which  is  shaded  and  labeled  "p-n  Junction"  in  th^ 
schematic  drawing  of  Fig.  1.  Depending  upon  the  dopinB 
densities  tn  the  overgrown  AlGaAs  layer,  the  (100)  arnP 
•  111)  heterotnierfaces  may  display  2D  electron  and/or 
hole  systems,  respectively  A  lateral  p-n  junction  will  forrB 
if  the  Si-doping  density  is  high  enough  to  produce,  at  th® 
same  time,  2D  electron  and  hole  systems  along  the  hetero- 
interfaces.  fl| 

Figure  2  shows  the  band  profiles  at  the  n  side  of  thB 
P~n  junction  in  the  direction  perpendicular  to  the  hetero- 
mterface  for  several  values  of  the  Si-doping  density  Showto 
are  the  conduction  and  valence  band  edges,  and  the  FerrrB 
level  is  displayed  as  the  dotted  line.  As  can  be  seen,  a  2IW 
electronic  system  forms  for  doping  densities  higher  than 
Al03Ga07As.  Figure  3  shows  the  corresponding  informB 
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A  f  Band  diagrams  on  ihe  n  side  of  (he  lateral  p-n  luncuon  for  several 
Bine  concenirauons  The  solid  line  represems  (he  conduclion  band,  (he 
™ned  ime  ihe  valence  band,  and  the  dolled  line  the  Fermi  level 


Fig  4  Band  diagrams  along  the  p-n  mnenon  for  several  doping  concen- 
(ralions.  The  solid  line  represems  the  conduction  band,  ihe  dashed  line 
(he  valence  band,  and  the  dotted  line  The  Fermi  level. 


|n  :cr  r.oies.  The  potential  pretiles  are  now  plotted  in  a 
erection  perpendicular  to  a  {111}  plane.  Again,  a  2D 

Ie  system  emerges  for  doping  densities  in  excess  of 
10'  cm  '  Figures  2  and  3  illustrate  the  existence  of 
•  UJSI-2D  carriers  lar  from  the  lateral  p-n  junction.  The 

«o  diagrams  in  Figs.  2  ana  3  are  snown  at  a  distance  of 
ut  2  urn  from  the  junction  which  is  sufficiently  far  to 
ure  invariance  of  these  profiles  with  distance. 

Figure  4  demonstrates  the  lateral  p-n  junction.  Figure  4 

tws  the  conduction  and  valence  band  edges  in  a  direc- 
aiong  the  i  100)  and  (111)  heterointerfaces.  respec- 
vc.\  The  transition  from  p-  to  //-type  doping  occurs  at 

Id.  Negative  values  of  the  distance  x  correspona  to  the 
!  ■  interface,  and  positive  values  to  the  '■  100)  interface, 
file  emergence  of  a  p-n  junction  is  cleariy  visible  as  the 
Kina  density  increases  to  levels  -.treater  ihan  3  <  !0‘ 
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«  vuncenuaiions.  Hie  iolid  line  represents  i;>c  conduction  band,  ihe 
:jsRed  !mc  the  valence  band,  and  the  dotted  ime  the  Fermi  level 


cm'  The  transition  from  p-  to  /i-type  behavior  occurs 
over  a  distance  of  about  0.25  um. 

We  also  determined  the  energies  of  the  quantum- 
confined  states  at  the  n  side  by  solving  Schrodinger's  equa¬ 
tion  for  the  band  profiles  shown  in  Fie  2.  For  a  doping 
concentration  of  I  X  I0IS  cm  "  .  we  find  the  following  val¬ 
ues  of  the  energies  for  the  lowest  three  eigenstates  which 
are  localized  in  the  channel:  0.034,  0  060,  and  0  084  eV. 


V,  LATERAL  V-GROOVE  QUANTUM  WIRE 
STRUCTURE 

As  discussed  earlier,  a  V-groove  etch  mav  be  used  to 
define  a  quantum  wire  structure  cased  on  ihe  orientation- 
dependent  properties  of  Si  during  MBE  growth  We  con¬ 
sider  the  structure  shown  in  Fig  1  where  a  noten  has  been 
formed  using  an  anisotropic  etch  leaving  ( I  1  1 } A  surfaces 
on  the  sidewalls,  and  a  i  100)  ut  the  bottom  of  the  trench. 
The  A  I,;  -,Ga,,  As  overlayer  is  assumed  to  be  doped  alter¬ 
nately  n  and  p  type  i. compare  Fig  I ) 

The  solution  domain  for  the  investigation  of  the  quan¬ 
tum  wire  is  shown  in  Fig.  I  by  the  hatched  area  which  is 
labeled  "WIRE."  Figure  5  shows  the  mesh  used  for  the 


Fig.  5,  Tne  mesh  used  for  ihe  calculation  of  the  poiennal  defining  ihe 
Quantum  wire  simnure.  - 
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T'G  5  Band  diagrams  along  the  p-n-p  junction  for  several  doping  con- 
centrations  and  lengths  of  the  n-iypc  section  The  solid  line  represents  the 
conduction  band,  the  dashed  line  the  valence  rand,  and  the  dotted  line  the 
Fermi  .evel 


.aiculation  of  -.he  potential  landscape.  Note  the  extreme 
detail  close  to  the  heterointerfaces  This  mesh  contains 
S500  nodal  points. 

The  resuiting  potential  suifice  for  a  doping  concentra¬ 
tion  of  1  x  I0's  cm -  ’  is  displayed  in  Fig.  b.  Note  the  strong 
hand  bending  at  the  center  which  forms  the  wire  and  the 
■Acak  potential  variation  in  the  bulk  GaAs  region.  A  con¬ 
tour  plot  of  the  same  potential  landscape  is  shewn  in  Fig. 
'  winch  shows  a  ciosc-up  view  of  the  center  /:-type  region. 

Figure  s  shows  the  band  diagram  for  the  p-n-p  junction 
for  various  lengths  vT  the  ( 100)  n-type  region  (denoted  L) 
and  doping  concentrations.  The  origin  of  the  horizontal 
axis,  which  denotes  distance,  is  chosen  to  be  in  the  center 
of  the  .'.’-type  region.  Note  that  a  wire  forms  for  a  length  of 
1000  A,  since  the  conduction  band  approaches  the  Fermi 
level.  If  the  central  n-type  region  is  shortened,  the  wires 


tg.  6. 


disappears  due  to  side  depletion  from  the  adjacent  p-type 
regions.  This  is  shown  to  occur  for  a  length  of  L  =  750  A 


VI.  CONCLUSIONS 

We  have  demonstrated  the  existence  of  lateral  p-n  junc¬ 
tions  on  corrugated  GaAs/AlGaAs  interfaces.  The  n-  and 
p-iype  behavior  is  made  possible  by  the  amphoteric  nature 
of  St  dopants  as  a  function  of  crystallographic  plane  orien¬ 
tations.  At  V-grooves  etched  into  a  semi-insulating  GaAs 
substrate,  a  p-n  junction  forms  at  the  intersection  of  ( 100) 
and  {111}  pianes  if  the  doping  in  the  overlayer  exce  ,s 
5 X  10*'  cm“J  We  have  aiso  demonstrated  the  possibility 
of  basing  this  system  for  the  design  of  quantum  wires 
which  may  form  at  the  bottom  of  the  V  groove.  We  find 
that  a  quantum  wire  is  to  be  expected  in  this  p-n-p  struc¬ 
ture  for  a  length  of  the  n-type  region  on  the  order  of  1000 
A  and  a  doping  density  of  1  X  lo'4  cm  " J 
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Lateral  p-n  junctions  and  quantum  wires  formed  by  quasi  two-dimensional 
electron  and  hole  systems  at  corrugated  GaAs/AIGaAs  interfaces 
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We  report  the  results  of  modeling  lateral  p-n  junctions  and  p-n-p  quantum  wire  structures  at 
corrugated  GaAs/ AIGaAs  interfaces,  using  the  surface  orientation  dependent  amphoteric 
nature  of  Si  doping.  We  determine  the  potential  landscape  and  the  electron  and  hole  charge 
densities  within  a  setmclassical  Thomas-Fermi  screening  model,  and  then  solve  the 
two-dimensional  Schrddinger  equation  using  finite  elements  for  the  quantized  electron  and  hole 
states  at  the  heteromterfaces.  We  demonstrate  the  formation  of  a  one-dimensional  electron 
system  confined  between  two  lateral  p-n  junctions,  and  discuss  the  advantages  of  this  structure 
compared  to  conventional  electrostatic  confinement  schemes  for  fabricating  quantum  wires. 


Recent  studie*  have  shown  that  Si  acts  as  an  am¬ 
photeric  dopant  depending  on  substrate  orientation  dunng 
molecular  beam  epitaxial  growth  of  GaAs  and  AIGaAs.  In 
particular,  growth  on  {100}  surfaces  invariably  leads  to 
n-type  doping,  while  p-tvpe  behavior  has  been  reported  for 
Ga-ternunated  { 1 1 1 } A  surfaces.  These  findings  have  led  to 
the  investigation  of  lateral  p-n  junctions  at  selectively 
etched  and  epitaxially  regrown  V  grooves  consisting  of 
{ 1 1 1 } A  facets  on  { 100}  surfaces.  Miller3  demonstrated  the 
feasibility  of  lateral  GaAs  p-n  junctions  which  exhibited 
good  diode  current-voltage  characteristics.  By  using  Si- 
doped  AlojGa^As  rather  than  GaAs  dunng  epitaxial  re¬ 
growth.  one  may  also  realize  a  lateral  p-n  junction  between 
quasi-two-dimensional  electron  and  hole  systems  at  the 
corrugated  GaAs/AIGaAs  interface.  Ebner  ere/.3  demon¬ 
strated  electroluminescence  corresponding  to  the  GaAs 
quantum  well  band  gap  in  such  a  system,  and  Harbury 
et  al.  5  reported  calculations  which  confirmed  the  existence 
of  a  lateral  p-n  junction  between  two-dimensional  electron 
and  hole  gas  systems  for  Si  doping  densities  in  excess  of 
5  X  10"  cm 

The  ability  to  fabricate  lateral  p-n  junctions  between 
high  mobility  two-dimensional  hole  and  electron  gases  al¬ 
lows  for  a  variety  of  novel  complementary  device  struc¬ 
tures.  In  previous  studies.  V-grooves  have  been  employed 
for  the  design  of  quantum  wires.'"10  By  utilizing  ampho¬ 
teric  Si  in  such  a  V-groove  structure,  a  novel  quantum  wire 
system  may  be  realized  at  lateral  p-n-p  junctions. 1 1  This 
new  way  of  fabricating  a  quantum  wire  with  lateral  p-n 
junctions1*  may  offer  some  advantages  compared  to 
present  unipolar  structures’3  which  use  metal  gate  electro¬ 
static  confinement  or  sidewall  etching. 

In  this  letter,  we  report  our  results  of  modeling  both 
lateral  p-n  junctions  and  lateral  p-n-p  quantum  wire  struc¬ 
tures  at  corrugated  GaAs/AIGaAs  interfaces  We  deter¬ 
mine  the  potential  landscape  and  the  electron  and  hole 
charge  densities  by  solving  Poisson’s  equation  within  a 
senuclassical  Thomas-Fermi  scieemng  model.  Given  a  cer¬ 
tain  potential  profile,  we  then  solve  Schrudinger’s  equation 
for  the  quantized  states  at  the  heteromterfaces.  Among  the 


interesting  properties  of  such  structures  are  the  coexistence 
of  quasi-two-dimensional  electron  and  hole  states  next  to  a 
quasi-one-dimensional  electron  or  hole  system. 

Figure  1  shows  a  schematic  drawing  of  the  model  cor¬ 
rugated  GaAs/AIGaAs  interface.  The  composition  and 
layer  thicknesses  are  similar  to  those  used  by  Ebner  et  aL 3 
in  fabneatmg  a  lateral  light  emitting  structure.  A  SO  nm 
thick  layer  of  Si-doped  Al03Ga07As  is  overgrown  on  a 
semi-insulating  GaAs  substrate  with  an  etched  V-groove. 
The  substrate  terminates  in  a  (100)  plane,  whereas  the 
sidewalls  of  the  V-groove  are  members  of  the  { 11 1}A  fam¬ 
ily  of  planes.  As  indicated  in  Fig.  1,  n-type  doping  is 
present  for  the  (100)  layers,  and  p-type  doping  for  the 
(111)  layers.14  Also  shown  is  the  heterointerface  between 
GaAs  and  AIGaAs.  For  suitable  doping  conditions,  a  two- 
dimensional  electron  and  hole  gas  (2DEG  and  2DHG, 
respectively)  forms  along  this  interface. 

We  use  the  finite  element  method  and  Ncwton- 
Raphson  iteration  to  solve  the  nonlinear  Poisson  equation 
within  a  Thomas-Fermi  screening  model  for  room  temper¬ 
ature.  We  assume  surface  pinning  at  the  Al^jGa^As 
(100)  and  (111)  facets  (0.8  eV  separation  between  the 
conduction  band  edge  and  the  Fermi  level),  and  n-type 
background  doping  in  the  buik  of  lx  10' 3  cm"3  The  de¬ 
termination  of  the  two-dimensional  conduction  and  va- 
ience  band  edges  is  a  challenging  numerical  problem  which 
requires  a  highly  nonuniform  mesh  because  of  the  compli¬ 
cated  geometry  and  the  different  doping  denudes.  The  re¬ 
sulting  large  system  of  linear  equations  is  solved  utilizing 
band  width  optimized  sparse  matrix  methods.  We  also 
study  the  quantum-confined  electronic  states  at  the  hetcro- 
imerfaces  by  obtaining  solutions  of  the  two-dimensional 
Schrodingcr  equation  for  the  calculated  potential  land¬ 
scape. 

We  now  concentrate  on  the  portion  of  our  model  struc¬ 
ture  which  is  shaded  and  labeled  "p-r.  Junction"  in  the 
schemauc  drawing  of  Fig.  1  Depending  upon  the  doping 
densities  in  the  overgrown  AIGaAs  layer,  the  (100)  and 
till)  heteromterfaces  may  induce  two-dimensional  elec¬ 
tron  and/or  hole  systems,  respectively.  A  lateral  p-n  junc- 
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FIG  I  Schematic  diagram  of  the  model  geometry 


non  will  form  if  the  Si-doping  density  is  high  enough  to 
-umultaneouslv  produce  two-dimensional  electron  and  hole 
systems  along  the  heterointerfaces.  Figure  2  shows,  for  sev¬ 
eral  values  of  the  Si-doping  density  in  the  overlayer,  the 
calculated  conduction  band  profiles  at  the  n-side  of  the  p-n 
junction  in  the  direction  perpendicular  to  the  ( 100)  het- 
erointertace:  the  semiclassical  Fermi  level  defines  the  zero 
of  energy  and  is  shown  by  the  dashed  line.  The  inset  dis¬ 
plays  the  conduction  band  minimum  at  the  GaAs  side  of 
the  heterointerface,  and  a  quasi-two-dimensional  electron 
gas  forms  for  doping  densities  higher  than  5x  101  cm 
Similar  behavior  is  found  for  the  valence  bands  in  the  di¬ 
rection  perpendicular  to  a  (111)  interface.  Figure  3  dem¬ 
onstrates  the  existence  of  lateral  p-n  junctions  between 
ZDEGs  and  2DHGs  for  two  values  of  the  overlayer  doping 
density.  Plotted  are  the  conduction  and  valence  band  edges 
in  a  direction  parallel  to  the  ( 1 1 1 )  and  ( 100)  heterointer- 
faces,  respectively,  as  schematically  shown  in  the  inset. 
Negative  values  of  the  distance  correspond  to  the  (111) 
interface,  and  positive  values  to  the  (100)  interface.  The 
emergence  of  a  p-n  junction  is  clearly  visible,  and  the  tran¬ 
sition  from  p-  to  n-type  behavior  occurs  over  a  distance  of 
about  100  nm. 
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FIG  2.  Conduction  bsnd  profile  perpendicular  to  ihe  (  100)  interface  for 
different  vnlues  of  the  Si-doptng  density  in  the  overlayer  The  inset  shows 
he  variation  with  doping  of  (he  conduction  band  minimum  a(  (he  hei- 
eroimetlace. 
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FIG.  5  Band  diagram  for  the  lateral  p-n  junction.  Shown  are  the  con¬ 
duction  and  valence  bands  (for  two  values  of  the  doping  density)  along 
ihe  (111)  and  (100)  interfaces,  as  indicated  in  ihe  inset. 

At  the  base  of  the  V  groove,  a  nanow  ( 100)  n-type 
region  exists  between  two  (111)  p-tvpe  regions  which  re¬ 
sults  in  lateral  potential  confinement  in  addition  to  that  of 
the  heterojunction.  We  have  investigated  the  formation  ot 
a  ID  quantum  wire  in  the  n-region  by  solving  Poisson's 
and  Schrodinger’s  equations  in  the  solution  domain  shown 
tn  Fig.  1  by  the  hatched  area  which  is  labeled  "WIRE.” 
Figure  4  gives  the  band  diagram  for  the  p-n-p  junction, 
where  the  center  n-type  section  is  modeled  with  a  length  of 
£,  =  100  nm  an  he  overlayer  doping  is  chosen  to  be  1 
x  1018  cm”3.  T..e  conduction  and  valence  band  edges  are 
shown  at  the  GaAs  side  of  the  junction  and  in  a  direction 
parallel  to  the  heterointerfaccs.  Note  that  an  accumulation 
of  electrons  occurs  at  the  center  of  the  n-type  ( 100)  section 
where  the  conduction  band  moves  below  the  semiclassical 
Fermi  level,  which  ts  again  chosen  to  be  the  zero  of  energy 


FIG.  4  band  diagram  for  the  latent  p-n-p  siructure.  Shown  are  the 
conducuon  and  valence  bands  along  the  heteroutterficet  for  a  100  nm 
long  center  n-type  sec  *•  and  a  Si-doptng  density  of  1  x  10"  cm '  *.  The 
insets  show  front  and  s,Je  views  of  the  iwtvdtmenBcnaJ  conduction  band 
profile  The  potential  "pocket"  which  holds  the  quantum  wire  is  also 
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FIG.  5  Potential  variation  perpendicular  to  the  heterotmerface  (at  the 
-enter  of  the  n-tvpe  region)  for  the  twodimensional  conduction  band 
pronie  shown  in  Fig  a  The  insets  show  the  wave  functions  for  the  lowest 
iwo  quantum  wire  states,  wmch  are  connned  at  ihe  GaAs  side  of  the 
neleromterlace  (the  darter  lop  portion  of  the  mesh  corresponds  to  the 
niher-densuy  AlGaAs  overlaveri 

and  shown  as  the  dashed  line.  The  lateral  p-n  junctions  on 
both  sides  coniine  the  accumulated  electrons  in  the  direc- 
non  parallel  to  the  heterointertace.  A  better  perspective  of 
the  two-dimensional  potential  variation  can  be  gained  by 
the  insets  which  present  front  and  side  views  cf  the  two- 
dimensional  conduction  band  profile.  Note  the  dip  in  the 
center  which  defines  the  "pocket"  holding  the  electrons. 

Figure  5  shows  the  variation  of  the  conduction  band  in 
the  direction  perpendicular  to  the  hetcrointerface  at  the 
center  of  the  n-type  ( 100)  region.  The  sharp  dip  below  the 
semiclassical  Fermi  level  is  now  clearly  visible.  The  corre¬ 
sponding  solutions  to  the  two-dimensional  Schrodinger 
equation  for  the  ground  and  first  excited  one-dimensional 
subbands  are  shown  by  the  insets  in  Fig.  5.  The  peak  of  the 
envelope  function  clearly  lies  in  the  GaAs  side  of  the  het- 
erojunetton  localized  between  the  two p-tvpe  regions.  (The 
darker  top  portion  corresponds  to  the  denser  mesh  in  the 
AlGaAs  overlayer. )  The  confinement  energies  relative  to 
the  semiclassical  Fermi  energy  are  shown  schematically  on 
the  band  diagram  for  the  first  three  levels.  The  energies 
shown  all  correspond  to  states  originating  from  the  lowest 
two-dimensional  subband  energy  of  the  heterojunction  it¬ 
self.  The  spacing  of  the  levels,  here  on  the  order  of  10  meV, 
depends  on  the  dopuig  and  the  width  of  the  n-rcgion  at  the 
base  of  the  V-groove.  As  the  width  is  reduced,  the  subband 
reparation  should  increase,  although  limitations  are  im¬ 
posed  by  the  lateral  extent  of  the  depletion  region  which 
eventually  results  in  complete  depletion  of  the  wire  if  made 
too  narrow. 

The  results  above  demonstrate  the  feasibility  of  realiz¬ 
ing  a  quantum  wire  structure  on  a  corrugated  GaAs/ 
AlGaAs  surface.  There  are  several  possible  advantages  of 
such  a  structure  compared  to  the  current  state  of  the  art 
which  relies  on  sidewall  etching  or  electrostatic  confine¬ 
ment  from  Schottky  contacts  on  the  surface  of  the 
AlGaAs.  First,  the  actual  definition  of  the  width  of  the 


.-region  is  defined  by  the  etch  time  of  the  anisotropic  etch 
through  an  optically  defined  photoresist  mask.  Thus,  elec¬ 
tron  or  ion-beam  lithography  is  not  required  to  fabricate 
:he  w  ire  structure.  The  bipolar  nature  of  the  structure  may 
be  utilized  to  inject  minority  earners  into  the  wire  struc¬ 
ture  from  the  p-regions.  which  may  lead  to  some  interest¬ 
ing  device  anplications.  Also,  if  one  additionally  provided 
separate  contacts  to  the  p-  and  rt-ivpe  regions  using  nano- 
lithography,  control  of  the  wire  transport  properties  could 
be  achieved  both  by  varying  the  width  of  the  confinement 
(through  reverse  biasing  the  p-n  junctions),  and  through 
varying  the  electron  Fermi  energy  via  a  gate  contact  on  the 
AlGaAs  above  the  electron  channel. 

In  summary,  we  have  demonstrated  the  existence  of 
lateral  p-n  junctions  between  2DEGs  and  2DHGs  on  cor¬ 
rugated  GaAs/AlGaAs  interfaces,  which  is  made  possible 
by  the  amphoteric  nature  of  Si-dopants  as  a  function  of 
crystallographic  plane  orientations.  At  V-g^ooves  etched 
into  a  semi-msulating  GaAs  substrate,  a  p-n  junction  forms 
at  the  intersection  of  (100)  and  (111)  planes  if  the  doping 
in  the  overlayer  exceeds  5  X  I0‘7  cm'J  We  have  also  dem¬ 
onstrated  the  possibility  of  basing  this  system  for  the  de¬ 
sign  of  quantum  wires  which  may  form  at  the  bottom  of 
the  V  groove.  We  find  that  a  quantum  wire  is  to  be  ex¬ 
pected  in  this  p-n-p  structure  for  a  length  of  the  n-type 
region  on  the  order  of  100  nm  and  a  Si-doping  density  of 
1  X  1018  cm'1 
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Numerical  modeling  of  a  novel  quantum  wire  structure  formed  by  the  confinement  of  electrons 
between  lateral  quasi-two-dimensional  (Q2-D)  p-n  junctions  in  a  corrugated  GaAs/AIGaAs 
heterostructure  is  reported  on.  Such  a  quantum  wire  may  be  realized  at  the  tip  of  a  Si-doped 
AlGaAs  overgrown  V  groove  in  a  SI-GaAs  suostrate  due  to  the  surface  orientation  dependence 
of  Si  doping.  The  two-dimensional  conduction  and  valence  band  potential  profiles  for  the 
electron  and  hole  charge  densities  are  solved  within  a  scmiclassicai  Thomas^Fenni  screening 
model.  The  quantized  electronic  wire  states  at  the  heterointerface  are  then  obtained  by  solving 
the  two-dimensional  effective  mass  Schrodinger  equation  using  the  calculated  potential  profile. 
The  parameter  space  of  the  one-dimensional  electron  system  is  explored  to  establish  which 
features  cf  the  structure  arc  dominant  factors  in  controlling  the  electronic  states.  It  is 
demonstrated  that  the  energy  level  spacing  of  the  quantum  wire  depends  primarily  on  the  lateral 
.ontinement  width  in  the  n-type  region  at  the  tip  of  the  V  groove.  The  ground  state  energy  oi  the 
wire  is  snown  to  depend  on  both  the  lateral  connnement  width  ana  the  vertical  heterointertace 
confinement  width.  The  results  of  our  initial  calculations  are  also  reported  on  to  incorporate 
lateral  gates  on  the  surface  to  obtain  direct  control  of  the  quantum  wire  transport  properties. 
The  advantages  of  fabricating  quantum  wires  with  this  structure  compered  to  conventional 
methods  of  electrostatic  confinement  are  discussed. 


I.  INTRODUCTION 

Recent  experiments  have  demonstrated  that  Si  behaves 
os  a  substrate  orientation  dependent  amphoteric  dopant  in 
molecular  beam  epitaxial  (MBE)  grown  GaAs  and  Al¬ 
GaAs.  This  effect  was  first  studied  on  As-terminated  {111} 
and  j  1 10}  planes:  then  further  studies  were  reported  on 
Ga-terminated  -{’.II } A.  As-terminated  { 1 1 1  }B.  .100}, 
21 1 },  and  higher  index  planes.' J  These  studies  show  that, 
under  suitable  growth  conditions,  S  -doped  overiayers 
grown  on  {100}  GaAs  substrate  surfaces  have  donor  be¬ 
havior,  whereas  Si-doped  overiayers  grown  on  Ga- 
lerminated  { 1 1 1  }A  GaAs  substrate  surfaces  have  acceptor 
behavior. 

The  controllable  amphoteric  nature  of  Si  dopuig  in¬ 
cited  the  investigauon  of  fabricating  lateral  p-n  junctions 
in  GaAs.  Bulk  GaAs  lateral  p-n  junctions  with  good  diode 
current-voltage  characteristics  were  reported  by  Miller  in 
1985  *  HEMT-compatible  heterostructure  lateral  p-n  junc¬ 
tions,  between  quasi- two-dimensional  electron  and  hole 
systems,  were  reported  by  Ebner  et  al  in  1990.3  In  this 
latter  study,  Si-doped  AJo  jGao  7As  was  epitaxially  regrown 
on  a  semi-insulaung  corrugated  GaAs  substrate.  The  selec¬ 
tively  etched  and  epitaxially  regrown  structure  was  fabri¬ 
cated  with  exposed  Ga-terminated  { 1 1 1 } A  facets  on  the 
normally  exposed  {100}  substrate.  Ebner  et  aLi  reported 
electroluminescence  results  that  correspond  to  the  GaAs 
quantum  well  band  gap  of  such  a  system,  and  Harbury 
et  aL 5  reported  calculations  that  confirm  the  existence  of  a 
lateral  p-n  juncuon  between  two-dimensional  electron  and 


hole  gas  systems  (2DEG  and  2DHG.  respectively)  with 
Si-doping  densities  in  excess  of  5  X  10* '  cm  "  \ 

A  variety  of  novel  complementary  device  structures 
may  be  based  on  lateral  p-n  junctions  formed  between  high 
mobility  2DEG  and  2DHG  systems.  In  particular,  exploit¬ 
ing  the  amphoteric  dopant  behavior  of  Si  in  a  selectively 
etched  and  epitaxially  regrown  V  groove  structure  presents 
a  novel  quantum  wire  system  realized  between  lateral  p-n 
junctions,  The  depletion  regions  in  such  a  HEMT- 
compatiblc  p-n-p-type  geometry  provide  lateral  confine¬ 
ment  of  the  earners  at  the  heterointerface  of  the  n-type 
center  region,  thereby  realizing  a  quantum  wire.  The  use  of 
p-n  junctions  for  lateral  confinement  of  quantum  wires  was 
pioneered  by  Dean  and  Pepper5  and  by  Fowler  and  co¬ 
workers.9  K-groove  geometries  have  been  previously  ex¬ 
plored  for  the  design  of  quantum  wires.  0-13  This  new  de¬ 
sign,  however,  may  offer  some  advantages  compared  to 
present  unipolar  structures,14  which  use  metal  gate  electro¬ 
static  confinement  or  sidewall  etching. 

In  this  paper  we  report  on  numencai  modeling  of  the 
lateral  p-n-p  quantum  wire  system  realized  in  a  corrugated 
GaAs/AIGaAs  heterostructure.  In  Sec.  II  we  present  our 
model  of  the  system,  and  in  See.  ill  we  discuss  our  solution 
methods  for  obtaining  the  two-dimensional  electrostatic 
potential  for  electrons  and  holes,  and  the  electronic  states 
of  the  quantum  wire.  We  also  present  the  details  of  the 
numencai  method  in  the  Appendix.  Our  results  are  pre¬ 
sented  in  Sec.  IV.  and  we  conclude  in  Sec.  V 
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rIG  :  Sthetmtic  diagram  ol  the  model  ^-groove  corrugated  hetero- 
'iructure  geomeirv  The  n-ivpe  or  >iype  nature  of  the  amphoteric  silicon 
dopea  overiaver  is  labeled  along  with  the  corresponding  crystallographic 
'.urtace  orientation.  Possible  formation  of  2DEG’s.  2DHG‘s.  and  a  I  DEG 
.->  also  noted.  The  nateneo  region  represents  the  computation  domain. 


SI.  MODEL  SYSTEM 

Figure  1  shows  a  schematic  diagram  of  the  model  cor¬ 
rugated  GaAs/ AlGaAs  heterojuncuoti  system.  The  chosen 
overiaver  thickness  and  composition  are  similar  to  those  of 
a  lateral  light  emitting  structure  fabricated  by  Ebncr  ei  al.' 
A  50  nm  thick  layer  of  Si-doped  AIq  jGa*,  -»As  is  overgrown 
on  an  etched  V  groove  of  a  semi-insulating  GaAs  substrate. 
The  sidewalls  of  the  K-groove  expose  the  { 1 1 1 } A  family  of 
planes  of  the  normally  {100}  terminated  substrate.  As  in¬ 
dicated  in  Fig.  1.  the  amphoteric  Si-doped  overlayer  exhib¬ 
its  n-type  behavior  on  the  {100}  surfaces  and  p-tvpe  be¬ 
havior  on  the  { 1 1 1 } A  surfaces.  The  two-dimensional 
electron  ana  hole  gas  shown  in  Fig.  1  <  labeled  2DEG  and 
IDHG.  respectively)  forms  along  the  heterointerface  for 
suitable  doping  conditions. 

The  hatened  region  in  Fig.  1  represents  the  finite  ele¬ 
ment  calculation  domain  used  to  model  the  p-n-p  quan¬ 
tum  wire  structures.  The  range  of  the  ternary  composition, 
the  doping  density,  and  the  structural  dimensions  are  the 
parameters  that  define  the  system.  A  two-dimensional 
equilibrium  potential  profile  of  the  model  geometry  is 
sought  for  different  material  parameters.  The  band  bending 
due  to  the  electrostatic  potential.  <b(r),  is  obtained  from  the 
solution  of  Poisson's  equation  within  a  semiclassical 
Thotnas-Fermi  screening  model. 


■:  i  r !  =  Urrl  - - - 1 
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where  .V,  —  2(2irlcB7"m?//i2)' “■  is  the  effective  conduction 
band  density  of  states.  tj  =  (Er -  E.[r))/k9T  measures  the 
separation  between  the  Fermi  level.  £F,  and  the  position- 
dependent  conduction  band  edge,  Ec(r),  and  Fxn(,i))  is  the 
Fermt-Dirac  integral  of  order  1/2.  A  similar  term  is  ob¬ 
tained  for  the  hole  density,  p{r)  =  NEw ,<17),  where  is 
now  the  separation  between  the  valence  band  edge  and  the 
Fermi  level,  and  Nu  is  the  effective  valence  band  density  of 
states. 

We  enforce  bulk  charge  neutrality  deep  inside  the 
semi-insulating  GaAs  substrate,  assumed  to  be  slightly  n 
type  with  a  background  doping  density  of  1.0 x  10‘5  cm-J 
which  is  completely  ionized.  A  density  of  surface  states 
along  the  {100}  and  {111}  exposed  facets  is  also  assumed. 
:>uch  that  the  electrostatic  potential  is  pinned  to  the  near 
midgap  value  of  0.8  eV  separation  between  the  conduction 
band  edge  and  the  Fermi  level.  The  problem  domain  ex¬ 
tends  far  enough  from  the  p-n  junction  regions,  such  that 
the  electrostatic  potential  becomes  invariant  parallel  to  the 
heterointerface. 

The  confined  states  of  the  p-n-p  quantum  wire  struc¬ 
ture  are  also  of  interest.  The  bound  state  wave  functions 
are  sought  by  solving  the  two-dimensional  Schrddinger 
equation  for  a  computed  potential  profile. 

fi2  . 

—  r— r  V2t/r(r)  4-  [  K(r)  —  e<b(r)  jiMr)  =  £tf(r).  (3) 
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Here.  Kir)  includes  external  potentials  and  band  offsets 
and  <b(t)  is  the  electrostatic  potential  obtained  from  the 
solution  of  Poisson  s  equation  for  the  K-groove  geometry. 

The  decay  of  the  wave  function  far  from  the  potential 
“pocket”  that  forms  the  quantum  wire  provides  the  neces¬ 
sary  boundary  conditions  to  formulate  Eq.  (3)  as  an 
cigenvalue/vector  problem.  The  wave  funcuons  of  interest, 
however,  are  the  lowest  energy  quantum  wire  states.  The 
problem,  therefore,  can  be  reduced  to  a  subspace  of  the  full 
eigensystem. 


Vl&(r)  = —  (n(r)  -p(r)  +  N~  -  .V  J).  i  1 ) 

f4o 

Complete  loruzauon  of  the  impurities  is  assumed  at  room 
temperature,  such  that  the  background  doping  of  the  senu- 
ir. mlating  GaAs.  assumed  to  be  lightly  n  type,  contributes 
to  N^  in  the  substrate,  and  the  amphoteric  Si  doping  con¬ 
tributes  to  both  N 7  and  .VJ  in  the  overlayer  region.  The 
electron  density,  /Mr),  is  given  by  the  Fenm-Dirac  integral 
of  order  ' 


III.  NUMERICAL  METHODS 

The  solution  of  the  two-dimensional  Poisson  and 
Schrddinger  equations  is  a  challenging  numerical  problem 
that  requires  domains  of  highly  non  uniform  mesh  design, 
bandwidth  optimization,  and  sparse  matrix  methods.  The 
general  considerations  of  the  solution  method  are  disenaaed 
in  Sec.  Ill  A.  whereas  the  detsils  of  the  numerical  method 
are  deferred  to  the  Appendix.  The  interesting  and  often 
ignored  subject  of  nonuniform  mesh  generation  is  dis¬ 
cussed  in  Sec.  Ill  B.  _ 
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FIG  3.  Converaence  oi  the  Poiuon  tolutioti  Newton-ftaphson  iteration 
^neme  tor  several  different  p-t-p  geometries. 

A.  The  solution  ot  Poisson  and  Schrodlnger  equations 

The  two-aimensional  Potsson  ano  Schrodinacr  eaua- 
:ons  are  coin  solved  with  the  hnite  element  metnod.  The 
Poisson  eauation  is  solved  for  the  discretization  domain 
schematically  shown  by  the  hatched  region  in  Fig.  1, 
whereas  the  Schrodlnger  equation  is  only  solved  for  the 
small  subregton  near  the  K-groc/e  tip,  where  the  electro¬ 
static  potential  "pocket”  defines  the  quantum  wire. 

For  the  Poisson  solution,  the  bulk  charge  neutrality 
boundary  conditions  deep  inside  the  GaAs  substrate  arc 
implemented  by  fixing  the  electrostauc  potential  at  a  few 
points  on  the  boundary  to  the  value  consistent  with  the 
background  doping,  and  by  applying  zero-valued  Neu¬ 
mann  conditions  on  the  remainder  of  the  bulk  boundary. 
This  condition  forces  the  boundary  normal  electric  field  to 
zero,  and  forces  the  potential  to  the  proper  equilibrium 
buik  value.  Surface  pinning  on  the  exposed  facets  is  imple¬ 
mented  by  Dinchlet  conditions,  which  force  the  conduc¬ 
tion  band  potential  to  the  approximate  midzap  value  of  0.8 
eV  above  the  Fermi  level.  Zero-valued  Neumann  boundary 
conditions  are  applied  along  the  side  boundaries  to  model 
the  asymptotic  invariance  parallel  to  the  neteromterface. 
The  discontinuity  in  the  electrostatic  potential  at  the  het¬ 
erointerface  is  treated  as  a  linear  constraint  on  the  system 
of  equations  and  is  implemented  with  the  penalty  element 
method.  The  nonlinear  Poisson  equation  is  linearized  by 
the  Newton-Raphson  iterative  method.  The  details  of  the 
finite  element  formulation  and  linearization  are  deferred  to 
Appendix  A. 

The  resulting  system  of  linear  equations  is  solved  by 
standard  L/U  decomposition,  backward  substitution,  and 
forward  elimination.  Bandwidth  optimization  of  the  dis¬ 
cretized  equation  numbers  tn  conjunction  with  the  skyline 
storage  technique  provide  an  efficient  solution  of  the  linear 
system.  The  iterative  error  of  the  Newton-Raphson  solu¬ 
tion  is  plotted  in  Fig.  2  for  typical  runs  of  the  lateral  p-n-p 
quantum  wire  domain  for  various  widths  of  the  n-tvpe 
region  at  the  K-groove  tip.  The  finite  element  domain  con¬ 
sists  of  16  168  elements  and  8427  bandwidth-optimized 
nodes.  The  error  drops  by  approximately  9  decades  within 


FIG.  3.  Convergence  of  the  Schrodlnger  solution  subspace  iteration 
scheme  tor  seven!  different  p-n-o  geometries 


1 2  iterations  with  a  typical  cumulative  solution  time  of  430 
sec  on  an  IBM  RISC  System/ 6000. 

For  the  Schrodlnger  equation,  the  asymptotic  decav  of 
the  wave  function  can  be  modeled  by  either  zero-valued 
Neumann  boundary  conditions  or  zero-valued  Dirichlet 
boundary  conditions.  Continuity  of  the  wave  function 
across  the  heterointerface  is  implemented  with  the  penalty 
element  method  and  provides  compatibility  with  the  Pois¬ 
son  solver.  The  details  of  the  finite  element  formulation  of 
the  Schrodlnger  equation  are  deferred  to  Appendix  B. 

Because  only  the  lowest  few  eigenstates  are  sought,  the 
discretized  Schrodlnger  equation  is  solved  by  a  subspace 
iteration  method.  Efficient  skyline  storage  and  sparse  ma¬ 
trix  methods  are  used  to  obtain  the  lowest  ten  bound  states. 
The  iterative  error  of  the  subspace  algorithm  is  plotted  in 
Fig.  3  for  the  ground  state  of  the  lateral  p-n-p  quantum 
wire  for  the  same  selection  of  n-regton  K-groove  tip  widths, 
as  were  chosen  for  Fie.  2.  After  initial  oscillation,  the  error 
exponentially  decreases  at  approximately  one  decade  every 

13  iterations.  For  the  finite  element  Schrodlnger  domain 
consisting  of  3482  elements  and  1876  bandwidth-optimized 
nodes,  a  solution  of  a  20  eigenstate  subspace  over  120  it¬ 
erations  typically  consumes  240  epu  seconds  on  an  IBM 
RISC  System/6000. 

B.  NonunHorm  mash  generation 

Two-dimensional  numerical  modeling  of  realistic 
structures,  such  as  those  considered  in  this  work,  requires 
the  development  of  sophisticated  mesh  domains.  Bulk 
charge  neutrality  boundary  conditions  imply  that  the  do¬ 
main.  ft.  must  extend  microns  into  the  buik  region.  At  the 
heteromterface  and  in  the  p-n  junction  depletion  regions, 
however,  the  potential  profile  may  undergo  large  variations 
in  nanometer  distances.  The  disparity  between  character¬ 
istic  length  scales  and  the  need  to  keep  the  problem  size 
computationally  tractable  constrains  the  discretization 
scheme  to  highly  non  uniform  mesh  designs.  A  further  con¬ 
straint  on  mesh  design  is  the  need  to  preserve  the  charac- 


FIG  -4  Nonumform.  tntnguUr  element  mesft  domain  used  10  solve  the 
Sunrodmeer  mutton  lor  the  quantum  wire  stiles.  The  Schrodinger  mesh 
a  small  suodomam  ot'  the  Poisson  mesh  cut  from  the  region  ot  the 
potential  "pocket"  formed  at  the  bottom  of  the  V  groove  Hits  mesn  has 
482  triangular  elements  and  1876  nodea 
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t ensue  geometry  of  the  structure.  The  54.7*  angle  between 
the  {  100}  and  {111}  crystallographic  planes,  for  example, 
must  be  maintained  throughout  the  domain. 

With  a  rectangular  master  element  design,  it  would  be 
difficult  to  maintain  arbitrary  angles  througnout  the  do¬ 
main.  and  the  resulting  system  of  eauations  would  likely  be 
itracublv  large.  With  the  triangular  master  element,  how¬ 
ever.  it  is  easy  to  maintain  aroitrary  geometric  angles  in 
nonumform  mesh  designs.  Furthermore,  standard  band¬ 
width  optimization  algorithms  exist  for  triangular  element 
domains  to  efficiently  number  the  nodes  for  sparse  matrix 
methods. 

At  present  there  are  few  mesh  layout  tools  available  to 
the  scientific  community  suitable  for  device  modeling  ap¬ 
plications.  Xmgredit,16  however,  is  a  powerful  mesh  gen¬ 
eration  tool  (hat  was  originally  designed  for  oceanographic 
land-margin  studies,  which  is  general  enough  for  device 
modeling  work.  Xmgredit  is  a  window  based  interactive 
mesh  editing  tool  that  allows  arbitrary  manguiation  of  a 
domain  and  provides  all  the  necessary  functions  for  grid 
refinement. 

Figure  4  shows  the  mesh  generated  to  solve  the  Schro- 
dinger  equation  for  the  lateral  p-n-p  quantum  wire  struc¬ 
ture.  This  mesh  is  a  small  subdomain  of  the  larger  mesh 
used  to  solve  the  Poisson  equation,  since  the  bound  state 
wave  functions  are  nonzero  only  near  the  potential 
"pocket''  at  the  /-groove  tip.  We  present  only  the  smaller 
Schrodinger  mesh  in  Fig.  4  because  its  ratio  of  largest  to 
smallest  element  is  small  enough  that  all  the  elements  can 
be  dearly  seen. 

As  mentioned  above,  the  Poisson  mesh  consists  of 
1 6  168  elements  and  8427  nodes,  and  the  Schrodinger  sub- 
domain  consists  of  3482  elements  and  1876  nodes.  For  the 
larger  Poisson  mesh,  the  maximum  element  area  is  3.7 

105  A:  and  the  minimum  element  area  is  70  A:,  while 
maintaining  the  proper  crystallographic  orientations 
throughout  the  domain.  The  sidewalls  of  the  /  groove 
extend  approximately  800  run  for  the  Poisson  mesh  and 
approximately  60  nm  in  the  Schrodinger  mesh,  as  shown  in 
Fig.  4 

In  designing  such  a  large  nonumform  mesh,  it  is  easiest 
to  generate  a  separate  mesh  for  each  region  of  the  hetero- 
itmciure  with  different  material  properties  and  then  con- 


FIG  3.  Band  ditgram  for  the  literal  o-n-p  quantum  wire  structure. 
Shown  are  the  conduction  and  valence  bands  along  the  heteronucrfaca 
for  a  100  nm  long  center  n-tvpe  section  and  a  Si-dopmg  density  of  10 
<  10'*  cm  '  ‘  The  insets  show  front  and  tide  news  of  the  two-dimensional 
conduction  band  profile.  The  potential  "pocket"  that  holds  the  quantum 
wire  is  also  indicated. 


nect  the  subdomains  together.  The  special  penalty  elements 
can  then  be  added  along  the  heterointerfaces  to  force  the 
potential  discontinuity.  We  have  found  that  a  computa¬ 
tionally  efficient  tabular  element  mesh  can  be  generated 
for  any  two-dunen  ....ial  device  geometry  with  a  minimum 
of  effort. 

IV.  LATERAL  /-GROOVE  QUANTUM  WIRE 
STRUCTURE 

The  results  presented  in  this  section  concentrate  on  the 
p-n-p  /-groove  structure  indicated  by  the  hatched  model 
domain  labeled  "wire’’  in  the  schematic  diagram  shown  in 
Fig.  1.  Interesting  behavior  is  expected  when  back-to-back 
lateral  quasi-2-D  p-n  functions  are  formed  with  a  common 
n-iype  region.  In  particular,  if  the  n-type  region  is  made 
narrow,  one  would  expect  the  2DEG  formed  at  the  hetero¬ 
interface  to  be  laterally  "squeezed”  into  a  1DEG  by  the 
depletion  regions  of  the  p-n  junctions  on  both  side*.  A 
conduction  band  “pocket”  is  expected  to  form  at  the  tip  of 
the  /  groove,  which  may  support  two-dimenaionally  con¬ 
fined  quantum  wire  states. 

Figure  5  is  a  plot  of  the  band  diagram  for  a  lateral 
p-n-p  junction  with  an  overlayer  Si-dopant  concentration 
of  1.0  X  lO^cm-3  and  with  a  narrow  100  nm  n-type  region 
at  the  /-groove  tip.  The  electrostauc  potential  is  plotted 
parallel  to  the  heterointerface  on  the  GaAa  substrate  side, 
along  the  { !  1 1 }-{ 100> — { 111}  surfaces.  The  formation  of 
an  electron  gas  is  expected  in  the  region  where  the  conduc¬ 
tion  band  approaches  and  traverses  the  semiclaaaacal  Fermi 
energy,  indicated  by  the  dashed  line,  which  is  chosen  as  tbe 
zero  of  energy.  The  quantum  wire  potential  "pocket"  is 
more  clearly  visible  in  tbe  insets  to  Fig.  5,  where  portions 
of  the  front  and  side  views  of  the  two-dimensional  conduc¬ 
tion  band  profile  are  shown.  Only  a  small  submeafa  of  the 
full  two-dimensional  computation  domain  is  shown  in  the 


-  1 50  rim 


u  -c  «  jo  jo  o  ;oo  :oo  joo  -wo  :oo 

Oitunceinmi 

FIG  6  Conduction  bind  prottks  for  the  p-n-p  quantum  wire  structure. 
Shown  are  me  conouction  bands  along  the  l  1 11 )  and  l  100)  heterointtr- 
aces  with  a  nxeo  1 50  nm  width  n-iype  section  for  five  different  overityer 

jopam  concenir  ons. 


nsei  figures  tor  setter  celtncauon  of  the  potential  well, 
.nihougn  the  calculations  are  performed  on  the  full  domain 
to  ensure  that  bulk  charge  neutrality  conditions  are  sans- 
tied  deep  in  the  GaAs  substrate.  The  lateral  p-n-p  junc¬ 
tions  that  form  at  the  heteromterface  are  clearly  visible  in 
the  left  inset  of  Fig.  5  (front  view),  whereas  the  heteroin- 
terface  and  "pocket"  are  more  clearly  seen  in  the  right 
inset  (side  view). 

Shown  in  Fig.  6  is  a  comparison  of  the  lateral  conduc¬ 
tion  band  profile  for  several  different  overlayer  Si-dopant 
concentrations  with  constant  150  nm  width  /i-typc  regions. 
Again,  the  semiclassical  Fermi  energy  is  chosen  as  the  zero 
of  energy  and  is  indicated  by  the  dashed  line.  As  is  ex¬ 
pected.  the  p-n-p  depiction  widths  are  reduced  and  the 
quantum  well  depth  in  the  n  region  increases  with  higher 
neriaver  aopant  concentration.  For  the  case  of  a  150  nm 
wiae  (  -groove  no  and  overlayer  dopant  concentration  of 
1  Ox  10IS  cm  .  Oatband  conditions  are  approached  at  the 
center  of  the  n  region,  as  shown  by  the  solid  curve  in  Fig. 
6.  This  hatband  condition  occurs  when  the  two  lateral  de¬ 
pletion  regions  do  not  overlap  and  therefore  there  is  no 
lateral  field  component  in  the  center  (n-type)  region  of  the 
T’-groove  up. 

The  effect  of  the  width  of  the  rt-type  K-groove  tip  on 
the  lateral  conduction  band  profile  is  shown  in  Fig.  7  for  a 
constant  Si  overlayer  dopant  concentration  of  l.OxlO18 
cm '  The  semiclassical  Fermi  energy  is  again  indicated  by 
the  dashed  line  at  0.0  eV  Larger  K-groove  tip  widths  cor¬ 
respond  to  an  increase  in  depth  and  width  of  the  lateral 
quantum  well.  Flatband  conditions  are  demonstrated  in 
Fig.  7  for  n-region  widths  greater  than  150  run.  As  tn  Fig. 
b.  lateral  flat  band  conditions  occur  at  the  bottom  of  the 
quantum  well  "pocket"  when  the  two  lateral  p-n  depletion 
regions  do  not  overlap.  Once  hatband  conditions  are  estab- 
lished  in  the  bottom  of  the  well,  the  maximum  depth  of  the 
pocket  ’  becomes  independent  of  the  K-groove  tip  width. 
However,  the  electronic  states  in  the  well  are  expected  to 
be  a  strong  function  of  the  lateral  well  width.  In  the  limit 


FIG.  7.  Conduction  band  predict  for  the  p-n-p  quantum  ante  structure. 
Shown  are  the  conduction  bands  along  the  I  1 1 1 )  and  ( 100)  heteroiolcr- 
facei  with  a  lined  1  Ox  10’*  cm'1  doped  Al*  ,Oa,-Ai  overityer  for  eight 
different  widths  of  the  exposed  ( 100)  surface. 


of  a  very  wide  n  region,  the  behavior  of  the  system  will 
approach  that  of  isolated  p-n  junctions  and  the  quasi- 
IOEG  becomes  a  quasi-2DEG  in  the  n  region.  The 
('-groove  tip  width,  therefore,  controls  the  transition  of  the 
n  region  from  a  1DEG  quantum  wire  system  to  a  2DEG 
lateral  p-n-p  system. 

Figures  6  and  7  demonstrate  how  control  of  the  lateral 
quantum  well  electrostatic  potential  can  be  obtained 
through  adjusting  both  the  over  layer  Si-dopant  concentra¬ 
tion  and  the  lateral  K-groove  dimensions.  It  is  also  of  in¬ 
terest  to  study  the  dependence  of  the  vertical  heteromter¬ 
face  confinement  for  the  same  parameters.  Plotted  in  Fig.  8 
are  the  conduction  band  profiles  in  a  direction  perpendic¬ 
ular  to  the  heterointerface,  at  the  center  of  a  150  nm  wide 
n  region,  for  the  same  dopant  conditions  used  in  Fig.  6.  As 
before,  the  zero  of  energy  is  chosen  to  be  the  semiclassical 
Fermi  energy  and  is  indicated  by  the  dashed  line.  Increas¬ 
ing  negative  values  of  distance  correspond  to  increasing 
depth  into  the  GaAs  substrate,  whereas  increasing  posiuve 
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FIO.  8.  Potential  venation  perpendicular  to  the  beteromterface  (it  the 
center  of  >  &xtd  130  nm  width  n-type  repos)  for  five  different  overt* yer 
dopant  conccuiraaona. 


•  —  -  -ji)  e0^  -  - 


w^iOOtn 

■.  ''j,  •  I  OilO*1  era  ' 


£,•  JJmtV  - 
r-«  U  m«V  -- 
£.'.  ii  mev  — 


x»  -550  WO  -iJO  -400  -350  wo  uo  .:oo  ISO  100  <0  0  ;o 

Dituncr  inmi 


FIG.  ?  Potentui  variation  perpendicular  to  the  heteroimenace  i  at  tne 
center  ci  the  n-ivpe  region)  with  a  fixed  I  Ox  10'*  cm  Si-dopea 
AL>  ]Ga«.Aj  overtayer  for  eight  different  widths  of  the  n-tvpe  region. 


values  of  distance  correspond  to  locations  in  the 
ALviOan-As  overlayer  approaching  the  surface.  For  ciar- 
cv.  the  results  are  only  plotted  up  to  a  depth  of  600  nm 
rito  tne  GaAs  substrate,  although  the  calculation  domain 
extends  for  several  microns  to  ensure  that  bulk  charge  neu¬ 
trality  conditions  are  satisfied.  Figure  8  shows  that  hetero¬ 
interface  confinement  is  only  achieved  for  overlayer  topant 
concentrations  above  a  critical  value  of  approximately  5  0 
X  10' '  cm  The  conduction  band  potential  on  the  GaAs 
side  at  the  heterointerface  has  a  strong  dependence  on  the 
overlayer  doping  for  concentrations  below  the  critical 
value,  marking  the  onset  of  the  electron  gas  formation,  and 
a  much  weaker  dependence  for  concentrations  above  this 
critical  value.  The  conduction  band  potential  in  Fig.  8  first 
increases  from  its  bulk  value  for  points  approaching  the 
heterointerface,  and  then  it  sharply  decreases  to  form  the 
heterointerface  confinement  "notch.”  This  "hump"  in  the 
GaAs  conducuon  band  is  more  pronounced  for  higher 
iverlaver  dopant  concentrations. 

In  a  similar  fashion  to  Fig.  8.  Fig.  9  shows  the  corre¬ 
sponding  conduction  band  profiles  for  the  same  selection  of 
center  n-region  widths  used  in  Fig.  7  with  a  constant  over¬ 
layer  dopant  concentration  of  l.Ox  10‘ 8  cm''  The  most 
noticeable  feature  is  the  pronounced  “hump"  in  the  GaAs 
conduction  band  at  narrower  e-region  widths.  For  the  nar¬ 
rowest,  L  =  50  nm  case  denoted  by  the  dash-dotted  line  in 
Fig.  9,  a  sharp  heterointerface  confinement  notch  is  formed 
with  a  wide  "hump"  barrier  that  extends  several  hundred 
nanometers  into  the  GaAs.  In  this  case,  the  bamer  in  the 
GaAs  should  prevent  the  leaking  of  any  one-dunensionai 
quantum  wire  states  into  the  bulk  substrate.  As  the 
n-region  width  is  increased,  the  GaAs  bamer  decreases 
until,  in  the  limit,  the  conduction  band  profile  approaches 
that  of  the  far  n  side  of  an  isolated  p-n  junction. 

It  is  of  interest  to  verify  that  the  quantum  wire  struc¬ 
ture  supports  two-dtmensionaliy  confined  electronic  states. 
To  this  end,  the  calculated  conduction  band  profile  in  a 
region  enclosing  the  potential  "pocket"  is  used  as  the  elec¬ 
trostatic  potential  in  the  Schrbdinger  Hamiltonian,  as  dis¬ 
cussed  in  Sec.  HI  A.  Presented  in  Fig.  10  are  the  lowest 
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FIG  10  Potentnl  variation  perpendicular  to  the  heterointerface  (at  the 
center  oi  a  100  nm  wide  n-type  region)  for  the  two-dunewonaJ  conduc¬ 
tion  band  profile  shown  in  Fig.  3.  The  insets  show  the  wave  function*  for 
the  lowest  two  quantum  wire  states,  that  are  confined  al  the  GaAs  tide  of 
the  heterointerface  ( the  darker  top  ponton  of  the  mesh  corresponds  to  the 
AiGaAs  overlayer) 


energy  quantum  states  sougnt  for  the  system  with  a  ICO  nm 
T-region  width  and  1  Ox  10"  cm''  uverlayer  dopant  con¬ 
centration.  The  conduction  band  potential  is  plotted  for  a 
slice  through  the  center  of  the  n-type  region  in  a  direction 
perpendicular  to  the  {100}  surface.  The  lowest  eigenen- 
ergy,  labeled  by  £,  in  Fig.  10,  is  at  11  meV  referenced  to 
the  seraiciassicai  Fermi  energy,  which  is  denoted  by  the 
dashed  line  at  0.0  eV.  The  subsequent  excited  states  each 
have  a  separation  of  about  12  meV  associated  with  me 
contribution  of  the  lateral  confinement.  The  left  and  right 
insets  in  Fie.  10  show  the  full  two-dimensional  results  for 
the  ground  state  and  first  excited  state,  respectively.  ~he 
AlosGaoyAs  overiayer  appears  as  the  region  of  higher 
mesh  density  near  the  top  of  the  inset  figures  and  delineates 
the  heterointerface.  The  wave  functions  are  concentrated 
in  the  deep  “pocket"  on  the  higher  mobility  semi- 
insulating  GaAs  substrate  side  of  the  heterointerface. 

It  is  dear  from  the  insets  of  Fig.  10  that  the  first  ex¬ 
cited  state  corresponds  to  the  first  excited  mode  of  the 
lateral  confinement  potential  induced  by  the  p-n  junctions. 
The  quantized  level  spacing  for  the  lower  eigenstates  is 
therefore  controlled  by  the  nature  of  the  lateral  confine¬ 
ment.  The  nearly  equal  level  spacing  of  the  lowest  states  is 
due  to  the  parabolic-like  shape  of  the  lateral  potential  pro¬ 
file  of  the  100  nm  width  n-region  structure,  as  can  be  seen 
in  Fig.  7.  The  higher-energy  states,  however,  also  include 
excited  modes  of  the  confinement  perpendicular  to  the  bet- 
erointerface.  This  is  particularly  'rue  for  narrow  n-region 
T-groove  structures  in  which  the  magnitude  of  both  con¬ 
finement  dimensions  are  of  similar  order.  The  large  sepa¬ 
ration  of  the  lowest  state  above  the  conduction  band  min¬ 
ima  at  the  heterointerface,  labeled  by  the  dot  in  Fig.  10.  is 
attributed  to  both  the  lateral  confinement  energy  and  the 
confinement  energy  perpendicular  to  the  heterointerface. 

The  details  of  the  amphoteric  nature  of  the  silicon  dop¬ 
ing  near  the  intersection  of  the  ( 100)  and  (111)  surfaces 
are  not  known,  and  are  likely  to  be  more  complicated  than 
our  model.  This  and  possible  compensation  effects  might 
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FIG.  II.  Vaniuon  of  the  lowest  three  quantum  wire  states  with  over  layer 
dopant  concentration  and  n-retton  width.  The  energies  are  referenced  to 
the  conduction  band  minimum  at  the  heterointerface  li  e.,  the  bottom  of 
the  "oocket ").  The  negauve  sloping  curves  correspond  to  independently 
changing  the  width  of  the  n-tvpe  region  tor  a  nxed  I  Ox  10"  cm  ' '  over¬ 
layer  aoping.  The  posiuve  sloomg  curves  correspond  to  independently 
.hanging  the  ovenaver  doping  lor  a  naed  1 50  nm  wide  n-tvpe  region. 


tend  to  reduce  the  abruptness  of  the  lateral  p-n  junction, 
which  also  would  tend  to  reduce  the  energy  level  spacings. 

The  dependence  of  the  eigenstates  on  both  the  over¬ 
layer  doping  and  the  n-region  width  is  presented  in  Figs.  1 1 
and  12.  Simultaneously  shown  in  Fig.  11  are  the  depen¬ 
dence  of  the  lowest  three  hound  state  energies  on  the  lat¬ 
eral  n-region  width  and  the  overlayer  Si-doping  concentra¬ 
tion.  The  bottom  axis  corresponds  to  independently 
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FIG  It  Variation  of  the  quantum  wire  state  separations  with  over  layer 
dopant  concentration  and  n-regioo  width.  The  sharply  sloped  curvet  cor¬ 
respond  to  independently  chain  tag  the  width  of  the  s-rype  repan  for  a 
hxed  l  Ox  10"  cm  1  omtayer  doping.  The  sUghlty  doped  curves  corre¬ 
spond  to  independently  changing  the  overtsyer  doping  for  s  ftisd  I  JO  tun 
wide  n-iyne  region.  The  solid  and  dashed  lines  are  the  sepsrauon  between 
i  he  second  and  first  states  and  between  the  third  and  second  Males  re¬ 
spectively 


.hansmg  me  overiaver  Si-dopani  concentration  fora  fixed 
fO  nm  wiath  1-groove  tip.  The  too  axis  corresponds  to 
independently  changing  the  lateral  width  of  the  ^-groove 
up  for  a  nxed  overiaver  dopant  concentration  of  1.0X  I0“4 
cm  The  energies  on  the  ordinate  axe  plotted  relative  to 
the  minimum  of  the  conduction  band  profile  at  the  hetero- 
ntenace.  :  e..  relative  to  the  bottom  of  the  potenuai  well, 
denotea  by  £,so'tfl  The  ground  state  energy  is  lowered  by 
indepenoently  widening  the  n  region  and  saturates  at  the 
limiting  value  given  by  the  heterointerface  confinement.  In 
approaching  the  wide  n-region  limit,  the  one-dimensional 
electron  gas  evolves  into  a  two-dimensional  electron  gas. 
which  is  manifest  by  the  pronounced  decrease  in  the  level 
spacing  in  Fig.  11.  The  change  in  behavior  for  narrow 
widths,  i.e..  below  75  nm.  seen  in  Fig.  1 1.  occurs  when  the 
magnitude  of  the  lateral  junction  confinement  is  compara¬ 
ble  to  that  of  the  heterointerface  confinement  Indepen¬ 
dently  increasing  the  over  layer  dopant  concentration  has 
several  effects  on  the  potential  well;  the  confining  well  in 
the  direction  perpendicular  to  the  heterointerface  becomes 
“deeper '  and  “'thinner.’’  whereas  the  lateral  junction  con¬ 
finement  becomes  wider  and  more  aoruot.  with  smaller 
side  depletion  reports.  Figure  1 1  shows  that  the  net  effect 
◦f  increased  doping  is  to  increase  the  ground  state  energy, 
relative  to  the  bottom  of  the  quantum  welt  with  only  a 
slight  decrease  in  the  energy  level  spacings.  Simultaneously 
plotted  in  Fig.  12  are  the  energy  level  separations  for  the 
same  parameters  given  in  Fig.  1 1 .  The  bottom  and  top  axis 
represent  the  effect  of  independently  changing  the  over- 
layer  doping  and  independently  changing  the  /i-type  region 
•width,  respectively.  The  nearly  equal  separation  of  the  sec¬ 
ond  mode  from  the  first  and  the  third  mode  from  the  sec¬ 
ond  is  due  to  the  parabolic  shape  of  the  lateral  junction 
confinement.  When  the  lateral  n-region  width  is  increased, 
the  pronounced  drop  in  the  level  spacing  is  observed, 
whereas  only  a  slight  drop  is  observed  for  increased  over- 
layer  doping.  The  n-region  width  is  therefore  the  dominant 
controlling  parameter  of  the  quantum  wire  energy  level 
spacing. 

Control  of  the  optical  and  transport  properties  of  the 
active  wire  region  is  of  primary  interest  for  eventual  dence 
applications  of  this  corrugated  GaAs/  AIGaAs  heterojunc- 
tion  system.  The  previous  results  indicate  that  independent 
control  of  the  quantum  confinement  dimensions  may  be 
obtained  by  the  fabrication  of  gates  on  the  corrugated  sur¬ 
face.  In  this  section  we  also  present  the  method  and  results 
for  our  initial  attempt  to  model  the  electrostatic  potenuai 
profile  with  the  addition  of  Schottky  gates. 

A  simple  gale  geometry  is  chosen  such  (hat  each  wail 
of  the  V  groove  has  a  Schottky  gate.  The  gates  on  the 
p- type  {111}  sidewalls  stop  100  nm  from  the  n-iype  { 100} 
^-groove  tip.  The  center  gate,  along  the  {100},  extends 
over  the  full  n-region  width.  In  these  calculations,  the  same 
bias  will  be  applied  to  the  sidewall  gates  and  the  center  gaie 
will  be  referenced  to  ground. 

The  Thomaa-Fenni  screening  model  for  (be  electron 
and  hole  concentrations,  described  in  Sec.  11.  tacitly  as¬ 
sumes  an  equilibrium  earner  distribution.  This  model  is 
valid  for  small  perturbations  from  equilibrium,  such  that 
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FIG  13  Pottntisl  vantlton  perpendicular  to  (he  heteromteriice  (at  the 
center  of  a  100  nm  wide  /.-type  region.  and  I  0  x  10'*  cm  ' 1  Si  overiaver 
oooing)  for  several  different  bits  potentials  applied  to  Schottky  gates  on 
■  he  f  eroove  sidewalls. 


no  appreciable  hole  concentration  exists  at  the  surface. 
However,  under  the  bias  conditions  necessary  to  obtain 
control  of  the  quantum  wire,  this  charge  model  must  be 
modified  to  extend  its  range  of  validity.  To  this  end  wc 
assume  two  constant  quasi-Fermi  levels:  one  for  electrons 
referenced  to  the  Fermi  level  in  the  bulk  GaAs  substrate, 
and  one  for  holes  referenced  to  the  Fermi  level  of  the  side- 
wall  metal  gates.17  The  electron  and  hole  concentrations 
are  therefore  calculated  most  accurately  in  the  regions, 
where  they  are  the  majority  earner,  and  least  accurately  in 
the  minority  earner  regions,  where  their  contnbution  to 
the  total  charge  density  is  least  significant. 

The  boundary  conditions  on  the  corrugated  AlGaAs 
surface  are  modified  to  include  the  gate  bias.  The  boundary 
oeneath  the  gates  is  modeled  by  Dinchlet  conditions  that 
specify  the  potential  as  the  sum  of  the  equilibnum  surface 
pinned  value  plus  the  bias  potential.  Since  the  center  gate  is 
referenced  to  ground,  the  boundary  along  the  n-tvpe  region 
remains  pinned  at  the  approximate  midgap  potential  of  0.8 
eV  above  the  bulk  quasi-Fermi  level.  The  100  nm  exposed 
surfaces  between  the  gates  is  modeled  by  a  linear  drop  in 
the  potential  along  the  surface  from  the  sidewall  gates  to 
the  center  electrode.  This  somewhat  ad  hoc  assumption  is 
justified  because  the  overlayer  is  depleted  of  mobile  carri¬ 
ers,  as  seen  in  the  previous  results. 

The  vertical  conduction  band  profile  through  the  cen¬ 
ter  of  the  n  region  is  plotted  in  Fig.  1 3  for  five  different 
side-gate  biases.  The  overlayer  Si  dopant  concentration  is 
l.Ox  101*  cm_)  and  the  n-region  width  is  100  nm.  As  be¬ 
fore,  increasing  negative  values  of  distance  correspond  to 
positions  deeper  in  the  bulk  GaAs  substrate  referenced  to 
the  heterointerface.  The  quasi-Fermi  level  for  electrons  is 
specified  by  the  bulk  GaAs  Fermi  level  and  is  denoted  by 
the  dashed  line  at  0.0  eV.  Figure  13  demonstrates  that, 
with  this  gate  geometry,  increasing  bias  reduces  the  con¬ 
finement  width  of  the  notch  and  only  slightly  depletes  the 
electron  gas.  The  increase  of  the  “hump"  in  the  GaAs  is  a 
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FIG.  1 4  Lateral  conduction  band  profiles  for  the  same  structure  and  bins 
conditions,  as  shown  in  Fig.  13.  Shown  are  the  conduction  binds  at  the 
heterointerface  parallel  to  the  surface  along  the  <  100)  and  (111)  plane*. 


feature  that  should  further  confine  the  electronic  states  to 
the  heterointerface. 

The  lateral  p-n-p  conduction  band  profile  is  shown  in 
Fig.  14  for  the  same  structure  and  sidegate  bias  conditions. 
Positions  parallel  to  the  heterointertace  are  referenced  to 
the  center  of  the  n  region,  and  the  quasi-Fermi  level  for 
electrons  is  denoted  by  the  dashed  line  at  0.0  eV:  Increas¬ 
ing  sidegate  bias  narrows  the  lateral  confinement  dimen¬ 
sion.  which  was  previously  shown  to  control  the  quantum 
wire  level  spacing. 

These  initial  results  show  that  control  of  the  electronic 
properties  of  the  structure  may  be  obtained  by  the  addition 
of  lithographically  defined  gates  on  the  surface.  It  is  intu¬ 
itively  clear  that  better  control  of  the  lateral  confinement 
width  can  be  achieved  with  only  the  sidegates  and  no  cen¬ 
ter  electrode.  It  is  difficult,  however,  to  formulate  well- 
posed  boundary  conditions  along  the  exposed  surface  with¬ 
out  a  center  reference  electrode.  The  nature  of  the  Poisson 
equation  requires  Dinchlet.  Neumann,  or  mixed  boundary 
conditions  along  the  exposed  surface,  none  of  which  are 
simple  without  completely  ad  hoc  assumptions.  It  is  also  of 
interest  to  form  Ohmic  contacts  to  the  two-dimensional 
earners  in  the  structure,  which  should  provide  control  of 
the  transport  properties  through  reverse-biased  p~n  junc¬ 
tions.  Ohmic  contacts  also  provide  the  interesting  possibil¬ 
ity  of  minority  earner  injection  into  the  quantum  wire, 
which  may  give  rise  to  new  device  applicauona,  since  this  is 
an  inherently  bipolar  structure.  The  model  of  an  Ohmic 
contact,  however,  must  include  direct  control  of  the  two- 
dimensional  earners,  which  implies  additional  constraints 
along  the  heterouiterface.  We  are  working  on  a  better 
model  for  an  exposed  surface,  containing  occupied  surface 
trap  states  under  zero  current  bias  conditions,  and  the  de¬ 
velopment  of  well-posed  electrostatic  boundary  conditions. 

V.  SUMMARY 

We  have  reported  on  our  method  for  modeling  a  novel 
p-n-p  quantum  wire  structure  formed  in  a  corrugated 
GaAs/ AlGaAs  heteroatructure.  We  solve  the  two- 
dimensional  Poisson  equation,  within  a  semidassical 


Thomas-rermi  screening  model,  for  the  conaucuon  ana 
■■  aience  nana  cronies.  The  quantum  connnea  electronic 
states  are  suosequcntly  obtained  by  solving  :ne  two- 
dimensional  Schrodinger  equation  using  the  oreviousiv 
-omputea  electrostatic  potential, 

'<Ve  nave  demonstrated  that  it  is  feasible  to  realize  a 
-iDoiar  Quantum  wire  structure  on  a  HEMT-compauble 
corrugated  GaAs/AlGaAs  interface  by  exploiting  the  sur¬ 
face  orientation  dependent  amphoteric  nature  ot  Si  doping. 
These  results  inaicate  that  the  quantum  wire  level  separa¬ 
tions  are  controlled  by  the  lateral  confinement  width,  and 
the  parabolic-like  shape  of  the  lateral  confinement  poten¬ 
tial  gives  nse  to  nearly  equal  level  spacings.  It  was  also 
shown  that  the  ground-state  energy  of  the  wire  states  can 
be  controlled  by  the  vertical  confinement  width.  Initial  re¬ 
sults  demonstrate  that  the  electronic  properties  of  the 
structure  may  oe  controlled  by  the  addition  of  gates  on  the 
corrugated  surface.  This  structure  has  several  possible  ad¬ 
vantages  compared  to  sidewall  etched  or  Scbottkv  contact 
eiectrostaucaliv  confined  systems.  4  The  definition  of  the 
-t-regton  width  is  controlled  by  the  anisotropic  etch  time 
tnrougn  an  optically  defined  photoresist  mask;  ton-oeam  or 
electron-beam  lithography  is  not  required  to  fabricate  the 
structure.  This  mnercntly  bipolar  heterostructure  might  be 
used  to  inject  minority  earners  into  the  quantum  wire  from 
then  regions,  possibly  leading  to  new  device  applications. 
If  the  p- type  and  n-type  regions  are  separately  contacted, 
by  further  nanolithography,  the  lateral  confinement  width 
might  be  controlled  by  reverse  biasing  the  p-n  junctions 
and  the  electron  Fermi  energy  might  be  controlled  via  a 
gate  contact  on  the  AlGaAs. 
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FIG.  1 5.  Schemauc  diagram  of  the  calculation  domain.  Daman*  of  dif¬ 
ferent  material  compoamon  an  mdteatad  by  different  abada*  of  grey  and 
labeled  A.-O,.  The  bulk  aubitrate  boundary  a  denoted  by  f,  the  uirfnoc 
pinned  boundary  u  denoted  by  f  j,  and  the  ude  boundaries  are  denoted  by 
T).  The  boundaries  between  adiacent  maienaia  A,  and  A,  is  denoted  by 
f\.  In  the  Quantum  wire  structure,  the  AlGaAa/GaAi  hetenaterfact 
occurs  along  f  L:.  T ,  Jt  and  f , 


as  zero-valued  Neumann  boundary  conditions.  We  have 
found  that  specifying  essential  boundary  conditions  at  a 
few  points  and  zero-valued  Neumann  conditions  on  the 
remainder  of  the  bulk  boundary  woraa  best,  since  it  pro¬ 
vides  a  quick  visual  check  of  the  solution  for  proper  con¬ 
vergence.  The  boundaries  of  each  subregion  are  denoted  by 
Tm.  The  portion  of  l'm  ui  common  with  another  subdo¬ 
main.  r„  is  denoted  by  rmjt.  Ail  the  heterointerfaces  in  H 
will  therefore  occur  along  the  T,,  „  boundaries.  The  poten¬ 
tial  on  the  r„  side  of  a  heterointerface  formed  between 
regions  flm  and  fi,  is  labeled  ur  ,  and  likewise  labeled 
ar^  on  the  opposite  side.  We  will  also  define  u=(Ee(xo>) 
-EF)/kBT  as  the  conduction  band  edge  energy  relative  to 
the  Fermi  energy  in  units  of  t\/kBT.  We  now  specify  the 
zero  of  potential  energy  to  correspond  to  the  Fermi  energy, 
£f  =  0.  The  problem  to  be  solved  can  now  be  written  as 
follows: 

Find: 


U  =  U\(JU,'  "’Juv  6  H*[  n  ) , 


such  that 


pix.y) 


-Vium(x.y  )= - .  i  x,y)sn. 


APPENDIX  A:  FORMULATION  OF  THE  POISSON 
PROBLEM 

1.  Problem  statement 

The  model  structure  is  partitioned  into  regions,  fl ,, 
fT . 11  v.  as  snown  in  Fig.  15,  defined  by  different  mate¬ 

rial  parameters,  such  as  A1  mole  fraction  and  Si-dopuig 
concentration.  We  want  to  solve  the  two-dimensional  Pois¬ 
son  equation  on  the  whole  domain  ftsfyUfl.  ■  yfly 
The  total  boundary  of  domain  H  will  be  denoted  by  T  and 
is  partitioned  into  three  terms:  T s  for  that  part  of  T  that  is 
on  the  surface  of  the  structure,  i.e.,  the  boundary  on  which 
the  Fermi  level  is  surface  pinned,  T  for  that  part  of  T  on 
which  bulk  charge  neutrality  conditions  apply,  and  last  F  s 
lor  the  remainder  of  T  on  which  the  normal  electric  field  is 
forced  to  zero.  Bulk  charge  neutrality  can  also  be  specified 


u*n  on  r„  e  T; 

um=  onr„er5;  (A3) 

“r„  on 

and 

Vu„-n,=0,  (A4) 

where  p(x,y)  —  -e[n(r)  —  p{r)  -*-.V7 -:VJ)]  is  the  total 
charge  density  used  in  Eq.  { 1 )  of  Sec.  II  of  the  main  text, 
um  is  the  value  of  the  potential  set  by  the  background 
doping  and  the  requirement  of  space  charge  neutrality,  us 
=  0.H  eV/kBr  is  the  near  midgap  surface  pinned  potential, 
and  Aum  ,  =  ur  —  ur  is  the  conduction  band  diacontt* 

t.m  *».• 

nuity  at  the  heterointerfase  formed  between  regions  flm 
and  n„  and  n,  is  the  unit  surface  normal.  The  charge 


:ensitv  term  on  tne  nght-hand  side  of  the  Poisson  eauation 
•vi i]  he  aenoted  bv  •  _  =  /  -  ,  ^no  is  aiven  bv  the  Fermi- 

Dirac  integral  of  raer  i  2  TT.e  nonlinear  nature  ot  the 
Poisson  eauation  wiil  be  aiscussed  later. 

We  wul  use  the  method  ot  vanations  to  formulate  the 
lumencai  problem.  We  first  identify  a  total  energy  tunc- 
tioiiai  as 

11=  I .  I  :  ■.  -Vu„,-  un.; 

-  -  n,  - 


ne  potential  can  be  likewise  approximated  by  the  expan¬ 
sion  fuiri  ^  1*1  ,u,7(i.( r )  =B(r)  ■  u.  where  B(r)  is  the 
2  x.Vf  matrix  ot  the  gradients  ot  the  M  global  shape  func¬ 
tions.  The  same  approximations  are  made  for  the  potential 
variations,  outr)  erbu'  •  N‘  and  Using 

these  expansions,  the  variational  statement  of  the  Poisson 
equation  can  be  written  as 

2>n  =  0=  2  ;6u«/(  I  Bf(r)B(r)da,]um 

-»  i  Jfl.  } 
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-  2  -  <ur^m-ur (  A5) 

-> «  i  “ 

-i  <  * 

We  have  used  the  penalty  method  to  incorporate  the  linear 
constraint  boundary  conditions,  where  a  is  a  large  penalty 
factor  that  will  be  discussed  later.  We  prefer  the  penalty 
method  to  the  Lagrange  multiplier  method  since  it  does 
not  increase  the  dimensionality  of  the  resulting  linear  sys- 
■em.  We  now  invoke  the  principle  of  stationanty  of  fl  with 
respect  to  the  state  variable  u  by  evaluaung  <511  =  0.  In  the 
calculus  of  variations,  this  is  the  minimization  of  the  en¬ 
ergy  functional.  We  denote  arbitrary  vanations  in  the  state 
vanable.  which  satisfy  the  essential  boundary  conditions  by 
5.  From  ihe  minimization  we  obtain 

\ 

<5n=o=  2  ;  I 

">  I  *  U-.  I 

-2:  f 

**•  -  A**  |  -H 

—  Uy,;bUr  ’  ^  ^  ’.  { ti  r  —  Up  - 

"n  n 
■n  «•  t 

•.  (  (5u r  —  Oil r  .  '■  l  A6) 

”  n  •  "i 

The  state  variable,  u„,  is  subject  to  the  boundary  condi¬ 
tions  specified  by  Eqs.  (A3)  and  (A4)  above.  The  third 
term  on  the  right-hand  side  is  'he  penalty  method  imple¬ 
mentation  of  the  hulk  charge  neutrality  conditions.  These 
essential  boundary  conditions  could  be  implemented  by  Di- 
nchlet  conditions  wuh  a  corresponding  reduction  of  the 
number  of  unknowns.  The  solution  to  Eq.  (A3)  above  is 
unique  and  equivalent  to  the  solution  of  the  onginal  prob¬ 
lem. 

2.  Finite  element  formulation 

The  domain  fi  is  nonumformiy  discretized  with  M 

nodal  points  at  locations  r„  r2 r  v,  for  each  of  which  is 

defined  an  orthonormal  global  shape  function,  d,(r),  such 
that  d>,(r  i=6.r  in  our  calculations  we  use  linear  Chapeau 
shape  functions.  The  potential  u  is  approximated  by  an 
expansion  in  this  basis,  u(r) ~2fi|Uj^,(r)  =  N(r)  •  u, 
where  N(  r )  is  the  vector  of  M  shape  functions  and  u  is  the 
vector  of  M  potentials  at  each  nodal  point.  The  gradient  of 


+-  2  {a<5u^-uf  J-  2 

•n  m 


■*  <  n 


We  now  define  as  a  M  X  1  vector  containing  a  1  in  each 
position  corresponding  to  T,,,  and  zero  elsewhere.  We  also 
define  the  ,3/X.Vf  global  matrix  K’p^.  md  the  M X  1  glo- 


bal  vector  P'r  as  follows: 

-*.•  •  *• 

K'  -Ur""f  1 

( A8a) 

p<  _ur"-*(  1  ) 

pr,.-  i_i|- 

t.m  v 

( A8b) 

We  now  define  the  following  M  X  M  m2tnx, 
vector  f„(u,,),  and  M  X  1  vector  P„  os 

K„.VfX  1 

K^=jJ  Br(r)B(r)dfl„;  rat-  er^ 

~a  2  K'r  ■ 

(A9) 

n  >  m 

f,,iuj  =  |jn  Nr(r)f(u,)dnm|. 

A 10) 

Pm=atfjim+a  2  p'r,. 

(All) 

n  >  m 


The  linear  constraint  boundary  conditions  are  incorpo¬ 
rated  into  the  stiffness  matrix,  by  tbe  penalty  method. 
The  penalty,  a,  must  be  several  orders  of  magnitude  larger 
than  the  largest  diagonal  element  of  tbe  first  term  in  Eq. 
( A9).  Although  the  final  soiuuon  will  not  depend  upon  the 
actual  value  of  a,  it  must  be  sufficiently  large  to  force  the 
essential  boundary  conditions  of  the  system. 

We  c»n  simplify  the  problem  by  defining  the  global 
matrix  K,  global  vector  f(u„).  and  global  vector  P.  such 
that  I,^5b£  K„u»!=£5«'Ku,  I^a^fm(u„)  =<5arF(H),  and 


P  The  finite  element  formulation  tor  the 
Poisson  eauation  can  now  be  written  as  the  following  sys¬ 
tem  of  equations: 

Ku  =  f(  u)-P.  A 12) 

3.  Newton-flaphaon  formulation 

The  charge  density  term  in  Eq.  ( A 10),  f(u),  is  a  func¬ 
tion  of  the  potential,  u.  through  the  semiclassic&l  Thomas- 
Fermi  screening  model  for  the  earner  density,  as  discussed 
;n  Sec.  II  of  the  maul  test,  /uu)  —XJr\  -u),  and  a 
similar  term  is  obtained  for  the  hole  concentration. 
.Vf  =  2  (lirkiTmf/h1)*'2  is  the  effective  conducuoo  band 
density  of  states  and  FW1  is  the  Fermi-Dirac  integral  of 
order  r.  We  use  the  Newton-Raphson  iteration  method  to 
solve  the  nonlinear  system  of  equations.  If  we  let  n  denote 
the  iteration  count,  then  we  can  represent  the  soluuon  of 
the  ti-u  i  iteration  by 

u1-1  =  u’wAu\  ( A 1 3 ) 

where  Au1  represents  the  change  in  the  solution  between 
terations.  The  nonlinear  function  f  can  be  approximated 
by  a  tirst-order  Taylor  senes  expansion: 

f(u',-"‘)=f(u',)4-<?f(u'’)Au\  ( A.  14 ) 

where  <jf(  u1)  is  the  partial  derivative  of  f  with  respect  to  u 
at  the  nth  iteration  and  is  given  by  the  Fermi-Dirac  inte¬ 
gral  ot  order  -i.:5  We  substitute  this  expansion  for  f  into 
the  system  of  equations  as  follows: 

Ku”  +  I  =  f(u'"rl)  -i-P,  ( A15) 

Ku ’  -  K  Au”  =  f  ( u’ )  df  ( u" )  Au”  +  P.  ( A 1 6 ) 
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where  F(x ,y)  includes  the  external  potentials  and  dm(xo') 
=  um(x,y)  xkBT  is  the  electros tauc  potential  obtained 
from  Poisson's  equation  and  n,  is  the  unit  boundary  nor¬ 
mal.  As  indicated  above,  either  zero-valued  essential  or 
zero-valued  Neumann  boundary  conditions  can  be  used  to 
specify  the  decay  of  the  wave  function. 

We  will  use  the  method  of  variations,  as  we  did  with 
the  Poisson  equation,  to  formulate  the  numerical  method. 
We  identify  the  total  functional  as 


+  X  f  \{Vm-e6m)rl>U 


(K- Jf(u’))Au1  =  f(u,,)*P-Ku".  ( A 1 7 ) 

The  problem  has  now  been  reduced  to  a  system  of  linear 
equations  in  Au  at  each  iteration.  We  use  the  bulk  value  of 
the  potential  given  by  the  Si-dopant  concentration  and  the 
charge  neutrality  condition  in  each  domain  flm  as  an  initial 
guess,  and  then  solve  the  linear  system  for  Au”  and  update 
the  solution  u  until  the  mean-squared  difference  between 
iterations  is  below  a  specified  tolerance,  typically  1  x  10-9 
A  standard  L/U  decomposition  method  is  used  to  solve 
the  sparse  linear  system  using  an  efficient  skyline  storage 
technique. 
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The  minimization  of  the  total  funcuonal  yields 
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APPENDIX  B:  FORMULATION  OF  THE  SCHROOINQER 
PROBLEM 


X  f 


Jn. 


(  Vm-e<bm)\l>„  &\l>m  dflm 


1 .  Problem  statement 

The  solution  domain  for  the  Schrodinger  equation  is 
described  in  the  some  manner  as  the  Poisson  domain-  The 
quantum  mechanical  problem  of  solving  Eq.  (3)  in  Sec.  II 
of  the  mam  text,  can  be  stated  as  follows: 

Find; 

v=ru/,utf,  _'iirve/f2(n),  (Bl) 

such  that 


■  sscntiai  boundary  conditions  are  imDiememea  above  ov 
ne  cenaltv  method,  but  could  also  be  imDlemenied  bv 
.:ero-vaiuea  Dmchlet  conditions  with  a  corresponding  re- 
iuction  01  the  number  of  unknowns.  The  iast  term  in  Eq. 
B5 1  implements  the  continuity  of  the  wave  function 
across  the  neterointerfacc  by  the  penalty  method.  The 
ichrodinger  solution  is  therefore  compatible  with  the  Pois¬ 
on  solution  ot  the  electrostatic  potential.  The  solution  to 
Eq.  .  B6)  above  is  unique  and  equivalent  to  the  solution  of 
ihe  original  problem  stated  in  Eqs.  ( B1  )-i  B4). 


Using  similar  definitions  as  those  in  the  Poisson  develop¬ 
ment  m  Appendix  A.  this  set  of  linear  equations  can  be 
reduced  to  a  generalized  eigenvalue  problem, 

Aii/= EBtli.  (B8) 

Because  we  are  only  interested  in  the  lowest  bound 
states  of  the  system,  we  need  not  solve  for  all  of  the  ei- 
gen  energies  and  wave  functions.  We  use  the  subspace  iter¬ 
ation  method  with  efficient  skyline  storage  sparse  matrix 
methods  to  solve  for  the  lowest  ten  bound  states. 
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2.  Finite  element  formulation 

The  domain.  <1.  for  the  bchrodinger  problem  uses  the 
same  generalized  discretization  scheme  developed  for  the 
Poisson  problem  and  is  schematically  shown  in  Fig.  15. 
Using  linear  Chapeau  basis  functions  we  expand  Mr)  and 
6\1j{ r )  in  ihe  finite  element  approximations:  Mr) 
~.N(r)*if\  VMM  =B(r)  •  \b,  5MM=:Wr,N(r)r,  and 
V6MM  ~6ibr  •  B(r) r.  With  these  expansions,  the  varia¬ 
tional  formulation  of  the  problem  becomes 
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By  using  a  Monte  Carlo  analysis  of  the  earner  relaxation  in  GaAs  quantum  wires  following  laser  pho- 
loexcitation,  we  show  that  earner  cooling  due  to  phonon  emiasion  and  internal  thermalization  due  to 
electron-electron  interaction  are  significantly  decreased  with  respect  to  bulk  systems.  This  decreased 
ihermaiization  is  mainly  attnbuted  to  the  reduced  efficiency  of  interaubband  processes  and  to  the  re¬ 
duced  effect  of  electron-electron  intrasubband  scattenng. 


Most  studies  oi  tran'-port  in  quantum-wire  iQWR)  and 
■■■t her  mesoscopic  systems  have  been  primarily  concerned 
with  the  near-equilibrium  linear-response  regime  where 
quantum  coherence  effects  are  evident  (see,  for  example. 
Ref.  1  and  references  therein).  However,  Cingolant  and 
co-workers*  have  recently  reported  ultrafast  pump  and 
prooe  absorption  studies  of  a  quantum-wire  system  hi 
which  carrier  relaxation  was  observed  to  be  considerably 
viewer  than  found  in  bulk  systems  under  similar  excua- 
:ion  conditions.  Under  such  conditions,  the  earner  dis¬ 
tribution  is  far  from  equilibnum,  and  many  subbands  of 
the  quasi-one-dimensional  (quasi- ID)  wire  system  are  oc¬ 
cupied  The  average  energy  of  the  carriers  is  well  above 
that  of  the  lattice,  and  phonon  emission  is  dominant  as 
carriers  relax  their  energy  in  the  return  to  equilibnum. 

In  such  quasi- ID  structures,  the  electron-phonon- 
scattering  rate  is  substantially  modified  by  quantization 
of  the  earner  motion  due  to  the  two-dimensional 
confining  potential,  as  well  as  by  changes  in  the 
Frohlich-mteracuon  Hamiltonian  caused  by  phonon 
confinement  and  localization.1  Calculations  of  the 
dectron-phonon-scattering  rates  in  quasi- ID  systems 
have  been  reported  in  the  literature.1'6  Both  intrasub¬ 
band  and  intersubband  scattenng  rates  for  bulklike  polar 
optical  phonons  interacting  with  quantized  electrons 
were  reported,  including  self-energy  corrections  to  ac¬ 
count  for  oroadening  of  the  final  density  of  states.1,4 
More  recently,  scattenng  rates  have  been  calculated  for 
both  quantized  electrons  and  confined  phonons  in  the  ID 
structure.4  Monte  Carlo  (MC)  simulation  of  the  carrier 
dynamics  in  quasi-ID  systems  under  an  applied  electric 
field  have  been  reported,  and  show  features  in  the  none- 
quilibnum  distnbution  function  ansing  from  the  reduced 
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dimensionality  of  the  system36  as  well  as  real-space 
transfer  out  of  the  ID  system. 

The  aim  of  the  present  Bnef  Report  is  to  extend  the 
analysis  of  nonequtlibnum  charge  transport  in  quasi- ID 
systems  by  studying  earner  relaxation  following  laser  ex¬ 
citation.  In  particular,  we  consider  the  role  of  electron- 
electron  scattenng  in  the  thermalization  of  the  photoex- 
cited  carriers,  an  effect  which  has  been  neglected  in  previ¬ 
ous  treatments.5"7  Here  the  earner  dynamics  is  modeled 
using  a  fc-space  ensemble  Monte  Carlo  simulation,1  which 
allows  a  scmiclassical  transient  analysis  of  the  short-time 
evolution  of  the  one-panicle  earner  distribution  function 
dunng  and  after  the  generation  of  electron-Lole  pairs  by 
the  time-dependent  optical  pulse. 

As  a  model  system,  we  consider  QWR  structures  such 
as  those  fabricated  from  multiple-quantum-well  (MQW) 
samples  by  chemical  etching.1  This  technique  gives  a 
GaAs  rectangular  quantum  wire  confined  in  the  vertical 
growth  direction  (z)  by  AlxGa,_,As  layers,  and  free 
standing  along  the  transverse  direction  O').  In  the  present 
MC  simulation  of  this  structure,  electron-polar  optical 
phonon  (EP)  scattering  as  well  as  th*  electron-electron 
(EE)  interaction  are  included  for  both  intraaubband  and 
intersubband  transitions.  The  EP  and  the  EE  interac¬ 
tions  have  been  shown  to  dominate  the  subpicosecond 
trsnsient  regime  in  bulk  GaAs  (Refs.  9  and  10)  and  in 
GaAs/AljGa^^As  MQW’s  (Refs.  11-13)  for  excitation 
energies  below  the  threshold  for  intervalley  transfer.  We 
have  deferred  the  study  of  scattering  due  to  the  photoex- 
cited  holes  until  later  work  to  focus  attention  on  the  EE 
interaction  alone. 

Scattering  due  to  the  EE  and  EP  interactions  is  treated 
using  time-dependent  perturbation  theory  within  the  ap- 

1632  ©1993  Th*  Americas  Physical  Soon/ 


4: 


BRIEF  REPORTS 


1633 


proximaiion  of  Fermi's  golden  rule.  To  first  order.  he 
net  scattenne  'jte  aue  to  confined  pnonons  in  OW  -vs- 
tems  differs  little  from  that  calculated  using  bulk  pho¬ 
nons.  at  least  for  well  widths  of  about  100  A  or  more.  In 
:he  present  worx.  we  thus  neglect  phonon  confinement 
effects  due  to  me  heterojunction  interface  ana  assume 
that  the  pnonon  modes  are  infinitely  extended  in  the  sert- 
icai  c  direction  Fuchs  and  Klicwer  slab  modes  “  are  as¬ 
sumed  in  the  lateral  direction  confined  bv  air  on  either 
side.  Broadening  of  the  energy  levels  is  also  included  to 


account  for  inhomogenemes  in  the  wire  width  as  dis¬ 
missed  elsewhere.  ' 

Carrier-carrier  scattering  in  the  QWR  system  is  as¬ 
sumed  to  occur  via  a  staticallv  screened  Coulomb  interac¬ 
tion  t he  oniv  affordable  meinod  in  MC  simulanonsi, 
which  is  similar  to  that  used  in  aD  Ref.  si  and  quasi-2D 
■>ystems. 11  The  unscreened  matrix  element  of  the  bare 
Coulomb  potential  between  particle  1  of  momentum  k , 
n  subband  i  with  a  second  particle  2  of  momentum  k:  in¬ 
itially  in  subband  j  is  given  by 


Hn-  ;  ■  —  J  dz  f  dv  f  dz'  f  dy'<p;iy.z><p\,-.y.zup-Ay'.z’'<p-iy',z') 

X  6i  k  |  -r  k  ,  --  k  .  —  k  iKt)  ,  i  V7  iy  —  y  )'  i z  —  ;  •*  i  .  1 1) 

where  $.<)■,:>  is  the  free-electron  wave  function  in  subband  /.  X0  is  the  zeroth-order  modified  Bessel  function,  qx  is  the 

wave  vector  exchanged  in  the  x  direction,  k  \  —  k,,  and  L  is  the  simulated  length  of  the  wire.  The  final  subbands  alter 

scattering  are  m  for  particle  1  and  n  for  particle  2.  The  total  scattering  rate  for  an  electron  of  wave  vector  It,  ma  given 

suoband  i  is  given  by  the  sum  over  ail  final  states  for  this  electron  and  over  all  initial  and  final  states  of  the  partner  elec¬ 
tron.  Neglecting  for  the  moment  degeneracy  eiTects  'degeneracy  is  accounted  for  later  with  a  rejection  technique),  and 
using  conservation  of  energy  and  momentum,  the  EE  scattering  rate  becomes 

H“‘a.  .  ;  F/"'o-)!: 

I  - — - — : -  ■  '2> 
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where  n  is  the  relative  mass  of  the  two  earners  after  scattering,  and  <?,  and  q2  are  the  two  possible  values  for  the  ex¬ 
changed  momentum: 

|  il/2 
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where  A  =  E -  E  ■  -E,  —  E-  is  the  difference  in  the  sub- 
Pand  energy  levels.  As  is  evident  from  Eq.  3),  for  every 
pair  of  interacting  electrons  there  are  only  two  final  states 
available.  If.  at  ihe  end  of  the  scattenng,  the  two  carriers 
remain  in  their  respective  subbands,  the  only  final  state 
available  is  that  in  which  the  electrons  exchange  their 
crystal  momentum.  Such  scattering  is  irrelevant  u  both 
particles  originate  from  the  same  subband,  since  the  two 
particles  are  indistinguishable.  If  the  two  electrons  are  in 
different  subbands,  this  interaction  produces  a  significant 
energy  exchange  between  the  subbands.  We  shall  still 
refer  to  intrasubband  scattering  as  the  interaction  of  two 
electrons  that  lie  in  different  subbands,  as  long  as  they 
remain  in  the  same  subbands  after  scattenng.  Intersub¬ 
band  scattenng  then  refers  to  the  case  in  which  one  or 
both  of  the  electrons  change  subbands.  The  relative 
strength  of  intrasubband  versus  intersubband  scattenng 
depends  on  the  magnitude  of  the  EE  form  factor  given  by 
F.q.  1 1 '.  Figure  I  ia)  shows  a  plot  of  this  form  factor  as  a 
function  of  <?t  for  several  different  types  of  intrasubband 
and  iniersubband  transitions  illustrated  schematically  in 
Fig.  1  :b).  The  continuous  line  represents  the  intrasub- 
band  scattenng  between  electrons  in  the  first  and  the 
second  subbands.  The  form  factor  peaks  at  small  qx ,  and 
is  much  larger  than  the  intersubband  form  factors  (shown 


by  the  dashed  and  dotted  lines,  respectively)  due  to  the 
orthogonality  of  the  eigenfunctions.  It  is  interesting  to 
note  that  this  type  of  scattering  never  creates  new  states 
in  k  space,  and  thus  does  not  produce  any  thcrmalizing 
effect,  only  an  enoigy  redistribution  between  different 
subbands.  The  only  scattering  that  enables  a  generation 
of  new  k  states  (and  thus  momentum  relaxation)  occurs 
for  intersubband  scattering  In  this  case,  the  difference  of 
energy  between  the  initial  and  final  subbands  enters  into 
the  conservation  law  and  allows  the  creation  of  two  com¬ 
pletely  new  states.  A  typical  transition  is  shown  in  Fig. 
Kb)  by  the  dashed  line.  As  mentioned  earlier,  such  inter¬ 
subband  scattering  is  greatly  reduced  due  to  the  small 
form  factor,  and  so  thermalization  due  to  carrier-earner 
scattenng  is  stgmficamly  reduced  compared  to  that  in 
higher-dimensional  systems. 

The  screened  scattenng  rate  can  be  computed  using  the 
bare  Coulomb  potential  dressed  by  the  dielectnc  function 
of  the  earner  system: 


i 

wh*ire  f.  is  the  dielectnc  maim  of  the  multisubband  sys¬ 
tem.  The  static,  long-wave  limit  is  taken  which  allows 
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the  analytic  determination  of  the  determinant  above. 

The  MC  method  adopted  here  is  substantially  the  same 
as  that  used  in  the  simulation  of  bulk  GaAs  and 
GaAS/Al,Ga,  _,As  QW's,1  with  free  motion  in  only  the 
x  direction.  A  rejection  technique  has  been  applied  to 
take  into  account  the  Pauli  exclusion  principle  in  the  final 
Mate  after  scattering,  similar  to  that  used  in  the  3D  and 
ID  cases.*11  As  a  model  system,  we  have  considered  a 
100- A  GaAs  layer  cladded  by  Alo.jGao^As  layers  on  ei¬ 
ther  side  in  the  z  direction.  The  lateral  width  is  chosen  to 
be  jOO  A,  which  gives  a  total  of  ten  ID  subbands  in  the 
well. 

In  order  to  simplify  the  analysis,  we  have  considered 
only  photoexcuation  from  the  heavy-hole  band  to  the 
conduction  band.  The  laser  excitation  is  assumed  to  have 
a  lime  duration  of  SO  fs  and  a  spectral  width  of  20  meV. 
All  the  simulations  were  performed  at  a  lattice  tempera¬ 
ture  of  10  K.  with  an  equivalent  density  of  10|7  era-1. 
Electrons  are  generated  in  all  the  energetically  accessible 
subbands  (assuming  that  the  An  =0  rule  holds  for  transi¬ 
tion  between  valence-  and  conduction-band  subbands 
proportional  to  the  final  density  of  states). 

In  Fig.  2  we  show  the  results  of  a  simulation  performed 
with  a  low  excitation  energy  (43  meV)  where  only  EE 
scattering  is  considered.  The  results  are  plotted  versus 
the  magnitude  of  k  to  illustrate  the  difference  between  the 
simulation  results  and  those  of  a  heated  Maxwell- 
Boltzmann  distribution  (shown  by  the  dotted  line)  of  the 
same  average  energy  as  the  injected  distribution.  In  the 
QWR  case  (Fig.  2(a)],  very  little  thermalization  has  oc- 


FIG  I .  i)  The  form  factor  for  EE  transitions,  Eq.  ( I ),  show- 
ing  (he  mirasubband  (solid  line)  conmbu.ion  for  two  electrons 
lying  in  subbands  I  and  2,  respectively,  snd  the  intersubband 
ones  idotted  and  dashed  lines)  for  an  electron  jumping  from  iub- 
band  !  to  3  while  the  other  remains  in  subband  I  dashed  line) 
or  4  dotted  line),  (b)  Schematic  representations  of  tbc  fust  two 
electronic  tnns<uora  described  above. 


c  uned.  even  after  I  ps.  In  contrast  to  this  result,  ,  the 
bulk  case  (Fig.  2(b)]  is  completely  thermalized  after  400 
fs.  The  result  illustrates  the  greatly  reduced  effect  of  in- 
trasubbar.d  EE  scattering  in  a  ID  system  u.  contrast  to 
higher-dimensional  systems  due  to  the  reduced  phase 
space  of  the  final  state.  Since  thermaiizadon  in  the  pres¬ 
ence  of  EE  scattering  alone  may  only  proceed  via  inter- 
subband  events  in  a  QWR  system,  the  time  scale  is  much 
longer  than  that  required  in  2D  and  3D. 

Figure  3  shows  the  combined  effect  of  the  EP  and  EE 
interactions,  for  both  the  QWR  (Fig.  3(a)]  and  the  bulk 
[Fig  3(b)],  respectively,  when  a  higher  excitation  energy 
is  used  ( 170  meV).  The  peaks  present  in  the  QWR  simu¬ 
lation  correspond  to  the  position  of  the  subtend  minima 
indicated  by  the  arrows  shown  in  Fig.  3(a).  The  distribu¬ 
tion  function  in  the  bulk  ts  broadened  with  respect  to  the 
QWR  case  during  the  laser  excitation,  due  to  the  strong 
effect  of  the  EE  interaction,  and  is  completely  thermal- 
i zed  after  300  fs.  Again,  the  dotted  lines  in  parts  (a)  and 
(b)  correspond  to  a  heated  Maxwellian  distribution  at  the 
temperature  of  the  electron  gas.  In  the  QWR,  the  distri¬ 
bution  function  approaches  that  of  heated  Maxwellian 
only  after  1  ps.  The  presence  of  both  scattering  mecha¬ 
nisms  significantly  increases  the  thermalization  rate  com¬ 
pared  to  that  of  EE  scattering  alone  (Fig.  2(a)],  since  the 
emission  of  polar  optical  phonons  allows  the  electrons  to 
access  new  momentum  states  in  conjunction  with  in- 
trasubband  EE  scattering  which  redistributes  energy 
among  the  various  subbands.  The  combined  thermahza* 
tion  rate,  however,  is  still  much  slower  than  in  an 


FIG.  2.  (a)  Electron  occupation  number  in  the  QWR  at  two 
different  times  when  only  EE  interaction  ta  included  u  a  func¬ 
tion  of  k,.  The  dotted  line  represents  s  heated  Maxwellian  at 
the  temperature  of  the  electron  ju.  I  hi  The  tame  condition 
simulated  id  the:  bulk  Un  tiusceenh  is  the  modulus  of  tb*  total 
momentum/ 
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FIG.  3.  'a>  Electron  occupation  number  in  the  QWR  at  three  different  times  after  the  excitation  including  both  EP  and  EE  scatter¬ 
ing.  (b)  The  same  conditions  above  repeated  for  the  bulk. 


equivalent  bulk  system,  as  illustrated  by  the  companion 
in  Fig.  3.  This  slow  ihermalizaiion  in  the  QWR  system  is 
consistent  with  recent  measurements1  where  a  very  slow 
thermalization  was  found. 

In  summary,  we  have  presented  a  Monte  Carlo  study 
of  photoexcited  earner  relaxation  in  a  quantum  wire  with 
realistic  dimensions  in  which  electron-electron  and 
electron-polar  optical  phonon  scattenng  is  included.  The 
energy  relaxation  rate  due  to  electron-phonon  scattering 
is  reduced  due  to  the  relative  strength  of  the  tntersub- 


band  versus  tntrasubband  scattenng.  A  strong  reduction 
in  the  efficiency  of  the  single-particle  mtercamer  interac¬ 
tion  is  shown,  which  results  in  a  slow  internal  thermaliza- 
tion  of  the  photoexcited  electrons. 
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We  study  local  potential  variations  due  to  self-consistent  space-charge  effects  in  cai- 
cuianons  of  cohetem  transport  in  narrow  split-gate  structures.  We  ptesent  a  numerical 
technique  based  on  calculating  the  Hartree  potential  from  the  charge  density  obtained  by 
solving  the  two-dimensional  effective-mass  Schrodinger  equation  for  scattering  states, 
and  from  the  bound  charge  density  obtained  from  a  semi-classical  Thomas- Fermi  screen¬ 
ing  model.  This  method  allows  us  to  obtain  the  local  self-consistent  potential  variations 
close  to  scattering  centers  exposed  to  an  incident  flux  of  electrons. 


1.  Introduction 

Many  recent  studies  have  appeared  in  (he  literature 
*hich  present  calculations  of  conducianccs  m  narrow  split- 
aaie  structures  (hat  can  be  realized  using  advanced  fabnea- 
: ion  techniques  1 1|.  In  these  calculations  the  Schrodinger 
equation  is  solved  for  ihe  channel  geometry  to  obtain  trans¬ 
mission  coefficients,  from  which  the  conductance  :s  ob¬ 
tained.  It  has  been  pointed  out  1 2]  that  self-consistent  ef¬ 
fects  may  be  significant  in  these  structures,  but  it  has  been 
prohibitively  difficult  to  include  them  in  the  numerical  cal¬ 
culations. 

We  present  a  technique  for  capiunng  self-consistent 
space-charge  effects  in  two-dimensional  transport  calcula¬ 
tions  in  split-gate  structures.  We  study  the  self-consistent 
vananons  in  earner  density  and  local  potentials  close  10 
scattering  centers  exposed  to  an  incident  flux  of  electrons. 

2.  Numerical  Method 

Self-consistent  electronic  states  ire  obtained  through 
in  uerauve  solution  of  (he  2-D  Schrodinger  equation  us¬ 
ing  current  carrying  boundary  condioons.  Any  bound 
electronic  charge  is  approximated  by  the  semi-classical 
Thomas-Fermi  screening  model.  The  Hartree  potential  due 
to  (he  electron  density  is  explicitly  determined  from  the 
total  charge  density  in  each  iteration,  and  is  used  to  calcu¬ 
late  the  electronic  states  in  the  subsequent  uerauon.  The 
>elf-consistent  solution  is  obtained  when  the  potential  dif¬ 


ference  between  iterations  converges  to  within  a  desired 
tolerance. 

A.  Problem  Domain 

Our  model  of  the  device  geometry  consists  of  a  dis¬ 
cretized  calculation  domain.  of  mesh  elements  con¬ 
nected  to  input  and  output  leads.  11,  and  II,.  as  shown  in 
Fig.  1.  The  current  carrying  leads  attach  to  the  edges  of 
ihe  calculation  domain,  ai  r  =  0  and  /  .=  /,  and  extend 
to  infinity.  Although  the  leads  are  not  pan  of  the  calcu¬ 
lation  domain,  the  charge  contained  in  ihe  leads  must  be 
included  in  the  numerical  model  for  the  Hartree  potential. 
For  simplicity,  we  assume  hard-wall  boundary  conditions 
for  the  conducting  channel.  A  split-gate  structure  is  real¬ 
ized  by  adding  a  large  fixed  potential  ,n  the  gate  regions 
of  the  problem.  The  size  of  the  eaiculsbon  domain  most 
be  sufficiently  large  that  the  disturbance  due  to  the  con¬ 
striction  has  decayed  at  r  =  0  and  i  -  i ■  Selecting  device 
geometries  that  are  symmetric  across  the  channel  enables 
us  to  solve  the  problem  on  only  one  half  of  the  original 
domain.  The  resulting  bandwidth  reduction  significantly 
lowers  the  computation  umc. 

B.  Effective  Mass  Schrodinger  Equation 

The  2-D  effecnve-mass  Schrodinger  equation  is  repeat¬ 
edly  solved  on  the  discreiiied  spatial  domain  for  the  trav¬ 
eling  wave  "scattering  states".  IF  denotes  the  confining 
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FIGURE  I  schematic  ot  the  cnannel  geometry  snowing 
:he  nmte  clement  domain.  „r,a  the  leads.  and  l! 
The  shaded  regions  represent  tne  connmng  gate  potentials. 

cnannel  ootennal,  i  represents  the  self-consistent  Hamec 
potential,  and  i.V  is  me  electron  etfecttve-mass, 

j  -  - - T2  -  1  ■  ■  :/i  -r  \  'ir  r.  -•/ 1  j  i  •/•(/.  r/l  =  F.ltAt.  '/)■ 

1  J-n 

‘  l 

.1) 

Deep  inside  the  ieads.  t  e  tar  from  the  scattering  region, 
we  assume  free  electron  propagation.  The  electronic  wave 
function  can  be  factorized  into  a  longitudinal  plane-wave 
part.  .  ,n  m:  jnj  a  transverse  part  with  quantized  modes. 

i,  wmen  jrc  cue  to  the  confining  potential  of  the 
channel.  The  scattering  eigenstates  tor  injection  from  the 
left-hand  lead.  1 !  .  ,n  mode  m  are.  tnereiore.  ot  the  form. 


i  . 


The  index  »  runs  over  ail  possible  transverse  modes 
with/-.'  =  —  i  *  *•*  Sin’  i.  wmch  includes  both  traveling 

and  evanescent  states. 

The  finite  element  method  is  used  to  reduce  the  prob¬ 
lem  to  a  large  system  of  coupled  linear  equations.  The 
Quantum  Transmitting  Boundary  Method  (3|  is  used  to 
implement  the  finite  element  boundary  conditions  appro¬ 
priate  for  the  current  carrying  leads. 

C.  Charge  Density 

The  electron  density  in  the  cnannel  due  to  current  car¬ 
rying  states  is  obtained  by  explicitly  summing  over  the 
contributions  of  all  occupied  scattering  states.  We  assume 
the  linear  response  regime  and  zero  temperature.  The  scat¬ 
tering  state  electron  density  is  then  given  by  summing  over 
all  states  with  /.  <  t>. 

'  V  i/ '  r.  :;■  =  31  -'/Sir  v.'|2.  1  1' 

<Kr 


The  sum  includes  tne  wjve-tunctions  due  to  injection  from 
both  lead  1  and  lead  2.  In  the  linear  response  regime, 
injection  is  symmetric  tor  both  leads  and  this  can  oe  used 
to  reduce  computation  time.  We  typically  hnd  that  twenty 
terms  in  the  summation  over  electronic  states  are  sufficient. 

Bound  electronic  states  can  exist  inside  the  scatter¬ 
ing  region  if  the  total  potential  dtps  below  its  asymptotic 
value  far  into  the  leads.  The  quantum  mechanical  elec- 
troi  density  obtained  tor  traveling  states  dees  not  contain 
any  contribution  that  mav  arise  trom  bound  charge  inside 
the  problem  domain.  If  this  contribution  is  neglected 
the  electron  density  would  be  underestimated  in  the  re¬ 
gion  of  a  potential  well,  resuiting  in  a  larger  attractive 
Hanree  potential  ana  suoseuuentiv  an  unstable  runawav 
condition.  As  a  t-.rst  oruer  approximation,  we  choose  to 
model  the  bounu-staie  electronic  charge  density  with  tne 
semi-classical  Thomas-Fermi  screening  model.  If  the  po¬ 
tential  in  ihe  solution  domain  is  lower  than  its  asymptotic 
value  in  the  ieads,  V  .  i  <  l,.,,tU.  y  i,  then  a  semi- 
cl  ass  teal  electron  density  is  obtained  at  the  point  i  r.  yi  by 
nr  ft  a.  i/t  —  — r-i  l  l..|iu.  >/ 1  -  ,  ■  .r .  •/  ij.  where  t  :s  the 
total  potential  used  in  solving  the  Schrodinger  equation. 
This  simple  approximation  over-estimates  the  total  elec¬ 
tron  density  in  ihe  region  ot  a  potential  well  because  we 
n II  a  discrete  quantum  svstem  with  a  continuous  electron 
density  The  over-estimation,  however,  will  cause  the  po¬ 
tential  well  io  become  more  shallow''  m  the  subsequent 
iteration  resulting  m  a  smaller  semi-classical  election  den¬ 
sity 

To  maintain  charge  neutrality,  a  compensanng  positive 
background  charge.  is  needed.  The  background  charge 
is  obtained  by  enforcing  charge  neutrality  in  the  leads  The 
local  disturbance  caused  by  jnv  constriction  is  assumed  to 
be  completely  contained  wuhin  the  problem  domain.  Qr>. 
with  negligible  effect  in  the  leads.  This  criterion  allows 
us  to  model  the  charge  density  in  the  infinitely  extending 
leads  as  a  continuation  of  ihe  charge  density  at  the  edges  of 
the  problem  domain.  ,>fl  =  ,„1  ,i,,tO.  t/iify  =  vlWi/. 

This  model  for  the  positive  background  neglects  the 
fact  that  m  most  2DEG  systems  the  positive  donors  are 
in  a  parallel  plane  isolated  from  the  earners  by  a  spacer 
layer.  Although  we  do  not  model  the  spacer  layer  in  these 
calculations,  one  could,  in  principle,  use  an  "effective" 
positive  background  charge  density  without  changing  the 
algorithm  |4|. 

D.  Hartree  Potential 

The  Hanree  potential  at  any  location  tz\  v)  is  obtained 
by  explicitly  summing  over  all  charge  contributions  in  the 
channel. 


1  ./t  r  ./i  =  - —  I  j 


7  )  dx'  til/' 


i  j '  -  r  :  •  *  .  y  -  i  * 


Super/attices  and  Microstructures.  Vol.  11.  No  2.  1992 


191 


~hc  integral  can  be  broken  imo  three  distinct  contributions. 

.•  =  >  V’  -  ' .  corresponding  to  tne  domain. 
and  ihe  two  leads.  1),  and  Wj,  respecovely.  The  term  due 
to  the  charge  density  inside  the  solution  domun.  I  ',V° ,  is 
explicitly  calculated  by  Gaussian  quadrature  on  the  finite 
elements.  The  components  of  the  Hartrec  potential  due 
to  the  infinite  leads,  i and  l*’,  must  be.  in  part,  cal¬ 
culated  analytically.  Using  the  conditions  of  charge  neu¬ 
trality  across  the  leads.  i„'  ■»(/.  in  =  0.  and  of  translational 
invariance  down  the  leads.  ,mt  >  ;. y)  =  niyi.  yields 


E.  Self-Consistency 

The  resulting  Hartree  potential  is  used  to  modify  the 
total  potential  on  which  the  SchrOdmger  equation  is  solved 
in  the  subsequent  iteration.  The  self-consistent  potential 
and  charge  density  are  obtained  when  the  difference  in 
the  total  potential  between  iterations  converges  to  within  a 
specified  tolerance. 

5.  Results 


- “  tin'pl  l .  :l  li—  i  ■  ■  t  —  r  •  —  ■  —  ■■■•i. 

Tie  amove  integral  across  the  lead  is  evaluated  numerically 
::nm  the  charge  densitv  at  the  edge  of  the  nmte  element 
domain.  ,«/.  71.  We  obtain  a  similar  Hartree  lerm  due  to 
:he  charge  density  in  the  left  lead.  \ 


A.  Open  Channel 

We  rirst  investigate  the  electronic  charge  density  and 
the  Hartree  potential  for  an  open,  unconstncted  channel. 
The  solutions  must  show  Translational  invanance  down  the 
channel,  namely  /nr. 7)  =  /in /)  and  I’/m-t.v)  = 

This  provides  a  test  for  the  Harare  potential  obtained  by 
summing  i ,  I  ;j' .  and  I  '//*-  choose  to  study  single 
mode  mjecnon  by  occupying  states  up  to  a  Fermi  energy 
that  is  below  the  second  subband  m  the  leads.  Fig.  2 
shows  in  part  (a)  the  Hartrec  potennal  due  to  the  solution 
domain  Vfj*  and  in  pan  (b)  the  sum  of  both  lead  contnbu- 
tions.  I '})'  +  l',1/',  after  the  first  iteration.  The  total  Hartree 
potential,  which  is  the  sum  of  (a)  and  (b),  results  in  the 
potential  shown  in  Fig.  2(c)  and  exhibits  the  desired  trans- 


F1GURE  2.  The  components  of  the  Hartree  potential  for 
the  open  channel  after  the  first  iteration:  (a)  l  ,1,1*.  (b)  V'®1  4- 
t  V/\  (c)  \ 
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FIGURE  3.  Shown  is  (a)  the  converged  open  channel 
potential,  and  (b)  the  itertnon  error. 
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FIGURE  4  Shown  is  la)  the  charge  density  tor  ihe  con- 
'iricted  channel  (WNW  structure)  afier  the  tint  iteration, 
til  the  new  total  potential  after  the  first  iteration,  tc)  the 
■ ‘•'a.si'  a,  c;e.  n-on  density  in  the  second  I'eration.  and 
■  U 1  the  total  charge  density  after  the  second  iteration. 


Ijitonal  invariance.  This  clearly  shows  that  the  Hartree  po¬ 
tential  due  to  charge  in  the  leads  exactly  compensates  for 
me  ootential  due  to  charge  within  the  domain,  and  is  a  very 
critical  test  of  our  numerical  method.  Because  the  total  po- 
'ential  in  the  solution  domain.  1!,,,  does  not  drop  helow  us 
asymptotic  value  in  the  leads,  there  are  no  bound  elec¬ 
tronic  states  in  the  open  channel.  The  Hanree  potential  in 
Fig.  2(c),  obtained  from  the  completely  quantum  mechan¬ 
ical  electron  density,  is  used  to  modify  the  total  potential 
with  which  the  Schmdinger  equation  is  solved  on  the  sub- 
vequent  iteration  Fig.  Jlai  shows  the  converged  solution 
alter  yi  iiemnonv  a-d  Fig  ,"b)  plots  the  change  tn  the 
total  potential  between  iterations  versus  iteration  number. 
The  algorithm  is  stable  and  convergent  for  the  open  chan¬ 
nel  and.  as  Fig.  3(a)  indicates,  the  '‘floor"  of  the  quantum 
wire  is  "buckled"  by  several  meV. 

B.  Constricted  Channel 

We  finally  mvesngate  a  partially  constricted  channel, 
->ur  model  for  a  narrow  split-gate  structure  We  show  in 


Fig.  4< a )  the  charge  density  alter  the  first  iteration  for 
single  mode  injection,  and  in  Fig.  4(b),  (c)  and  (d)  the 
new  total  potential  used  in  the  second  iteration,  the  semi- 
classical  electron  density,  and  the  total  charge  density  after 
the  second  iteration  respectively. 

The  first  iteration  cnarge  density  far  from  the  constric¬ 
tion  asymptotically  approaches  the  case  of  an  undisturbed 
system.  The  leakage  of  charge  between  the  split  gates  in 
the  first  iteration  is  small  enough  that  the  charge  density  in 
Fig.  4(a)  resembles  the  solution  of  the  totally  constricted 
channel  (51.  Trie  smaller  electron  density  in  the  gate  re¬ 
gion  m  Fig.  4(a)  results  in  the  formation  of  a  potential 
well  through  the  Flamee  term  used  to  obtain  the  total  po¬ 
tential  shown  in  Fig.  4(b).  This  potential  well  in  the  gate 
region  will,  in  subsequent  iterations,  cause  an  increase  m 
the  local  electron  density  near  the  scattering  center.  This 
results  both  from  an  increase  in  occupied  traveling  states 
through  the  gate  region  and  from  the  semi-claistcal  model 
for  the  bound  electron  density,  shown  in  Fig.  4(c), 
since  :he  potential  in  the  gate  region  dips  below  the  po- 


Superlattices  and  Microstructures.  Vol  1 1.  No.  2.  1992 


193 


:entul  for  into  the  leads.  The  total  charge  density  obtained 
m  the  second  iteration,  due  to  both  the  electron  density 
ot  the  traveling  states  and  (he  semtclasstcal  bound  elec¬ 
tron  density,  is  shown  in  Fig.  4(d).  The  increase  m  the 
electron  density  near  the  scattering  center  is  clearly  visi¬ 
ble.  Although  not  fully  converged,  it  is  clear  from  these 
calculations  that  the  oscillations  in  the  local  field  near  the 
scattering  center  due  to  self-consistent  space  charge  effects 
could  be  significant  in  transport  calculations  since  they  will 
effect  tne  transmission  amplitudes  of  the  structure.  The  os¬ 
cillations  in  ihe  potential  due  to  a  scattering  center  in  ihe 
"OOX  channel  can  extend  up  to  a  half  micron  into  the  leads, 
j.id  are  on  ihe  order  of  a  few  meV.  Although  the  poten- 
:  at  well  in  ihe  scattering  region  does  not  become  deeper 
n  later  iterations,  we  have  found  it  difficult  to  achieve 
convergence  for  split-gate  structures.  We  are  currently  in¬ 
vestigating  various  convergence  schemes  and  more  work 
i>  needed  on  this  problem. 

4.  Conclusion 

We  have  presented  a  method  which  incorporates  self- 
consistent  space  charge  effects  in  transport  calculations  for 
narrow  split-gate  structures.  Our  method  uses  an  iterative 
volution  of  the  etfecuve-mass  Schrddinger  equation,  with 
a  semi -classical  model  for  bound  electronic  charge,  and 
explicit  calculation  of  the  Hartrce  potential.  This  method 


allows  us  to  investigate  the  local  self-consistent  potential 
v  unanons  close  to  scattering  centers  exposed  to  an  incident 
rtux  of  electrons. 

For  the  case  of  an  open  channel,  or  quantum  wire,  we 
have  demonstrated  the  validity  of  our  method  and  achieved 
a  fully  convergent  solution.  We  presented  some  results  for 
a  partially  constricted  channel,  or  narrow  split-gare  struc¬ 
ture.  but  for  this  case  convergence  has  been  difficult  to 
achieve.  More  work  is  needed  to  ensure  convergence  of 
the  self-consistent  cycle  for  genenl  split-gate  structures. 
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The  two-dimensional  spatial  distribution  of  the  current  and  Fermi  earners  around  localized  elastic 
scatterers  in  phase-coherent  electron  transport  has  been  calculated  using  a  generalized  scattenng-matnx 
approach.  The  distributions  show  dramatic  differences  depending  on  whether  the  scatterers  are  attrac¬ 
tive  (donorlike)  or  repulsive  (acceptorlike).  We  find  that  attractive  scatterers  can  produce  strong  vortices 
in  the  current,  resulting  in  localized  magnetic  moments,  while  repulsive  scatterers  produce  much  weaker 
vortices  and  may  not  produce  any  at  all  in  quasiballistic  transport  (few  impurities).  This  is  a  significant 
difference  between  majonty-camer  transport  (when  the  scatterers  are  attractive)  and  minority-carrier 
transport  (scatterers  are  repulsive).  The  vortices  are  caused  by  quantum-mechanical  interference  be¬ 
tween  scatterers  and  are  accentuated  by  evanescent  modes  which  have  a  stronger  effect  in  the  case  of  at¬ 
tractive  scatterers  owing  to  the  formation  of  quasidonor  states.  We  also  examine  the  influence  of  the  im¬ 
purity  configuration  iposmons  of  the  scatterers)  on  the  nature  of  the  vortices. 


I.  INTRODUCTION 

The  spatial  distribution  of  the  current  and  electric  field 
around  localized  scatterers  in  electron  transport  has  been 
a  subject  of  significant  interest  even  in  the  late  1950s.1 
After  a  period  spanning  more  than  two  decades,  it  is 
again  receiving  attention2  following  the  advent  of  mesos¬ 
copic  systems  that  exhibit  phase-coherent  electron  trans¬ 
port.  In  this  paper,  we  present  results  based  on  a 
rigorous  solution  of  the  Schrodinger  equation  that  show 
the  spatial  distribution  of  current  and  Fermi  earners  (i.e., 
earners  with  the  Fermi  energy)  in  a  two-dimensional 
semiconductor  of  finite  width  in  the  presence  of  8  scatter¬ 
ers.  The  analysis  is  fully  quantum  mechanical  and  in¬ 
corporates  the  effects  of  phase  coherence  of  the  electron 
wave  function — a  feature  that  was  neglected  in  the  previ¬ 
ous  work  of  Refs.  1  and  2.  Our  results  indicate  that  there 
are  dramatic  differences  between  the  current  distnbutions 
for  attractive  and  repulsive  scatterers.  Similar  differences 
are  also  observed  in  the  distnbutions  of  Fermi  carriers. 
In  addition,  we  find  that  current  vortices  can  form  in  the 
vicinity  of  impurities  resulting  in  localized  magnetic  mo¬ 
ments.  These  vortices  are  caused  by  quantum- 
mechanical  interference  between  elastic  scatterers  and  re¬ 
quire  the  presence  of  evanescent  modes.  They  also  affect 
the  Fermi  carrier  concentration.  Finally,  we  discuss  how 
the  localized  magnetic  moments  associated  with  the  vor¬ 
tices  may  lead  to  interesting  features  in  low  field  quantum 
magnetotransport . 

This  paper  is  organized  as  follows.  In  the  next  section, 
we  briefly  present  the  theory  used  in  computing  the  two- 
dimensional  current  and  Fermi  camer-concentration 
profiles.  In  Sec.  Ill,  we  present  results  for  a  prototypical 
structure  which  consists  of  a  disordered  GaAs  mesa  (a 
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two-dimensional  structure  confined  along  the  width) 
whose  width  is  comparable  to  the  Fermi  wavelength  and 
in  which  transport  is  multichanneled.  The  results  consist 
of  the  computed  conductance  versus  Fermi  energy,  which 
show  quantized  steps  associated  with  subband  filling  in 
quasiballistic  transport.2  The  nature  of  these  steps  is  very 
different  for  attractive  and  repulsive  scatterers  and  de¬ 
pends  significantly  on  whether  or  not  evanescent  modes 
(i.e.,  transport  channels  with  imaginary  wave  vectors)  as¬ 
sociated  with  unfilled  subbands  above  the  Fermi  level  are 
included  in  the  analysis.  In  addition,  we  have  plotted  the 
current  and  Fermi  camer-concentration  profiles  for  in¬ 
jection  from  each  filled  subband  individually  as  well  as 
the  total  current  and  Fermi  camer-concentration 
profiles.  These  plots  show  that  strong  current  vortices 
can  form  in  the  presence  of  attractive  scatterers  in  both 
quasiballistic  and  diffusive  transport.  When  the  scatter¬ 
ers  are  repulsive,  vortices  usually  do  not  form  in  the 
quasiballistic  regime,  but  weak  vortices  can  occur  in  the 
diffusive  regime.  We  also  show  how  the  vortices  are 
influenced  by  the  impurity  configuration  and  discuss  the 
relationship  they  have  with  quasidonor  states  that  form 
when  the  scatterers  are  attractive.  Finally,  in  Sec.  IV,  we 
present  our  conclusions  and  discuss  interesting  features 
that  may  be  observed  in  the  presence  of  a  magnetic  field. 

II.  THEORY 

We  consider  a  mesa  as  shown  in  Fig.  1.  The  structure 
is  single  moded  in  the  z  direction,  which  means  that  the 
thickness  along  this  direction  is  less  than  the  Fermi  wave¬ 
length,  so  that  only  one  transverse  subband  in  this  direc¬ 
tion  is  occupied.  The  width  W  along  the  y  direction  can 
be  larger  than  the  Fermi  wavelength,  so  that  multiple  y- 
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FIG.  1  A  GaAs  mesa  ot‘  length  1160  A  and  width  1000  A 
with  a  random  distribution  of  four  impurities  inside. 

directed  subbands  may  be  filled.  The  structure  contains  a 
number  of  elastic  6-function  scatterers  whose  positions 
(i.e.,  the  impurity  configuration)  are  generated  by  two  in¬ 
dependent  uniform  random  number  generators  (tor  the  x 
and  y  coordinates).  In  all  our  analysts  we  assume  a  tem¬ 
perature  of  T= 0  K  and  linear-response  transport. 

The  Schrod'nger  equation  describing  electron  trans¬ 
port  in  this  confined  two-dimenstona!  disordered  struc¬ 
ture  is  wntten  as 

-  Tii  =  £ti'  .  '1! 

2m  * 

where  m"  is  an  isotropic  effective  mass  and  the  potential 
energy  V  consists  of  two  terms 

y  =V(x,y)=  VAy)-'- V[mv\x,y)  .  *2) 

The  first  term  gives  the  effect  of  the  confining  potential  in 
the  y  direction  and  the  second  term  is  due  to  impurities. 
For  6-function  impurities,  wc  have 

f/.mp  =  r26,A-.t...|6(y-y..i  ,  >3) 

.  =i 

where  s  is  the  total  number  of  impurities  in  the  structure 
and  the  summation  emends  over  all  the  impurities.  The 
position  of  the  nh  impurity  is  denoted  by  t x.,yt ). 

The  assumption  of  a  6-functton  shape  for  impurity  po¬ 
tential  is  of  course  not  realistic  for  modulation-doped 
samples  where  the  scattering  potential  is  smooth.  More 
realistic  scattering  potentials  have  been  treated  in  the 
context  of  quantum  transport  in  narrow  channels,'*  but 
here  we  are  only  interested  in  the  basic  physics  of  the 
spatial  distnbutions.  For  this,  a  6-function  potential 
serves  just  as  well. 

The  confining  potential  Viy  i  gives  rise  to  an  orthogo¬ 
nal  set  of  transverse  modes  in  y  mr  subbands)  whose  wave 
functions  satisfy  the  eigenequation 

f  y-2  02 

— ~ T  ~  "*■  F .  ( y )  V„,y»  =  e,T„<y'  .  <•*> 

j  2m  ay' 

where  e„  is  the  energy  at  the  bottom  of  the  mh  subband. 
We  assume  hardwall  boundary  conditions,  which  give 

W.y>  =  v'2/Ti'sin  i  |  .  *5) 

!  w  , 

i  I  * 

fr  I  nrr 

e,  = -  -  I  .  '6) 

’  2m  ‘  !  W  ; 

Each  subband  lor  mode)  n  has  a  parabolic  energy  disper¬ 


sion  given  by 

#k; 

£T_ t A .  i  = - -re.  .  '7) 

T  t  «,  0  ■ 

2m 

where  kt  is  the  x-directed  wave  vector. 

The  .t-directed  wave  vector  kF  of  the  nth  mode  at  the 
Fermi  energy  EF  is  obtained  from  the  above  equation  as 

Vim  *<  EF  -£, ) 


If  EF>tn,  then  kF  is  real.  We  call  such  a  mode  a  propa¬ 
gating  mode,  which  corresponds  to  a  subband  that  is  oc¬ 
cupied  at  7  =  0  K.  If,  on  the  other  hand.  EF<zn,  then 
the  subband  is  empty  and  kF  is  imaginary.  We  call  such 
a  mode  an  evanescent  mode.  In  the  linear-response  re¬ 
gime,  only  the  electrons  at  the  Fermi  energy  carry 
current.  Therefore,  the  evanescent  modes  will  themselves 
not  carry  any  current,  since  their  wave  vectors  are  imagi¬ 
nary.  However,  they  can  affect  the  transmission 
coefficients  of  the  propagating  modes  that  car:y  current 
and  thus  have  an  indirect  but  significant  effect  on  the 
current  in  the  structure. 

The  totai  wave  function  t l>m\x,yi  for  an  electron  inject¬ 
ed  from  the  subband  m  in  the  left  contact  with  the  Fermi 
energy  can  be  wntten  as 


*  [  A„l>(x)expUkpx)  +  Bn,pap{ -ik£x  )]yp(y) 

>  =  ,  VTp 


where  the  summation  extends  over  both  propagating  and 
evanescent  modes  'the  total  number  of  modes  is  M). 
When  the  wave  function  is  written  in  this  form,  all  propa¬ 
gating  modes  carry  the  same  current.  We  now  only  have 
to  evaluate  the  coefficients  /f„,pixi  and  B^p\x)  to  deter¬ 
mine  the  wave  function.  If  we  know  these  coefficients  at 
any  position  ( x0.y )  in  the  structure,  then  the  coefficients 
at  any  other  position  (x ,  ,y  )  can  be  found  from 


TO 

*11  fl2 

(/, 

f21  f22 

!/n 

where  /  is  a  column  vector  of  length  M  whose  elements 

are  ,4mIix0),  'W-V-  A -nJlJCo > . lo  >s  a 

column  vector  of  length  M  whose  elements  are 

Bml{x0),Bm2(x0),Brnyx0) . fl„w(x0),  r0  is  a  column 

vector  of  length  ,W  whose  elements  are 

Am[\x^t,  Am,ix]  i.  /4„)tx,  ■ - Am%l(x , ),  and  r,  is  also 

a  column  vector  of  length  M  whose  elements  are 
\,Bml(x,  l.fl^lx, ) . BmM(x}).  The  coef¬ 

ficients  I,,.  / 1;,  f:i,  and  r;2  are  each  M  XW  matnees  and 
the  square  matrix  in  Eq.  (10)  is  the  so-called  transfer  ma¬ 
trix  for  the  section  of  the  structure  between  x=x0  and 
x , .  A  pictorial  depiction  is  shown  in  Fig.  2. 

The  above  equation  allows  us  to  determine  the 
coefficients  .4,,/x,)  and  S„p(x,)  (and  hence  the  wave 
function)  at  any  arbitrary  location  x ,  if  we  know  the 
wave  function  (or  the  coefficients  /4mpix0)  and  Bmp[x0)] 
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FIG.  2.  Incident  and  reflected  waves  ai  any  arbitrary  section 
of  the  structure.  The  relationships  between  the  waves  are  ex¬ 
pressed  through  the  transfer  matrix  (Eq.  (101)  and  the  scattering 
matrix  [Eq.  il2)). 


at  any  one  point  x  =.x0  in  the  device.  We  do  know  the 
wave  function  at  the  left  contact  U=0—  i.  We  assume 
that  for  injection  into  the  mth  mode,  it  is  given  by  the 
scattering  states5  (this  is  our  boundary  condition! 


expti kpx 


V  k? 


an 


A^p\.x  =0-  1  =  6 


p  (Kronicker  delta)  and  B^p 
Therefore,  we  can  find  the  wave  func- 


so  that 

\x  =0—  i  =  R 

non  anywhere  in  the  structure  using  Eqs.  (10)  and  ( 1 1)  if 
we  know  the  transfer  matrix  between  the  left  contact  and 
the  region  of  interest,  as  well  as  the  coefficients 
These  are  found  from  the  appropriate  scattering  ma¬ 
trices.  The  scattering  matrix  for  any  section  relates  the 
amplitudes  of  the  waves  reflected  from  that  section  to  the 
incident  amplitudes  (see  Fig.  2)  according  to 


er  unknowns  that  we  need  are  the  elements  of  the  transfer 
matrix  appearing  in  Eq.  (10)  which  are  related  to  the  ele¬ 
ments  of  the  scattering  matrix  for  that  section  by  the  sim¬ 
ple  relations 


r,,  =r-r  i/ 


=  (  —  i  i 


r.,  =  r'i/‘r 


(13) 


Once  we  have  evaluated  the  scattering  matrices,  we 
have  therefore  found  all  the  quantities  that  we  need  to 
evaluate  the  wave  function  everywhere  in  the  structure. 
Equations  (9)-il3)  are  used  to  determine  the  wave  func¬ 
tion.  This  method  of  finding  the  wave  function,  although 
straightforward,  is,  however,  computationally  not  robust. 
A  problem  arises  when  evanescent  modes  are  included  in 
the  analysis,  which  causes  the  matnx  i'  to  become  near 
singular  and  makes  its  inversion  [required  in  Eq.  (13)] 
difficult  To  avoid  this  problem,  an  alternate  approach 
was  used  in  obtaining  our  results.  This  is  described 
below. 

To  find  the  wave  function  i/>mtx,y)  at  any  position 
ix.y),  we  need  to  know  the  coetficients  Amp(x)  and 
Bmp{x).  For  this,  we  break  up  the  structure  into  two 
sections — one  interposed  between  the  left  contact  and  x. 
and  the  other  between  x  and  the  right  contact.  Referring 
to  Fig.  3,  we  can  relate  the  column  vector  am  [containing 
the  coefficients  ^mplx)j  and  the  column  vector  (}m  [con¬ 
taining  the  amplitudes  Bmp,x)  j  to  the  column  vector  am 
[containing  the  amplitudes  Ampix  =  0  — )  at  the  left  con¬ 
tact)  and  the  column  vector  bm  [containing  the  ampli¬ 
tudes  Bmpix  =  0-  )]  through  the  scattering  matnx 


(14) 


The  above  scattering  matrix  describes  the  first  section. 
Similarly  we  can  write  a  scattering  matrix  for  the  second 
section  as  (see  Fig.  3) 


0~,  !  /:  :  : 

ic"i  i  k  i  :  0  ! 

It  is  easy  m  see  from  the  above  two  equations  that 


:,ia-n  --r\0m  ,  0^  =r:am  . 


(15) 


(16) 


comae* 


contact 


Jr,  |  |r  / '  | 

!  rr*  |  1 f 

i'. 

k 

(12) 

}  ■ 

-n  — 

—  -T»  — - 

'2  j 

where  r,  and 

r‘  a 

re  the  elements  of  the  scattenng 

matrix  and  are  themselves  .WX.W  matrices.  The  pro¬ 
cedure  to  derive  the  scattenng  matnx  for  any  arbitrary 
section  was  desenbed  in  Ref.  6  and  will  not  be  repeated 
here.  The  coefficients  R„p  are  simply  the  elements  of  the 
matnx  r  appeanng  in  the  total  scattenng  matnx  for  the 
entire  structure  and  can  be  found  directly.  The  only  oth- 


FIG-  3  A  structure  is  decomposed  into  iwo  sections  with  a 
common  boundary  at  the  coordinate  x  The  wave  amplitudes  ot 
x  are  related  to  (he  wave  amplitudes  at  ihe  left  and  right  con- 
tacis  through  the  two  scattenng  matrices  describing  the  two 

sections. 
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Substituting  the  second  equality  in  Eq.  '.161  into  the  tirst 
cquai  v  ol  that  equation,  we  get 

a^  .I  ~r',r.  ,aT  .  !7i 

I  '  '  <’ ; a„  ,  1  Si 

where  /  is  the  identity  matrix, 

Since  the  scattering  matrix  elements  tor  both  sections 
can  be  determined  from  the  recipe  of  Ref.  6  and.  in  addi¬ 
tion.  a„  is  also  known  from  the  boundary  conditions 
\A^0  u:=0- '  =  we  can  easily  find  a,  and 
from  the  above  relations  and  this  gives  us  the  wave  func¬ 
tion  at  any  arbitrary  position  x.  This  method  does  not 
suffer  from  the  numerical  instability  of  the  previous 
method  whe  vanescent  modes  are  included  in  the 
analysis,  pro  cd,  of  course,  that  r\  and  r:  are  not  too 
large.  Unless  transport  is  strongly  diffusive  and  ap¬ 
proaches  the  strong  localization  regime,  r\  and  r.  remain 
small  enough  to  prevent  numerical  instabilities  from 
atfecting  this  method. 

The  wave  function  i /•„i.x,vt  allows  us  to  calculate  the 
current  densitv  J„*.t,yi  and  the  Fermi  carrier  concentra¬ 
tion  n.^  for  intection  from  each  mode  m 

J. [  i/v  x ,y  t V i/'*  i .x.y  t 

2m 

-i I’jx.y  iViZ^  : x.>> >  1  .  1 19) 

n5m'.x,yi=i^tx.yii;  .  ,20) 

The  total  current  density  is  found  by  veetorially  adding 
the  contributions  of  all  propagating  modes  and  the  total 
Fermi  carrier  concentration  is  found  by  the  scalar  addi¬ 
tion  of  the  contributions  of  all  modes,  both  propagating 
and  evanescent. 


JiW :  .x .  >■ 1  . 
rap*g*ung  inodes 

■21) 

M  101*1/  v  ,,  ,  — 

*•>•'-  2.  n.m-.x,y)  . 

oropigtlmg  -  evanescent 

The  above  superposition  is  justihed  since  we  assum  .hat 
there  is  no  phase  coherence  between  different  modes  in 
the  contacts,  so  that  the  total  current  or  Fermi  carrier 
concentration  is  the  incoherent  superposition  of  ;  e  con¬ 
tributions  of  each  mode.  This  picture  is  consistent  with 
the  Landauer-Buttiker  formalism  of  linear  response3  in 
which  the  contacts  are  viewed  as  ideal  reservoirs. 

III.  RESULTS 

A.  Conductance  versus  Fermi  energy 
for  attractive  and  repulsive  impurities 
in  the  quasiballistic  regime 

In  Fig.  4.  we  show  the  conductance  versus  Fermi  ener¬ 
gy  of  a  GaAs  mesa  1000  A  wide  and  llbO  A  long.  The 
structure  contains  four  impurities  that  are  randomly  dis¬ 
tributed  within  the  sample.  In  all  cases  the  strength  of 
each  6-tunction  impurity  was  assumed  to  be  such  that  the 
quantity  y  [see  Eq.  1 3 )]  =3  feVcmv 

The  conductance  was  calculated  from  the  two-probe 
Landauer-Buttiker  formula3  in  which  the  transmission 
was  calculated  directly  from  the  scattering  matrix  follow¬ 
ing  the  prescription  of  Ref.  6  The  curves  show  the  usual 
quantized  conductance  sieps  associated  with  subband 
filing.  Even  though  there  is  disorder  in  the  channel,  the 
c  .nuzauon  of  the  conductance  is  not  destroyed  as  pre¬ 
dicted  by  some  authors9  -  "  because  there  are  not  enough 
impurities  for  this  to  happen.  The  effect  of  the  impurities 
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FIG.  4  The  two-terminal  linear-response  conductance  vs  Perm:  energy  for  the  mesa  of  Fig.  I,  showmn  ouantized  conductance 
steps.  The  steps  lor  attractive  impurities  have  lower  heights  and  dips  preceding  a  step,  due  10  the  formation  c:  uasidonor  states  as¬ 
sociated  with  the  impurities  Forty  evanescent  modes  were  required  lo  obtain  convergence  of  the  results  even  though  the  largest 
number  of  propagating  slates  was  six. 
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in  this  quasiballistic  regime  is  twofold:  it  reduces  the 
height  of  the  conductance  steps  since  is  reduces  the 
transmission  through  the  channel,  and  it  causes  ringing 
in  the  characteristics  because  of  wave  interference  effects 
caused  by  multiple  reflection  from  the  impurities.  '  1 1 

The  conductance  characteristics  are  plotted  for  both 
attractive  and  repulsive  impurities  and  show  pronounced 
differences  for  the  two  cases  (majority-  and  minority- 
carrier  transport).  Attractive  scatterers  lead  to  a  lower 
conductivity  3nd  also  observable  dips  in  the  conductance 
both  of  which  are  caused  by  quasidonor  states  forming 
just  below  the  subband  minima.  In  fact,  the  dip  energies 
correspond  to  the  energies  of  these  states.  These  have 
been  reported  by  other  authors  as  well.1*-14  Repulsive 
scatters  do  not  produce  dips  since  there  are  no  quasi¬ 
bound  states  associated  with  them.  In  calculating  these 
curves,  we  had  to  include  40  evanescent  modes  to  obtain 
convergence  of  the  results,  even  though  the  largest  num¬ 
ber  of  propagating  modes  (corresponding  to  the  highest 
Fermi  energy  considered)  was  only  six. 

B.  Spatial  distribution  of  current 
in  the  quasiballistic  regime 

In  Fig.  5,  we  plot  the  current  protile  corresponding  to  a 
Fermi  energy  of  4.8  meV,  which  is  slightly  below  the 
third  subband  bottom.  At  this  Fermi  energy,  there  are 
two  propagating  modes  in  the  sample.  Figure  5(a)  corre¬ 
sponds  to  the  cm icni  pattern  for  the  first  mode  ij,.t  and 
Fig.  5(b)  corresponds  to  the  pattern  for  the  second  mode 
■J:)  when  the  scatterers  are  attractive.  Figure  5(c)  shows 
the  resultant  current  pattern  uotai  current  density)  ob¬ 
tained  by  vectonallv  adding  J,  and  J-. 

It  can  be  seen  from  the  figures  that  a  vortex  has  formed 
in  the  left  bottom  corner  of  the  figure.  There  are  not 
enough  impurities  to  form  strong  and  multiple  vortices. 
To  show  the  formation  of  strong  multiple  vortices,  we 
plotted  the  total  current  profile  in  the  case  of  six  impuri¬ 
ties,  and  the  result  is  shown  in  Fig.  5(d).  The  vortices  are 
now  very  clear  and  strong.  These  vortices,  however,  are 
not  necessarily  centered  around  impurities,  nor  are  they 
pinned  by  the  impurities. 

The  current  pattern  changes  dramatically  if  we  alter 
the  impurity  configuration.  An  example  is  shown  in  Fig. 
5(e),  where  we  have  kept  the  number  of  impurities  the 
same  (six),  but  changed  their  positions.  The  vortices  have 
disappeared.  This  dependence  on  the  configuration  can 
only  be  the  result  of  quantum  interference  effects  (in¬ 
terference  between  the  scatterers).  This  indicates  that  the 
vortices  are  caused  by  quantum  interference. 

In  Fig.  5(f)  we  show  how  the  current  pattern  changes 
when  the  scatterers  are  made  repulsive  instead  of  attrac- 
uve.  For  a  few  impurities  (quasiballistic  transport!  we  see 
no  vortices  at  all;  however  for  a  large  number  of  impuri¬ 
ties  corresponding  to  the  diffusive  regime,  we  see  some 
evidence  of  vortices  forming.  We  will  discuss  the  current 
patterns  in  the  diffusive  regime  later. 

C.  Spatial  distribution  of  Fermi  carriers 
in  the  quasiballistic  regime 

In  Figs.  wa)-bifi  we  plot  the  concentration  of  Fermi 
electrons  i or  the  eases  corresponding  to  Figs.  5ia)-5'.0, 


respectively.  It  is  obvious  that  the  electron  concentration 
is  larger  where  the  vortices  form,  since  the  electrons  are 
partly  localized  in  these  regions.  In  Fig.  ote),  although 
the  vortices  have  nearly  disappeared,  the  concentration 
of  Fermi  electrons  peak  near  the  impurities  because  of 
electrostatic  attraction  (the  impurities  are  attractive). 
The  concentration  protile  is  much  smoother  for  repulsive 
impurities,  since  no  vortices  form  in  this  case.  Because 
the  concentration  variation  is  much  more  rapid  in  the 
case  of  majority-carrier  transport,  we  expect  space- 
charge  effects  to  be  more  important  in  this  case  as  well. 
However,  we  have  not  considered  space-charge  effects  in 
any  detail  in  this  paper. 

D.  The  influence  of  evanescent  modes 
in  tbe  quasiballistic  regime 

In  Fig.  7(ai  we  show  the  current  pattern  for  four  im¬ 
purities  in  the  absence  of  evanescent  modes,  while  in  Fig. 
7(b)  we  show  ihe  corresponding  electron  concentration 
profiles.  These  should  be  compared  with  Figs.  5(c)  and 
6(c),  where  evanescent  modes  were  included.  The  vor¬ 
tices  do  not  appear  when  evanescent  modes  are  neglected. 
This  can  be  understood  as  follows.  The  wave  function 
must  be  peaked  where  vortices  form  [this  is  apparent 
from  the  Fermi  carrier  concentration  profile  in  Fig.  6(d)] 
since  the  electron  is  partially  localized  around  the  vortex 
center.  The  wave  function  everywhere  is  a  linear  super¬ 
position  of  particle-in-a-box  wave  functions,  which  are 
the  normal  modes  of  the  system.  In  order  to  obtain  a  lo¬ 
calized  wave  function  by  superposing  particle  in  a  box 
states,  one  would  need  several  such  states.  Therefore 
merely  ihe  propagating  states  'which  in  our  case  are  the 
lowest  two  states)  will  not  suffice  to  create  the  vortices; 
one  must  include  many  higher  states  all  of  which  are 
evanescent. 

Evanescent  modes  also  have  other  serious  effects,  espe¬ 
cially  when  the  tail  of  the  mode  around  one  impurity 
does  not  decay  sufficiently  before  the  next  impurity  is 
reached.  It  has  been  pointed  out  that  in  ihe  case  of  at¬ 
tractive  impurities,  a  local  buildup  of  evanescent  modes 
occurs  around  the  impurities,  due  to  the  formation  of 
quasidonor  states  tquasibound  states).1'  This  buildup  will 
play  an  important  role  in  the  formation  of  residua)  resis¬ 
tivity  dipoles  discussed  in  Refs.  1  and  2.  The  study  of 
such  dipoles  would,  however,  require  a  self-consistent 
treatment  involving  the  simultaneous  solution  of  the 
Schrodinger  and  Poisson  equations.  This  is  beyond  the 
scope  of  the  present  work  and  is  reserved  for  future  inves¬ 
tigation. 

E.  Conductance  versus  Fermi  energy  in  the  diffusive  regime 

In  Fig.  S  we  show  the  conductance  versus  Fermi  ener¬ 
gy  for  a  1000-A-wide  and  2.52-um-long  mesa  with  60  im¬ 
purities.  The  plots  are  for  both  attractive  and  repulsive 
impurities.  The  conductance  steps  are  barely  discernible, 
since  bO  impurities  are  enough  to  seriously  degrade  the 
quantization.  As  before,  the  attractive  scatterers  pro¬ 
duce  dips  in  the  conductance  just  before  the  opening  of 
an  additional  channel  because  of  the  quasidonor  slates. 
However,  there  is  an  additional  set  ol  dips  right  after  the 
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FIG.  5.  The  two-dimensional  current  density  profile  in  the  UaAs  mesa  in  Fig.  1.  There  are  four  attractive  impurities  whose  posi¬ 
tions  coincide  with  the  centers  of  the  solid  circles.  The  horizontal  direction  is  along  the  x  axis.  The  Fermi  energy  £*=4. 8  meV  so 
that  there  are  two  propagating  modes,  i.e.,  the  lowest  two  suooands  are  filled,  ta)  Injection  is  from  the  first  suboai  ,nly.  ib)  Injer- 
t.  in  is  from  the  second  subband,  'cl  The  resultant  curient  density  due  'o  injection  from  both  subbands  obtained  by  the  vector  addi¬ 
tion  of  the  current  densities  in  tal  and  (b>  di  The  profile  of  the  total  c  rent  density  in  a  mesa  of  length  1780  A  containing  six  impur- 
iiies  iall  attractivei  The  vortices  are  now  clear  and  strong,  tei  The  total  current  density  profile  in  the  same  mesa  of  (dl),  but  for  a 
different  impuntv  configuration.  The  vortices  do  not  appear  tor  thts  configuration,  if)  Profile  of  the  totai  current  density  in  the  struc¬ 
ture  of  (cl,  with  the  sign  of  the  impurity  potential  reversed  ithe  impurities  are  repulsive). 
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opening  of  another  channel,  which  has  also  been  ob¬ 
served  by  other  authors."  :o  It  was  argued  that  this  set 
of  dips  is  due  to  the  fact  that  the  longitudinal  wave  vector 
of  the  newly  opened  subband  is  small,  so  that  electrons 
injected  with  this  wave  vector  suffer  strong  impurity 
scattering  onto  other  subbandsi.  thereby  decreasing  the 
conductance. 

F,  Current  profile  in  the  diffusive  regime 

In  Figs.  9ta)  and  9;b),  we  s  low  the  total  current  profile 
for  a  section  of  the  structure  containing  the  first  four  im- 


pur.ties.  The  injection  energy  (Fermi  energy)  is  2.3  meV. 
The  two  plots  are  for  attractive  and  repulsive  impurities. 
Vortices  are  now  observed  in  both  cases  and  their  radii 
art  quite  large.  This  shows  that  although  the  impunty 
potential  is  very  short  range  ;6-function  potential),  its 
effect  on  the  current  distribution  is  quite  long  range. 

When  there  are  a  large  number  of  impurities,  the  sign 
of  the  impurity  potential  (i.e.,  whether  attractive  or 
repulsive1  appears  to  play  iittlc  part  in  the  formation  of 
vortices.  Hence  it  appears  that  the  vortices  are  nui 
caused  by  quasidonor  states  which  are  associated  only 
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with  attractive  impurities:  however,  the  donor  states  mav 
have  an  effect  on  the  vortices  since  the  nature  of  the  vor¬ 
tices  certainly  changes  when  the  sign  of  the  scattering  po¬ 
tential  is  reversed.  We  discuss  quasidonor  states  and  vor¬ 
tex  formation  in  t he  next  subsection. 


'  # 


(a) 


•,b) 

FIG.  "  Plots  in  the  absence  of  evanescent  modes  for  l he 
siructure  of  Fibs  5 1  c i  and  tv.ci.  < a i  Profile  ot  ihe  totai  current 
density;  'b-  the  concentration  profile  lor  Fermi  electrons. 


(>.  Quasidonor  states  and  vortices 

To  examine  the  relationship  between  the  quasidonor 
states  and  vortex  formation,  we  plotted  the  total  current 
density  profiles  for  three  different  Fermi  energies  which 
are  above  <4.8  meV),  below  (4.3  meV),  and  at  <4.7  meV) 
the  quasidonor-state  energy  associated  with  the  third  sub¬ 
band  in  a  structure  identical  with  that  which  gave  the  re¬ 
sult  of  Fig.  5(c).  The  plots  for  Fermi  energies  of  4.3  and 
4.7  meV  are  shown  in  Figs.  10(a)  and  10(b),  respectively. 
Comparing  Figs.  5(c),  10(a),  and  10(b),  we  find  that  the 
vortices  are  not  any  more  prominent  when  carriers  are 
injected  at  the  quasidenor-state  energy  -4.7  meV)  than 
when  they  are  injected  at  energies  above  or  below  the 
donor-state  energy.  Therefore,  the  vortices  do  not  seem 
io  be  assoeiated  with  donor  states,  even  though  the  donor 
states  may  have  an  etfect  on  them 

When  the  injection  of  electrons  is  at  a  quastdonor-state 
energy,  evanescent  states  build  up  around  the  impurt- 
ties;‘  and  therefore  the  Fermi  carrier  concentration 
shows  large  spikes  at  the  impurity  locations.  These 
spikes  are  certainly  the  result  of  electron  capture  into 
bound  states  around  attractive  impurities,  but  they  are 
not  m  any  way  associated  with  vortices.  Hence  it  appears 
that  the  vortices  are  caused  by  quantum-mechanical  in¬ 
terference  effects  and  require  the  presence  of  evanescent 
modes,  but  they  are  not  the  result  of  quasidonor  states. 
This  is  further  confirmed  by  the  fact  that  they  show  up 
even  when  the  scatterers  are  repulsive  [Fig.  5(0 ]  when 
there  are  no  quasidonor  states  at  all 
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FIG.  S  The  (wo-terminal  linear-response  conductance  vs  Fermi  energy  for  a  2.52-um-long  mesa  of  width  KXX)  A  having  bO  impur 
mes  randotnlv  distributed.  rranspori  is  now  diffusive  instead  of  quasiballistic. 
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FIG.  9.  Profile  of  (he  total  current  density  in  ihe  mesa  of  Fig.  (b) 

8  plot.ed  tor  a  section  containing  the  first  four  impurities.  The  FIG.  10.  Profile  of  the  total  current  density  in  the  structure 

injection  energy  .Fermi  energy)  is  2.4  meV.  ut  For  attractive  of  Fjg  5(c)  W|,h  ,he  Ferm|  energy  s|lghtly  altered  while  keeping 
impurities, 'bi  for  repulsive  impurities.  (he  number  of  propagating  modes  the  same.  <a>  £,  =4.3  meV 

.below  the  quasidonor  level  splitting  off  from  the  third  sub- 
handi;  !b)  £,  =  4  7  meV  'the  energy  of  the  quasidonor  level). 

IV.  CONCLUSION 


In  this  paper,  we  have  examined  the  spatial  distribu¬ 
tions  of  cU'Tent  density  and  Fermi  carrier  concentration 
around  localized  elastic  scatterers  (impurities)  in  phase- 
coherent  transport.  We  found  that  vortices  occur  in  the 
current  foi  both  attractive  and  repulsive  impurities,  and 
their  strengtn  is  typically  larger  for  attractive  impurities 
(majority-carrier  transport).  These  vortices  are  not 
caused  by  quasidonor  states  which  form  when  the  impuri¬ 
ties  are  attractive;  instead,  they  seem  to  be  caused  by 
quantum-mechanical  interference  between  the  waves 
reflected  multiply  from  impurities.  We  also  showed  that 
evanescent  modes  are  necessary  for  the  formation  of 
these  vortices  and  that  the  nature  tor  even  occurrence)  of 
the  vortices  depends  on  the  impurity  configuration, 
which  is  consistent  with  the  conclusion  that  they  are 
caused  by  quantum-mechanical  interference  of  waves 
reflected  from  the  impurities. 

In  concluding  this  paper,  we  wish  to  make  a  remark 
about  the  significance  of  these  vortices.  Because  the  vor¬ 
tices  involve  a  circulating  current  pattern,  they  will  give 


rise  to  localized  magnetic  moments.1  A  magnetic  field 
applied  perpendicular  to  the  mesa  will  therefore  either 
quench  or  accentuate  the  vortices,  depending  on  the 
direction  of  the  field.  Diffusive  transport  in  the  presence 
of  a  magnetic  field  has  been  treated  in  the  past  within  the 
scattering  matrix  formalism,1*  but  the  treatment  has  ex¬ 
amined  only  terminal  characteristics  and  not  internal  dis¬ 
tributions  of  current  or  carriers.  It  would  be  interesting 
to  examine  what  effect  a  magnetic  field  has  on  the  two- 
dimensional  current  and  carrier-concentration  profiles. 
This  is  presently  being  investigated  and  will  be  reported 
in  a  future  publication. 
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The  spaual  distributions  of  the  current.  Fermi  earners,  electnc  field  (due  to  space  charges)  and  elec* 
irostauc  potential  in  a  disordered  mesoscopic  structure  are  calculated  mtbe^presence  of  arbitrary  mag* 
netic  fields.  These  distributions  ate  U  in  elucidanng'i&fliy  t^aiures'of  quiffl^m  magneto  tram  port, 
such  as  the  formation  of  edge  states  a-  h  magnetic  fieldfr" and  their  near-£rfect  transmittivity,  the  evo* 
lution  of  the  integer  quantum  Ha!'  the  creation  of  magnetic^  uad  naiiiaround  an  impurity,  the 

magnetic  response  of  current  vonu.es  that  form  as  a  result  of  quantum 'feterference  between  scatterers 
and  the  walls  of  a  quantum  wire,  the  dependence  of  the  quantized*conductancc  steps  in  a  backgated 
quantum  wire  on  an  applied  magnetic  field,  the  behavior  of  residual*reaisuvity  dipoles  and  the  electro- 
xatic  space-charge  potential  in  a  magnetic  field,  the  dependence  of  the  sign  of  the  magnetoresistance  on 
;he  impurity  configuration,  etc.  We  examine  the  current.  Fermi  earner  concentrations,  electnc  held,  and 
:oth  chemical*  and  electrostatic-potential  profiles  associated  with  each  of  these  phenomena  and  relate 
them  to  the  observed  terminal  characteristics f  -  *t  t.  J 

PACS  numberts):  72.10.Fk,  72.20.Fr 


L  INTRODUCTION 

Many  features  of  quantum  magnetotransport  in  a 
mesoscopic  structure  can  be  understood  by  examining  the 
spatial  distributions  of  the  current,  potential,  electnc 
field,  and  Fermi  camera  around  elastic  scatterers  in  the 
presence  of  a  magnetic  field.  In  this  paper,  we  have  cal¬ 
culated  such  spatial  patterns  from  a  fully  microscopic 
quantum-mechanical  formalism  based  on  the  Schrodinger 
equauon.  These  spatial  distributions  arCjOf  course,,  not 
"precise  ’  in  thc-eim&wt  of  the  Heisenberg  uncertainty 
principle  wnicb  prohibits'  simultaneous  definition  of  both 
the  position  and  the  momentum  of  an  electron;  instead 
they  should  be  viewed  as  spatial  distribution  of 
quantum-mechanical  averages  (or  expected  values)  of  the 
corresponding  quantities.  These  patterns  help  in  under¬ 
standing  several  quantum  transport  phenomena  and  pro¬ 
vide  direct  visualization  of  the  associated  physics.  For 
example,  we  show  the  spatial  distribution  of  the  current 
earned  by  edge  states  in  a  quantum  wire  at  high  magnetic 
field.  The  current  patterns  clearly  show  the  high 
transmittivity  which  is  responsible  for  the  quantization  of 
the  Hall  resistance  in  the  quantum  Hall  regime.  W e  also 
show  how  current  circulates  around  an  unpunty  when  a 
magnetic  bound  state  forms.  The  recovery  of  the  quanti¬ 
zation  of  conductance  steps  in  a  dirty  quantum  wire  by 
the  application  of  a  magnetic  field  is  known  to  be  associ¬ 
ated  with  the  suppression  of  backscattenng,  and  the 
current  patterns  that  we  obtain  show  this  very  clearly. 
The  onset  of  the  integer  quantum  Hall  effect  is  caused  by 
the  edges  of  a  quantum  wire  becoming  perfectly  smooth 
equipotenttal  surfaces  and  our  chemical  potential  profiles 
demonstrate  this  strikingly.  The  magnetic  response  of 
.current  vortices,  electrostatic  potential,  and  electnc  field 


all  show  quenching  phenomena.  We  also  found  why  the  ■ 
sign  of  the  magnetoresistance  of  a  quantum  wire  could  \ 
depend  on  the  position  of  a  single  impunty  inside  the  j 
wire.  These,  and  the  nature  of  other  phenomena,  become  '• — 
very  clear  when  one  examines  the  spatial  patterns  of  1 
current,  earner  concentration,  and  electrostatic,^  andpV* 
chemical  potentials.  The  spatial  dtstnbuttona  are  not  — 
only  of  great  importance  in  understanding  the  origin  and  1 
the  detailed  physics  of  many  quantum  tnagnetotramport  , 
phenomena,  but  they  often  determine  the  nature  of  some-  — 
physical  phenomena  such  as  electromigration.  ^ 

This  paper  is  organized  as  follows.  In  Sec.  II,  we 
briefly  present  the  quantum-mechanical  theory  used  in  _ 
computing  the  two-dimensional  spatial  distributions  of 
current,  Fermi  earner  concentration,  potential,  and  inter¬ 
nal  electnc  field  profiles  around  localized  scatterers  in  the  _ 

presence  of  a  magnetic  field.  !n  Sec.  Ill,  we  present  the 
results  for  a  disordered  GaAs  quantum  wire  containing  a  ' 
variable  number  of  impunties.  Wc  show  the  spatial  pat-  _____ 
terns  associated  with  various  magneto  transport  phenom¬ 
ena  in  both  single-channeled  and  muidcbanndwl  trans-  ! 
port.  Such  spatial  patterns  were  presented  by  ns  in  the  i 
limit  of  coherent  diffusive  transport  (in  the  absence  of  any  \ 
magnetic  field)  earlier.1  Others  have  presented  socb  pat-  i 
terns  in  the  limit  of  coherent  ballistic  transport  with  no  ; 
scattering  whatsoever.2  To  our  knowledge,  we  are  the 
first  to  present  such  patterns  in  the  coherent  diffusive  re¬ 
gime  in  the  presence  of  a  magnetic  field. 

IL  THEORY 

The  theory  for  our  calculations  of  the  current  and  car¬ 
rier  density  patterns  in  a  quantum  wire  m  the  abacace  of 
|  a  magnetic  Add  has  been  described  in  Ref.  1,  Here,  we  1 _ 
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reneat  omv  the  oasic  features.  ’-Ve  consider  a  mesa  as 
shown  in  Fig.  1  which  is  single  moded  in  the  :  direction 
i.e.,  oniv  a  single  subband  is  occupied  in  mat  direction), 
but  muitmoded  in  the  y  direction.  i a  f-o-tyo 

The  jichrc^inger^SquatfoiT  aesenbing  electron  trans¬ 
port  m  mis  contmed  quasi-one-oimensional  disordered 
structure  under  a  magnetic  field  is 

J?Zo.ftr  v^Vii,  =  E\b  ,  •  1) 

2m  * 

where  p  is  the  momentum  operator,  m’  is  an  isotropic 
effective  mass,  and  the  potential  energy  V  consists  of  two 


HO.  1.  A  quasi-one-dimensional  quantum  wire  containing  a 
random  array  of  elastic  scattered.  The  structure  is  tingle  mod¬ 
ed  in  the  ;  direction  but  multimoded  in  the  y  direction.  The 
magnetic  held  is  applied  in  the  2  direction. 
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The  first  term  gives  the  effect  of  ’he  confining  potential  in 
■he  y  direction  and  the  second  term  is  due  to  impurities. 
We  assume  hardwall  boundary  conditions  in  the  y  direc¬ 
tion  and  6  potentials  for  the  impurities  so  that  we  have 

V  np.x,y)  =  Y  £  6(x -x,  )5(y  —y.  I  ,  (3) 

=*  i 


where  s  is  the  total  number  of  impur.ues  in  the  structure 
ina  the  summation  extends  over  all  the  impurities.  The 
■ —  position  of  the  ith  impurity  is  denoted  by  ix. 

The  wave  function  in  the  absence  of  impurities  can 
~e  written  as 

u/ J(x,yi  —  e  '‘<My)  ,  (4) 

where  k,  is  the  x -directed  wave  vector  and  cm y)  satisfies 
:ne  eigenequation 


^l^kx<t>(y)-k\4(y)=0  ,  (5) 

with  /  being  the  magnetic  length  giver,  by  l  —  v  fi/eB . 

The  wave  funcuon  d>(y)  is  found  by  solving  the  above 
equation  numerically  using  a  finite  difference  scheme  as 
described  in  Ref.  3.  This  method  also  gives  the  energy 
dispersion  relations  £  vs  kx  for  the  various  hybrid  mag- 
netoelectnc  subbands  that  anse  from  the  confining  effects 
of  the  magnetic  field  and  the  confining  potential  in  the  y 
direction.  A  set  of  computed  energy  dispersion  relations 
are  shown  in  Fig.  2.  After  calculating  the  energy  disper¬ 
sion  relations,  we  choose  a  certain  energy  E  (which  we 
call  the  Fermi  energy  £«•)  and  find  the  corresponding  x- 
directed  wave  vectors  k,  for  various  magnetoeiectnc  sub¬ 
bands  (indexed  by  p)  from  the  dispersion  relations.  These 
wave  vectors  and  the  wave  functions  d>p[y)  are  used  to 
determine  the  total  wave  function  i l)mi.x,y)  (in  the  pres¬ 
ence  of  impurities)  for  an  electron  injected  with  the  Fermi 
energy  EF  from  the  subband  m  in  tne  left  contact.  The 
wave  function  is  given  by 


P*  \ 


Am,{x)cxpUk,x  Kt,{y)-rB^pt.x)cxp{ikC/,x  )6-p(y) 


Vh 


(6) 


where  the  summation  extends  over  both  propagating  and 
evanescent  modes  (the  total  number  of  modes  considered 
is  M).  Tne  subscript  -p  indicates  thst  the  quantity  cor¬ 
responds  to  a  wave  function  with  an  oppositely  directed 

—  velocity  as  compared  to  the  one  with  a  subccnpt  p. 

When  the  wave  funcuon  is  wntten  in  this  form  (i.e., 
each  mode  is  normniized  by  the  square  root  of  the  corre- 

—  tpnnriioa  group  velocity),  all  propagating  modes  at  the 


only  have  to  evaluate  the  coefficients  Amf  (x)  and  Bmp[x) 
i  to  determine  the  wave  funcuon  of  Fermi  electrons  every¬ 
where.  IT  we  know  these  coefficients  at  any  position 
I  (xQly)  in  the  structure,  then  the  coefficients  st  any  other 
position  ( x ,  ,y )  can  be  found  from 


I 
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FIG  2.  The  energy  aispersion  relations  Tor  the  hvbnd  mag- 
letoeiecmc  suobanos  in  a  quantum  wire  ot  width  2000  A  at  a 
magnetic  riux  jcnsity  ot  1  i  T.  The  soiid  lines  are  the  results  of 
eaact  numerical  calculations,  whereas  the  broken  lines  are  the 
results  ot'  the  semiciassicai  Bohr-Sommerteld  quantization  rule. 


column  vector  of  length  Si  whose  elements  are  i„ir0i, 
B^:x«i,  fo  is  a  column  vector  of 

length  Si  whose  elements  are  .-t^px,  i,  ), 

x.  ,  ■  •  •  -1 .  and  r.  is  aiso  a  column  vector  of 
length  Si  whose  elements  are  B*,t\X,\  /9„,;x,  >. 

x,  .  The  coefficients  r. and 
.  .,  are  e  icq  Si  X  Si  matrices  and  the  square  matrix  in  Eq. 
"  i>  :ne  so-calied  transfer  matnx  for  the  section  of  the 
-.iructure  between  x  =  t0  and  x , . 

The  -bove  equation  allows  us  to  determine  the 
coefficients  J._0.x,.  and  'and  hence  the  wave 

function i  at  any  arbitrary  location  x,  if  we  know  the 
wave  function  lor  the  coefficients  d^Xg)  and  Z?„f',xnj] 
at  any  one  point  x  =x0  in  the  device  as  well  as  the 
transfer-matrix  elements.  We  do  know  the  wave  function 
at  the  left  contact  tx  -0).  We  assume  that  for  injection 
into  the  mth  mode,  the  wave  function  is  given  by  scatter¬ 
ing  states2  uhts  is  our  boundary  condition! 

expu/c^x  id  •,(>»> 


■-■,0-yi  = 


V-v'm. 


,exp  ukt,x)<b-a-.yl 


so  that 

3m,.x  =0  -  =R 
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equentlv,  me  elements  of  the  scattering  matnx  cannot  be 
found  bv  the  normal  prescription  of  Ref.  1.  The  method 
for  rinding  these  elements  is  described  in  the  Appendix. 

Once  we  have  evaluated  the  scattenng  matrices,  we 
have  found  all  the  quantities  that  we  need  to  evaiuatetne 
wave  function  of  Fermi  electrons  everywhere  in  the  struc¬ 
ture.  From  this  wave  function,  we  calculate  all  quantities 
of  interest. 

In  linear-response  transport  at  low  temperatures,  only 
elections  at  the  Fermi  level  carry  a  net  current.  There¬ 
fore.  the  two-dimensional  wave  function  ib^ix.y)  of  elec¬ 
trons  in  the  mth  subband  allows  us  to  calculate  the  con¬ 
tribution  of  that  subband  to  the  two-cimensional  current 
density.  This  is  given  by 


x.yi: 


■L^m'X.yiVd-’  ,.x.yi-'s-%l.x,y)Vii>m(x,y) 


•  e  A'tf’. 


The  Fermi  earner  concentration  due  to  the  contnbutton 
from  the  mth  subband  is  defined  by  us  as 

.  (10) 

The  total  current  density  is  found  by  vectonally  adding 
the  contnbuuons  from  all  propagaung  modes  and  the  to¬ 
tal  Fermi  earner  concentration  is  found  by  the  scalar  ad¬ 
dition  of  the  contnbuuons  from  all  propagating  modes. 
Note  that  no  weighting  by  the  density  of  states  is  neces¬ 
sary  in  the  summauoo  since  the  wave  functions  have  been 
normalized  by  the  square  root  of  velocity  which  takes 
care  of  the  density  of  states. 
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->=6^,  Kronccker  deltai  and 
Therefore,  we  can  find  the  wave 


function  anvwhere  tn  the  structure  using  Eqs.  tb)  and  (7) 
if  we  can  and  the  elements  of  the  appropriate  scattenng 
matnees  m  Eq.  t7),  In  the  absence  of  a  magnetic  field, 
these  elements  are  fsirly  easy  to  find,1  but  for  nonzero 
magnetic  field*,  the  wave  functions  of  the  v 


Finally,  we  find  the  electrostatic  space-charge  potential 
V\ x,yi  from  the  relation4  0 

rKlx.yl-gggg - — - -7 -  , 


where  q,  and  nz  are  the  chemical  potentials  in  the  two 
contacts  of  the  quantum  wire,  t-,  „  is  the  wave  function 
corresponding  to  injection  in  mode  m  (with  energy  /r,) 
from  the  left  contact,  and  t l>7  m  is  the  wave  function  for 
injection  in  mode  m  (with  energy  ji2i  from  the  right  con¬ 
tact.  The  above  equation  is  derived  from  the  Poisson 
equation  and  is  valid  only  for  (a)  linear-responae  trans¬ 
port,  tb)  situations  where  the  potential  variation  of 
P’(x.y)  is  smooth  on  the  scale  of  the  screening  length, 
ana  (c)  when  the  Fermi  wavelength  is  considerably  small¬ 
er  than  the  screening  length.  When  these  conditions  are 
not  satisfied,  the  actual  Poisson  equation  most  be  solved 
simultaneously  with  the  Schrodinger  equation,  rather 

fhaw  itaiw 
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mo n  ue  nave  to  account  tor  carriers  at  ail  energies,  not 
ust  the  Fermi  energy.  This  means  that  we  must  solve  the 
Schroainzer  ecmation  tor  ail  energies  wmcn  is  a  more 
jemanaing  task  than  the  present  approacn  of  solving  :t 
only  at  the  Fermi  energy.  Fortunately,  in  semiconduc- 
lors  and  in  linear-response  transport,  the  present  ap- 
proach  may  work  well  since  space-charge  eifccts  are  not 
iremenaouslv  important.3  ^  <*». 

It  was  pointed  out  by  McLihnan,  Lee,  onu  Datta  that 

-  eV(x ,y>  is  also  what  is  actually  measured  at  a  chemical 

potential  probe.  In  reality,  the  electrostatic  potential  is 
the  convolution  of  the  chemical  potential  with  a  screen- 
—  mg  function.5  In  the  limit  of  strong  screening  (6  impuri¬ 
ties).  this  screening  function  approaches  a  6  function  so 
that  the  electrostatic  and  chemical  potential  become 
_  equivalent. 

Once  the  electrostatic  potential  is  determined,  the  cor¬ 
responding  electric  held  is  found  simply  from 


live  magneioresisiance  in  this  case.  On  the  other  hand,  if 
the  impunty  is  close  to  one  of  the  walls,  then  a  magnetic 
held  will  either  bring  the  electrons  closer  to  the  impunty 
or  take  it  further  away  depending  on  the  direction  of  the 
magnetic  field.  Therefore  we  can  observe  either  positive 
or  negative  magnetoresistance  in  that  case  (depending  on 
the  field  direction)  and  the  magnetoresistance  will  be 
asymmetnc  in  the  magnetic  field.  This  is  a  rather  stak¬ 
ing  effect  which  might  be  observable  in  mesoscopic  struc¬ 
tures  at  very  low  temperatures  when  impurity  scattenng 
is  the  dominant  mechanism  for  resistance. 

In  Figs.  4la)  and  4(b),  we  have  plotted  the  Fermi  car¬ 
rier  concentration  around  the  attractive  and  the  repulsive 
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In  me  nest  section,  we  present  the  spatial  distributions 
of  the  current.  Fermi  earner  concentration,  electrostatic 
or  chemicaii  ootential.  ano  electnc  field  patterns  associ¬ 
ated  wun  various  magnetotransport  phenomena. 

IU.  RESULTS 

A.  Spatial  distributions  around  a  single  impurity 
in  sing) e-c tunneled  mmgnetotraniport:  Local  effects 

In  Figs.  3  ai  and  3(b).  we  show  the  spatial  distribution 
‘  of  the  current  around  a  single  scatterer  placed  in  the  mid¬ 
dle  of  a  GaAs  quantum  wire  in  the  absence  of  any  mag¬ 
netic  field.  The  two  figures  are  for  an  attractive  and  a 
repulsive  scaiterer.  respectively.  The  wire  is  bOO  A  long 
and  iOOO  A  wide.  The  Fermi  energy  is  2.054  meV  and 
only  a  single  subbana  .s  occupied  in  both  v  and  z  direc¬ 
tions  so  that  transport  is  single  channeled.  There  is  pro¬ 
nounced  current  cjwding  near  '.he  impurity  when  the 
impunty  potential  is  attractive  and  diverges  away  from 
the  impunty  when  the  impunty  potential  is  repulsive. 
There  are  aiso  two  weak  vortices  above  and  below  the 
scatterer  for  an  attractive  impunty.  If  the  impunty  is  po- 
sitione  l  close  to  the  edges  of  the  wire  instead  of  at  the 
center,  such  a  pronounced  effect  does  not  occur.  There 
are  two  reasons  for  this.  First,  the  wave  function  dimin¬ 
ishes  in  amplitude  near  the  edges  of  the  wire  so  that  the 
interaction  between  (he  electron  and  the  impunty  is 
weakened  when  the  impunty  s  closer  to  the  wails. 
Second,  the  confining  potential  of  ;he  wails  plays  a 
~  greater  role  nearer  the  walls  so  that  the  current  sees  not 
only  the  impunty,  but  also  the  wails.  As  a  result,  the 
current  pattern  is  determined  by  the  combined  interac- 
-  non  of  the  impunty  and  the  wail. 

It  is  obvious  that  when  the  impunty  is  nght  at  the 
center,  the  interaction  between  the  impunty  and  the  elec¬ 
trons  is  strongest  since  the  wave  function  tof  the  lowest 
subband)  peaxi  at  the  center.  A  magnetic  field  will  skew 
the  wave  function  away  from  the  impunty  and  hence  de- 
i-fMw  thi»  injgaeijaa  or  scattering.  Thia  will  tn  a 
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FIG.  3.  The  current  distnbuuon  inside  so  800-A-long  and 
1000-A-nnde  structure  in  tie  absence  of  any  magnetic  field.  *a) 
The  unpunty  is  attractive  and  there  ts  significant  current  crowd¬ 
ing  around  the  unpunty  which  is  shown  by  tba  solid  circle,  (b) 
The  impunty  is  repulsive  and  the  current  detows  around  the 
iflgiiaiia  Thi«  «h«wg  inr— i  elfacta  of  the  ■«««"»«  pojen- 
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FIG  4.  The  Fermj  earner  concentration  prorile  for  the  struc¬ 
ture  of  Fie.  3  in  the  absence  of  anv  magnetic  held,  a)  The  im- 
runtv  is  attractive:  b)  the  irnpuntv  is  reouisive. 


impuntv  of  Figs.  3(a)  and  3ib)  in  the  absence  of  any  mag¬ 
netic  held.  As  expected,  in  the  case  of  the  attractive  im- 
...  punty,  we  see  a  sharp  spike  laccumuiation  of  electrons) 
around  the  impurity  where  the  current  crowding  occurs. 
The  electrons  are  attracted  to  the  impurity  by  electrostat- 
_  ic  attraction.  In  the  case  of  repulsive  impunty,  the  con¬ 
centration  is  depleted  where  the  impunty  is  positioned 
because  of  electrostatic  repulsion.  In  Fig.  4(ai,  we  see 
that  there  is  a  building  up  of  electrons  to  the  left  of  the 
scatterer  and  a  deficit  to  the  nght.  This  happens  because 
the  impunty  strongly  reflects  the  incoming  electrons 
which  build  up  to  the  left.  Because  of  the  excess  negative 
charge  on  one  side  and  a  deficit  on  the  other,  we  expect  a 
dipole  to  form.  This  is  the  residual-resistivity  dipole  as 
discussed  by  Landauer.9  We  can  contrast  these  figures 
-  with  the  profiles  that  were  presented  in  Ref.  1  which  con¬ 
sidered  only  muluple-impunty  systems.  When  a  large 
number  of  impurities  art  placed  inside  the  wire,  the  local 
charge  accumulation  and  depletion  effect  that  causes  a  di¬ 
pole  to  form  is  usually  diminished  because  of  quantum- 
mechanical  interference  between  waves  reflected  ftom  the 
various  impurities.  This  quantum-mechanical  interfer- 


pole  tormation  in  most  cases,  although  it  may  sometimes 
also  enhance  the  dipole  formation  depending  on  the  im¬ 
purity  configuration.  i  e..  ;he  exact  phase  relationsnips 
between  the  interfering  waves.  Therefore,  even  though 
the  dipole  formation  is  a  local  effect  in  itself,  the  size  and 
orientation  of  the  dipoles  are  significantly  affected  by 
nonlocal  quantum  interference  effects. 

in  Figs.  5  ana  6,  we  nlot  the  electrostatic  (or  chemical) 
potential  and  electnc  field  profiles.  For  these  figures,  we 
assume  that  u,  —2.056  meV  and  fi;  =  2.Q52  meV.  We  do 
not  exactly  see  the  characteristic  electric  field  distribution 
of  a  dipole  since  the  “poles’*  of  the  dipole  are  not  “isolat¬ 
ed”  charges;  they  are  “extended”  charges.  The  plots  are 
presented  for  both  attractive  and  repulsive  scatteren. 
They  are  very  different  when  the  impunty  potential  is  at¬ 
tractive  (which  corresponds  to  majonty  earner  transport) 
as  opposed  to  the  case  when  it  is  repulsive  (minonty  ear¬ 
ner  transport),  in  the  case  of  attractive  impunties.  there 
can  be  a  building  up  of  evanescent  states  around  the  im¬ 
punties  associated  with  the  formation  of  quasi  oound 
donor  states.  '0  These  may  help  in  dipole  formation. 

The  application  of  a  magnetic  field  causes  dramatic 
changes  in  the  current,  earner  concentration,  electrostat-  ~ 
ic  potential,  and  electnc  field  profiles.  We  show  these 
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FIG.  5.  The  electroatatic  (or  chemical)  potential  profile  in¬ 
side  the  structure  of  Fig.  3  in  the  absence  of  any  magnetic  field. 


Copy  available  to  PTC  do<»s  not 
permit  fully  lcq.fcle  reproduction 

effects  tor  the  single  attractive  impurity  in  Figs.  7,'a).  7  bi. 

'  c).  ana  _;d)  which  are  to  be  compared  with  Figs.  3  a). 
iiai.  3.  ana  o.  respectively. 

In  Fie.  "a;.  we  have  plotted  the  current  inside  the  wire 
n  the  presence  of  a  magnetic  flux  density  of  B  =2. 18  T. 
All  other  conditions  correspond  10  the  case  of  Fig.  jia). 
Comparing  with  Fig.  3(a),  we  find  that  current  crowding 
has  disappeared  and  the  two  weak  vortices  have  been 
quencned.  The  sample  now  no  longer  exhibits  localized 
magnetic  moments  due  to  the  vortices.  In  addition,  there 
is  a  significant  reduction  of  the  backscattered  current 
component.  A  similar  reduction  in  backscattenng  is  ob¬ 
served  for  a  repulsive  impunty  also,  except  that  it  takes  a 
lower  magnetic  field  to  reduce  the  backscattenng  by  the 
same  amount.  The  current  pattern  in  Fig.  7(a)  clearly 
shows  mat  edge  states  have  formed  and  carry  the  bulk  of 
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RG.  6.  The  electnc  field  profile  inside  the  structure  of  Fig.  3 


the  forward  current.  There  is  aiso.  however,  a  small 
reverse-traveling  current  component  close  to  the  walls. 
This  component  was  explained  in  Ref.  11  which  dealt 
with  edge  states  in  railistic  transport  as  opposed  to 
diffusive  transport)  as  being  aue  to  the  ciassical  cyclotron 
trajectones  'Skipping  orbits)  having  their  velocities 
directed  opposite  to  the  net  current  flow  adjacent  to  the 
edges.  At  higher  magnetic  fields,  this  reverse  component 
diminishes  so  that  backscattenng  is  suppressed  even 
more.  In  other  words,  the  transmittivity  of  the  edge 
states  are  very  high  at  high  magnetic  fields.  This  agrees 
with  Butttkers  picture  of  the  integer  quantum  Hall 
effect  *  in  which  perfect  transmission  of  edge  states  was 
invoked  to  explain  quantization  of  the  Hall  resistance  and 
vanishing  of  the  longitudinal  resistance. 

In  Fig.  Tib),  we  show  the  concentration  profile  of  the 
Fermi  earners  in  the  presence  of  a  magnetic  field  of  2.18 
T.  The  concentration  piles  up  near  an  edge  because  of 
the  Lorentz  force  skewing  the  wave  function  towards 
that  edge.  Note  that  there  is  no  longer  a  buildup  of  elec¬ 
trons  to  the  left  of  the  scatterer  ano  a  deficit  to  the  nght 
since  the  buildup  is  due  to  rertection  i backscattenng)  and 
this  has  diminished  significantly.  In  fact,  at  high  enough 
magnetic  fields,  backscattenng  is  always  reduced.  There¬ 
fore,  in  general,  residual-resistivity  dipoles  will  be  des¬ 
troy  ‘d.  by  an  external  magnetic  field  if  it  is  of  high  enough 
magnitude. 

In  Fig.  8(a),  we  show  the  conductance  of  the  structure 
of  Fig.  3(a)  versus  the  Fermi  energy  at  a  magnetic  field  of 
3.5  T.  There  is  only  one  attractive  impunty  in  the  struc¬ 
ture  placed  at  the  center.  A  pronounced  dip  in  the  con¬ 
ductance  is  seen  at  an  energy  of  3.82  meV.  At  this  ener¬ 
gy,  a  magnetic  bound  state"1  forms  around  the  impurity 
which  causes  the  transmission  (ana  hence  the  conduc¬ 
tance)  to  decrease  sharply.  This  state  forms  at  about  the 
same  energy  for  a  repulsive  scatterer.  The  corresponding 
current  profile  is  shown  in  Fig.  8(b).  We  find  that  there  is 
only  a  small  amount  of  net  current  traveling  from  one 
contact  to  another  when  a  magnetic  bound  state  forms 
and  the  buik  of  the  current  circulates  around  the  impun¬ 
ty.  These  magnetic  bound  slates  are  quite  different  from 
the  quasi  donor  states10  which  are  also  bound  states  giv¬ 
ing  rise  to  dips  in  the  conductance  characteristics.  There 
are  two  major  differences  between  magnetic  bound  states 
and  quasi  donor  bound  states.  First,  the  former  occurs 
regardless  of  whether  the  impunty  is  attractive  or  repul¬ 
sive,  whereas  the  latter  forms  only  when  the  impurity  is 
attractive.  Second,  the  current  patterns  are  very 
different.  In  the  case  of  magnetic  bound  states,  the 
j  current  circulates  around  the  impurity  but  in  the  case  of 
quasi  donor  states,  no  such  circulating  current  pattern 
needs  to  form.1  Finally,  the  earner  concentration  profiles 
are  also  quite  different.  In  the  case  of  magnetic  bound 
,  states,  the  concentration  builds  up  around  the  impurity 
but  nght  at  the  impurity  it  drops  sharply.  This  is  shown 
in  Fig.  8(c).  Although  the  earners  may  accumulate 
around  the  impunty  even  m  the  case  of  quasi  donor  state 
formation  (owing  to  the  buildup  of  evanescent  aiates),  the 
effect  is  much  lea  pronounced.  Finally,  Fig.  8(d)  show* 
the  electroatatic-potential  profile  when  a  magnetic  bound 
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fl.  Spatial  distributions  for  multiple  impurities 
m  single-channeled  transport:  Nonlocal  effects 

in  structures  where  multiple  impurities  are  present. 

■  ortices  form  in  the  current  pattern  as  a  result  of  quan¬ 
tum  interference  between  waves  reflected  from  the  walls 
and  various  impurities.'  These  vortices  are  a  striking  aft- 
.rmath  of  nomocaiity  in  phase-conerent  quantum  trans¬ 
port.  They  are  not  centered  around  impurities  since  they 
are  a  consequence  of  nonlocal  effects,  and  their  positions, 
as  well  as  strengths,  depend  on  the  impunty 
onriguratton.  In  Fig.  9(a),  we  show  the  current  distribu¬ 
tion  in  a  sample  with  two  impurities  without  any  magnet- 
c  held  present.  The  structure  is  the  same  as  that  in  Figs. 


3 -is  and  the  Fermi  energy  is  2.41  meV.  There  are  two 
•  ortices  in  the  current  pattern.  They  have  opposite  cir¬ 
culations  and  produce  unuparailel  localized  magnetic 
moments.  As  we  turn  on  a  magnetic  held  (see  Fig.  9(b)), 
we  see  immediate  quenening  of  one  vortex  accompanied 
by  a  slight  reduction  in  the  strength  of  the  other.  This 
different  behavior  for  the  two  vortices  can  be  explained 
by  the  fact  that  for  one  vortex,  the  Lorentz  force  tends  to 
produce  a  circulation  in  a  sense  opposite  to  that  of  the 
vortex.  Consequently,  even  a  very  low  field  is  sufficient  to 
quench  this  vortex.  The  resultant  change  in  the  quantum 
interference  between  the  scatterers  causes  the  other  vor¬ 
tex  to  weaken  as  well,  even  though  it  has  a  circulation 
pattern  in  the  same  direction  as  that  produced  by  the 
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Lorentz  force.  As  the  magnetic  held  is  increased  slightlv,  cie  modality  e..  onlv  intrasubband  scattering  is  allowed 

he  circulation  ot  one  vortex  completely  reverses  wnile  as  opposed  to  intersubbana  scattering!.  In  multichan* 

;ne  other  weakens  further.  This  is  seen  in  Fig.  9(c).  At  neied  conduction,  there  are  more  propagating  modes 

~  -erv  high  fields,  the  vortices  completely  disappear  and  available  for  scattering  so  that  both  intrasubband  and  in- 

the  current  is  earned  by  the  edge  states  from  one  termi-  ersubband  scattenng  are  allowed.  This  increases  the  to¬ 
nal  to  the  other.  tal  scattenng  probability  and  the  current  vortices  that 

form  require  a  larger  magnetic  held  to  be  quenched. 

C.  Mulocbanneled  transport  There  are  also  more  subtle  effects.  For  injection  from  the 

second  subband,  the  vortices  that  form  are  actually 
—  The  previous  results  were  tor  single-channeled  trans-  strengthened  by  a  magnetic  field.  The  net  magnetic  mo- 

port  in  which  an  electron  can  scatter  into  only  one  propa-  ment  of  the  structure  is  increased  by  an  external  magnet- 

gating  mode  isubbandi.  Some  of  the  features  observed  in  :c  field  so  that  the  response  is  "paramagnetic.”  This  is  m 

the  single-channel  case  may  really  be  consequences  of  sin-  contrast  with  the  situation  seen  in  single-channeled  trans- 


FIG.  8.  Results  for  the  formauon  of  a  magnetic  bound  state,  u)  The  conductance  vs  Fermi  energy  for  the  structure  of  Fig.  3  con- 
taming  an  auracuve  impurity.  A  magnetic  flux  density  of  3.5  T  has  been  applied.  The  dip  in  the  conductance  occur*  at  the  energy  at 
which  a  magnetic  oousd  state  forma,  (b)  The  current  distribution  during  the  fotmation  of  a  imwi  state.  The  current  circulates 
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:’ott  'Figs.  9>  in  wmcn  the  response  was  "diamagnetic.  ' 
in  Fie.  .0,  we  nave  plotted  the  conductance  '.ersus 
Fermi  energy  of  a  OaAs  quantum  wire  of  length  c00  A 
ana  width  1000  A  containing  lour  attractive  impurities. 
The  conductance  snows  quantized  steps  associated  with 
'Ubband  tilling.  4  The  results  are  plotted  tor  magnetic 
:lux  densities  of  B  =0  and  3.5  T.  The  quantization  ot  the 
conductance  steps  is  quite  poor  in  the  absence  of  a  mag¬ 
netic  held  because  of  significant  backscattenng  from  the 
impurity.'1  1,1  When  a  magnetic  field  of  3.5  T  is  turned 
on.  the  steps  become  wider  and  the  lowest  steps  become 
much  smoother.  The  steps  become  wider  since  the  sub¬ 
band  separation  in  energy  increases  with  magnetic  held 
and  the  widths  o'  the  steps  are  equal  to  these  separations. 
In  addition,  the  lowest  steps  become  smoother  since  the 
_  transmission  probabilities  of  the  lowest  subbanos  increase 


at  high  magnetic  fields  owing  io  the  formation  of  edge 
states  with  high  transmittivitv.  s  The  quantization  for 
tne  higr-r  steps  is  generally  worse  and  does  not  improve 
•  erv  much  with  increasing  magnetic  held  since  the 
transmittivtties  of  the  higher  subbands  are  always  lower. 
The  real-space  edge  state  trajectories  at  the  two  edges 
corresponding  to  the  higher  suobands  are  spatially  closer 
to  one  another  than  those  corresponding  to  the  lower 
subbands.  This  causes  increased  coupling  between  the 
higher  subband  edge  states  and  hence  increased  back¬ 
scattenng. 

In  Figs.  Utah  11(b),  and  11(c),  we  plot  the  current  dis- 
tnbutions  around  a  single  attractive  impunty  when  two 
subbands  are  occupied.  The  three  figures  are  the  current 
patterns  due  to  injection  from  the  first  subband,  the 
second  subband,  and  the  resultant  current  pattern,  re- 


F1G.  9  The  spaua)  dulnbuUons  for  a  900-A-long  and  lOOO-A-wuk  structure  containing  multiple  impurities.  iai  The  current 
profile  in  zero  magwetic  field  showing  ihe  fonnauon  of  two  urong  voroccs  doe  to  quantum  interference  between  the  acattertn  and 
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FIG.  iO.  Rccoverv  conductance  quantization  in  a  disor- 
■Jered  structure  By  a  _neuc  field.  Hie  structure  is  900  A  long 
.ina  1000  A  vvioe  anu  contains  two  attractive  imounties.  In  the 
.osence  oi  a  masr.etic  neid.  the  Quantization  is  aaite  noor  The 
ansmission  <:!  '.he  lowest  suoband  is  verv  smau  so  mat  ihe 
etent  ot  the  .owest  conductance  steo  is  aiso  verv  small.  A 
naenetic  rivjx  censuv  of  3.3  T  improves  me  quantization  ot  the 
■  iwesi  sieps  significantly  and  also  widens  tne  steps.  The  Quanti¬ 
zation  ot  the  hiener  steps  is  always  worse  than  that  oi  the  lower 
nes  Because  oi  me  relatively  lower  transmission  oi  the  higher 


specttvely.  The  current  pattern  ot  the  second  subband 
Fig.  1 1(b))  coes  not  show  any  significant  oackscattenng 
component  since  the  wave  function  of  the  second  sub- 
hand  has  a  null  at  the  center  ot  the  wire  where  the  tmpur- 
is  iccateu.  Consequently,  electrons  irotn  the  second 
ubband  do  not  inteiaci  with  the  impurity  and  therefore 
here  is  naralv  any  backscattenng.  A  magnetic  held  of  1 
T  -sews  the  wave  function  of  the  second  suoband  and 
causes  tne  electrons  from  this  suoband  to  interact  with 
the  impuntv.  This  increases  backscattenng  and  hence  we 
expect  to  see  positive  magnetoresisiance  in  this  case.  The 
g u t re’it  oronle  for  the  second  subband  at  a  held  of  1  T  is 
•mown  in  Fig.  ;  1(d).  There  is  a  large  bacascattered  com¬ 
ponent  in  the  current  clearly  visible  >n  the  upper  section 
of  the  device  wmch  was  not  present  when  the  magnetic 
field  was  absent.  Of  course,  at  high  enough  magnetic 
fields,  edge  states  form  and  backscattenng  is  reduced 

L>.  The  integer  quantum  Mali  effect 


In  Pigs.  I2!ai  and  1 2(b).  we  suow  the  electrostatic- 
potential  ptonles  in  a  900-A-long  and  1000-A-wide  quan¬ 
tum  war;  wi.n  two  impurities  at  magnetic  fields  of  0  and 
3.3  T  Onlv  one  subband  is  occupied.  We  assume  that 
a,  =  2.413  meV  and  ^2:=  2.408  meV.  Figures  I2(u  and 
I2ldl  show  the  corresponding  electnc  field  profiles.  Note 
that  in  ihe  presence  of  the  magnetic  held,  both  edges  of 
the  wire  become  extraordinarily  smooth  equi potential 
suriaco.  u  nsequently,  if  we  attached  two  voltage 
probes  at  my  of  the  edges,  they  wilJ  measure  a  relative 
voltage  difference  of  zero  and  hence  the  four-tenmnai 


effect.  The  voitize  difference  between  tne  two  edges  is 
the  Hall  voltage  drop.  This  figure  snouid  be  contrasted 
with  Fig.  8(d)  which  shows  the  potential  profile  when  a 
magnetic  bound  state  torms.  In  that  case,  the  edges  are 
no  longer  equtpotentiai  surfaces  and  ihe  quantum  Hall 
effect  is  not  observed.  It  is  well  known  that  if  the  radius 
of  the  magnetic  bound  state  is  equal  to  or  iarger  than  the 
width  of  the  wire,  then  the  edges  states  at  the  two  edges 
of  the  wire  are  coupled  by  the  bound  state  and  electrons 
can  resonantly  tunnel  from  one  edge  to  the  other  result- 
inf  in  backscattenng.  This  destroys  the  quantum  Hall 
eriect  as  predicted  by  Jain  and  Kivelson19  and  later 
verified  by  Lee.  McLennan,  and  Datta.-3  We  also  observe 
the  same  effect  in  Fig.  8(d). 

IV.  CONCLUSION 

In  this  paper,  we  nave  plotted  the  current.  Fermi  car¬ 
rier  concentration.  eiectrosiatic-Doiential.  and  electnc 
field  profiles  associated  witn  \  anous  magnetotransport 
phenomena.  These  results  are  very  neipful  in  elucidating 
manv  features  of  these  effects. 
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APPENDIX:  DERIW  ”  "IN  OF  ■ 

THE  SCATTERING  M  FOR  I 

\  SINGLE  LMPL'RIT  .  HE 
PRESENCE  OF  A  MAGNETIC  FIELD  m 

In  this  Appendix,  we  derive  the  scattering  matnx  ® 
descnbmg  electron  propagation  across  an  elastic  6 
scatterer  (unpuniyi  in  ine  presence  of  an  arbitrary  mag-  B 
netic  field.  The  reai-space  matching  method  discussed  in  | 
Ref.  21  is  employed.  We  take  a  section  through  the  im¬ 
purity  across  the  width  of  the  structure  i.v  direction)  and,  j 
break  this  section  into  a  number  of  mean  points  aiso  tne  ’  I 
width.  Then,  we  enforce  continuity  of  the  wave  function 
and  its  first  derivative  across  the  secuon. 

(f  we  assume  ihe  impurity  to  be  located  at  position  B 
iQ ,y),  then  the  wave  function  for  the  incoming  Wave  from  B 
the  left  side  of  the  impurity  can  be  written  as 


t!/^x.y)-Cn[x,yi~  T  f. 
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where 


oetficient  irom  the  /th  mode  to  tne  :tn  inoae. 

For  tne  incoming  wave  from  the  right  side  of  the  im- 
^untv,  the  wave  function  can  ce  written  as 

u 

x, >’)-*-  ^  v,**- *•>**.  v  no  . 

j  - 1 

v,^.y;=  x-y>-  *  ■ 

p  3  i 

The  scattering  matrix  across  the  impuntv  is  defined  as 


where  the  individual  elements  ;.r,  etc.,  are  themselves 
Vf  X  y{  matrices  and  M  is  the  total  number  of  modes 
■propagating  plus  evanescent). 

We  now  enforce  the  continuity  of  the  wave  function 
and  its  lirst  derivative  at  all  mesh  points.  This  allows  to"" 
wnte  the  set  of  real-space  mode-matching  equations  for 
the  incoming  wave  from  the  left 

i  —  i,  for  ail  possible  i  , 
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"  i  1  hpaual  distnbur ■  uiticbanneled  conduction  in  a  structure  of  length  800  A  and  width  1000  A  w  ih  one  »iir*ctiv«- 
ii  Current  clisinh-  rction  irom  the  loweii  subbind  only  at  zero  magnetic  held,  b  Current  distnb  jna,i  lor  in- 

,,cm  com  tne  second  sub1  si  zero  magnetic  held.  Not  much  backscsttenng  is  observe)  since  ihc  second  subWnd  wave 

; unction  Has  a  null  at  the  impurity  :  scar. on.  'o  The  total  current  dutnbuuon  at  zero  magnetic  6ekl.  id)  The  cur. eat  diatnbeuer,  at  a 
nut  density  of  I  T  for  injecuon  from  the  sienna  subbtod  ot.ly,  Significant  backacatzenng  is  obaerzed  tomprred  to  ib)  amor  the  wave 
funcuon  oi  the  second  subband  ta  skcwtc  towards  tha  imountv  bv  iha  m» 


avci-cblo  is  DDC  doos  riot 
iu.iy  !•_•<,. rdc  reproduction 

where  y,  is  the  ;th  mesn  point  along  the  y  direction. 

At  the  location  ol  the  impurity,  the  derivative  of  the 
wave  function  is  discontinuous  bv  a  0  function;  else¬ 
where,  it  is  continuous.  Exact  treatment  of  this  condition 
:s  not  possible.  We  average  the  quantities  over  the  inter¬ 
val  containing  the  impurity  by  multiplying  every  equa¬ 
tion  by  some  averaging  function  and  1  ien  integrating 
over  the  interval.  For  our  case,  we  simply  choose  the 
averaging  function  as 


(  n\  = - 1 -  f 

0  ,  “  V  •  v 

y  *  —  i  / 1 


Substituting  for  o.  and  the  above  equations  may  be 
rewritten  in  matrix  notation  as 
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FIG.  )L  Elect iwuuc-  ior  c  hemical)  potential  too  electric  field  profile*  inaide  a  structure  with  two  u  tractive  unpontiea.  (a)  Po- 
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In  a  similar  manner,  the  equations  tor  the  transmission 
and  reflection  coefficients  for  the  incoming  waves  from 
the  nght  can  be  derived. 


where 


Current  conservation  requires  that  the  scattering  matrix 
be  umtarv  ana  we  must  check  for  it  at  ail  impurity  loca¬ 
tions.  The  composite  scattering  matrix  for  the  whole 
structure  can  be  found  by  cascading  the  individual 
scattering  matrices  according  to  the  law  of  composition 
of  scattering  matrices:"' :J 

S  =  Sl,rt*'5S',m',Sr*  ■  •  SSITS-Sv”,  • 


rV;=.  , 

V/  v  . 

ik  _  .  m  *v 
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V  c  fi*V  c. 

v7 

i  k  i  m  *  v 

<.  =  — ^r/.  -  -C-d,.iyo,6.n  . 

V  it  H'VVi 

For  a  free  propagating  region  of  length  x  which  con¬ 
tains  nc  impurity,  we  can  write  down  the  expressions  for 
transmission  and  reflection  coefficient  matrices  directly  as 

i.j  =exp[ik.x  :bij  , 

=  r.  =0  . 

: .  =expt ik  _..t  t6.. 


where  .V  is  the  total  number  of  impurities. 

A  few  statements  about  the  numenes  may  be 
worthwhile.  At  high  magnetic  fields,  the  coefficient  ma¬ 
trix  required  for  finding  the  values  of  r  and  r  becomes 
nearly  singular  and  hence  spaual. m/mencaTtechwques 
are  needed  for  matnx  inversion.  However,  we  found  that 
the  reai-SDace  matching  technique  is  always  numerically 
much  better  behaved  than  the  momentum  space  mode- 
matching  methods  followed  in  Ref.  24.  In  fact,  the  real- 
space  matching  method  ensures  that  current  continuity  is 
preserved  to  a  much  better  approximation  than  momen¬ 
tum  space  mode-matching  methods. 

Front  the  set  of  equations  abovoe^it  is  easy  to  show  that 
the  current  across  the  6  scatterer  is  conserved  and  that 
the  scattenng  matnx  is  mathematically  unitary.  To  do 
this^we  take  the  continuity  equation  and  the  denvative 
equations  at  any  point,  multiply  the  right  side  and  the  left 
side  together,  and  then  sum  them  over  ail  points.  This 
immediately  shows  the  current  continuity.  We  mention 
that  the  following  relationships  arc  useful  in  deriving  the 
current  continuity: 

f  WdAv!dk\y)  \kFjrk(-^ t  ;dy=0.  j^k  , 

■'  ;  =,)  ’  /  *  1 

f  1  =  w. 
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Numerical  calculation  of  hybrid  magneto-electric  states  in  an  electron 
waveguide 
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We  have  performed  a  numerical  calculation  of  the  energy  dispersion  relation  of  hybrid 
mapeto-electnc  states  iboth  propagating  and  evanescent)  in  an  electron  waveguide  subjected 
to  a  magnetic  field.  Our  results  are  considerably  different  from  those  obtained  through 
the  Bohr-Sommerfield  quantization  condition.  We  have  also  calculated  the  density  of  the 
magneto-electric  states  as  a  function  of  energy  and  the  velocity  versus  energy 
relationships.  Finally,  we  show  how  the  wavefunctions  of  these  states  evolve  with  increasing 
magnetic  field  from  particle  in  a  box  states  to  edge  states.  These  results  are  useful  in 
the  analysis  of  numerous  recent  magnetotransport  experiments  performed  in  electron 
waveguides. 


Electron  waveguides  (quasi-one-dimensional  wires  in 
which  earner  transport  is  partially  ballistic)  has  been  the 
focus  of  many  recent  theoretical  and  experimental 
investigations.1  Of  particular  interest  in  these  structures  is 
the  nature  of  magneto-electnc  states  that  are  formed  under 
an  applied  transverse  magnetic  field.'  These  states  are  im¬ 
portant  in  understanding  numerous  magnetotransport  ex¬ 
periments  such  as  the  conductance  oscillations  of  quasi- 
one-dimensional  electron  gases  in  a  magnetic  field,1  the 
integer  quantum  Hall  effect,1  etc.  In  the  past,  magnetoelec  - 
tnc  subbands  and  their  wave  functions  were  calculated  in 
an  approximate  manner  using  analytical  functions  such  as 
Weber  or  hypergeometnc  functions.5  In  this  paper,  we 
have  calculated  the  wave  function,  the  energy  dispersion 
.elation,  the  velocity  versus  energy  relationships,  and  the 
density  of  these  states  starting  from  the  Schrodinger  equa¬ 
tion.  Our  calculation  is  described  below. 

We  consider  an  electron  waveguide  (a  quasi-one-di- 
mensional  structure)  as  shown  in  Fig.  1.  The  magnetic 
field  is  directed  along  the  z  direction  along  which  the  con¬ 
finement  is  complete  in  that  only  one  transverse  subband  is 
occupied.  The  Schrodinger  equation  describing  electrons  in 
this  structure  is 

( p  —  e  A )  ‘ 

— - — - —  i Hx.y)  -r  V(yni'(x,y)  =  EtHx.y),  (1) 

where  A  is  the  magnetic  vector  potential,  m*  is  the  elec¬ 
tron’s  effective  mass,  and  V(y)  is  the  electric  confining 
potential  in  they  direction.  The  simultaneous  presence  of  a 
magnetic  potential  and  an  electric  potential  hybridizes  the 
electronic  states  causing  them  to  be  magneto-electric 
states. 

The  potential  F(y)  is  chosen  to  be  consistent  with 
hardwall  boundary  conditions 

V(y)  =o  \y\<d 

-  x-  'y |  >d,  (2) 

where  Id  is  the  width  of  the  structure  in  the  y  direction.  nG  ,  An  electron  ^,4vegujde  5ub*ci«j  to  i  mtgneuc  field  »Joo*  the  * 
We  choose  the  Landau  gauge  a*is. 
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A  =  (  —  By, 0,0),  (3) 

where  B  is  the  z  directed  magnetic  flux  density. 

The  wave  function  if  can  be  written  as 

Mx.y)  =  e!kl*6(y),  (4) 

where  kx  is  the  x  directed  wave  vector  and  d>(y)  satisfies 
the  eigenequation 

cPdly)  2m*  fy\l  y 

~~dp~  ^  ~  (^72 J  m y )  + 

-k\d>ly)  =0  (S) 

with  /  being  the  magnetic  length  given  by  /  =  v fi/eB  To 
find  the  wave  function  <t>(y)  of  the  magneto-electric  states, 
we  have  to  solve  the  above  equation  subject  to  the  bound¬ 
ary  conditions 

d>(y  =  d)  -  6(y  —  —  d)  =  0  (6) 

which  follow  from  Eq.  (2). 

In  order  to  find  the  energy  dispersion  relation  E  vs  kx 
for  the  magneio-eiectnc  states,  we  have  to  find  the  values 
of  the  wave  vector  kx  for  a  given  energy  E  satisfying  Eqs. 
( 5 )  and  ( 6 ) .  We  then  repeat  this  for  various  values  of  E  to 
obtain  the  energy  dispersion  relation  Unfortunately,  this  is 
not  straightforward  since  Eq.  (5)  is  not  an  eigenequation 
in  kx  for  a  given  E  due  to  the  fact  that  it  is  nonlinear  in  kr 


k(nm ') 


FIG.  2.  Energy  dnpenioo  E  vs  k;  of  magneto-electnc  subbands  in  a 
waveguide  subjected  in  a  magnetic  field.  The  waveguide  transverse  width 
is  100  A  and  the  magnetic  field  is  I  T.  The  Fermi  energy  is  taken  10  be  17 
meV.  If  the  subband  bottoms  are  below  the  Fermi  energy,  the  states  are 
propagating  states  and  have  real  wave  vectors:  otherwise  they  are  evanes¬ 
cent  slates  and  have  imaginary  or  complex  wavevectors.  For  the  param¬ 
eters  (well  width  and  magnetic  field)  chosen,  the  lowest  evanescent  states 
have  purely  imaginary  wave  vectors.  The  evanescent  states  are  shown 
with  negative  curvatures.  The  energy  separation  between  the  subband 
bottoms  depends  on  the  magnetic  field  as  well  as  the  width  of  the  wave¬ 
guide 

We  therefore  have  to  convert  Eq.  ( 5 )  into  an  etgenequa- 
tion  in  kx  using  the  following  transformation. 

Let 

JOO-MOO  (7) 

Equation  (5)  can  now  be  recast  as 


We  discretize  Eq.  (8)  within  a  finite  difference  scheme 
breaking  the  y  domain  into  N  grid  points  where  N  is  some 
suitably  large  integer.  We  can  now  readily  solve  for  N 
different  kx  eigenvalues  ( k k^...lcx)  for  any  given  energy 
E  and  find  the  corresponding  eigenvectors  which  give  the 
wave  function  ^(y).  Each  value  of  n  corresponds  to  a 
magneto-electric  subband.  This  gives  us  the  energy  E  ver¬ 
sus  the  k"x  [n  =  1,2,3,...  N)  relation,  or  the  dispersion  re¬ 
lation  for  N  subbands.  We  vary  £  up  to  an  arbitrary  max¬ 
imum  which  we  call  the  ‘‘Fermi  energy”  EF,  If  the  bottom 
of  a  subband  is  above  Ep,  then  the  corresponding  state  is  an 
evanescent  state;  otherwise,  it  is  a  propagating  state.  Eva¬ 
nescent  states  have  imaginary  or  complex  wave  vectors  ( kx 
values)  wherru  propagating  states  have  real  kx  values.  It  is 
interesting  to  note  that  while  in  the  absence  of  a  magnetic 
field  evanescent  states  can  only  have  imaginary  wave  vec¬ 
tors,  in  the  presence  of  a  magnetic  field  they  can  have  both 
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FIG.  3.  Energy  dispersion  relations  (for  the  propagating  suites  only) 
obtained  from  our  results  (solid  curves)  and  tbe  Bohr-Sommerfiekl  quan¬ 
tization  rule  (broken  curves),  (a)  The  waveguide  width  is  lOOoAsnd  the 
magnetic  field  is  I  T;  (b)  the  waveguide  width  is  2000  A  and  the  magnetic 
field  is  1.5  T. 


observe,  say,  the  magnetostatic  Aharonov-Bohm  effect 
with  the  evanescent  states  but  not  the  electrostatic 
Aharonov-Bohm  effect. 

In  Fig.  2  we  show  the  energy  dispersion  relations  in¬ 
cluding  both  propagating  and  evanescent  states.  In  Figs. 
3(a)  and  3(b)  we  compare  the  dispenion  relations  of  the 
propagating  states  with  those  obtained  from  the  Bohr- 
Sommerfield  quantization  rule.6,7  We  find  that  there  is  a 
significant  difference  between  the  two  results.  In  Fig.  4,  we 


imaginary  and  complex  wave  vectors.  The  states  with  com¬ 
plex  wave  vectors  can  interfere  since  their  wave  functions 
are  complex  and  they  have  nonzero  current  densities  asso¬ 
ciated  with  them  cum  though  they  are  evanescent.  It  is 
interesting  to  note  that  because  of  this  feature  one  could 


show  the  velocity  versus  energy  relations  for  different  sub¬ 
bands.  The  velocity  in  the  nth  subband  is  defined  as 
u„=  (l /ft)(dEydkx).b  In  Fig.  5,  we  show  the  density  of 
states  versus  energy  where  the  density  of  states  is  defined  as 
2„(4/)ip,)0(£,  —  £^)  w,th  6  being  the  Heaviside  step 
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FIG.  4.  Velocity  vs  energy  relationship*  for  the  magneto-electric  states  in 
a  waveguide  width  of  iOOO  A  and  a  magnetic  field  of  1  T. 


function  and  the  energy  at  the  bottom  of  the  nth  sub¬ 
band.  The  summation  is  earned  out  over  the  propagating 
states  only  The  density  of  magnetoelectric  states  is  useful 
in  calculating  the  optical  absorption  spectra  of  a  quantum 
wire  subjected  to  a  magnetic  field,  or  the  scattering  rates 
for  hot  electrons  in  the  presence  of  a  magnetic  field,  and 
sanous  other  quantities. 

Finally,  in  Figs.  6(a),  6(b),  and  6(c),  we  show  how 
the  probability  density  \<b(y)  \2  of  the  lowest  subband  at 
the  energy  £  =  £>  evolves  with  increasing  magnetic  field. 
At  zero  magnetic  field,  the  state  is  a  particle  in  a  box  state, 
whereas  at  high  magnetic  fields,  it  peaks  near  the  edges  of 
the  waveguide  and  becomes  an  edge  state.  For  a  given  sign 
of  the  wave  vector  the  probability  density  peaks  near 
one  of  the  edges  of  the  waveguide  whereas  for  the  opposite 
sign  of  £„  it  will  peak  near  the  opposite  edge.  This  behav- 
,or  can  be  understood  as  skewing  of  the  wavefunction  to¬ 
wards  one  of  the  edges  due  to  the  Lorentz  force  applied  on 
the  electrons. 

In  conclusion,  we  have  shown  in  this  paper  the  nature 
of  magneto-electric  states  in  an  electron  waveguide.  These 
slates  have  been  invoked  to  explain  several  experiments 
and  phenomena  such  as  magnetoconductance  oscillations 
in  electron  waveguides  and  the  quantum  Hall  effect.  We 
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FIG  5  Density  of  magneto-electnc  slate*  in  a  1000  A  wide  waveguide  at 
a  field  of  1  T 


FIG  6  Probability  density  ir.  ihe  lowest  magneto-electnc  subband  at  ihe 
Fermi  energy  of  17  meV  The  waveguide  width  is  1000  A.  (a)  The  mag¬ 
netic  field  is  zero:  (b)  the  magnetic  field  is  I  T.  (c)  the  magnetic  field  is 

10  T. 


believe  that  our  results  will  be  useful  in  the  analysis  of 
these  and  other  experiments  dealing  with  magneto-electnc 
states. 
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In  a  recent  experiment.  ihc  low  temperature  linear  response  magnetoresistance  ol  an 
InGaAs  quantum  well  patterned  into  a  Hall  bar  exhibited  nnkingly  different  behavior 
when  measured  between  different  voltage  probes  of  the  Hall  bar.  This  anomaly  was 
explained  as  being  cjused  by  subtle  correlations  between  impuntv  scattering  events  tin 
the  presence  of  a  magnetic  hcldi  which  are  beyond  Fermi  s  Golden  Rule.  In  this  paper, 
we  prevent  a  Monte  Carlo  vimulanon  of  electron  transport  in  which  these  correlations 
arc  captured  by  retaining  mtormanon  about  the  impurity  configuration,  i.e.  tne  precise 
locations  of  the  scattering  centers  within  the  sample.  The  results  of  the  calculation  agree 


qualitatively  with  tne  expenmenta!  data. 


Introduction 

In  a  receni  experiment1,  the  magneioresistancr  of  an 
InGaAs  quantum  well  patterned  into  a  Hall  bar  was  mea¬ 
sured  at  a  iemperature  of  4.2  K  under  low  bias  t-v  4 
The  magnetoresistance  exhibited  different  behavior  when 
measured  between  different  voltage  probes  of  the  Hail  bar 
and  ever,  showed  different  signs  near  zero  magnetic  held. 
The  test  structure  and  the  data  are  shown  in  Fig.  I 

The  observation  of  radically  different  magr  orests- 
tance  behavior  in  the  some  sample  depending  on  the  lo¬ 
cations  of  ihe  measuring  probes  ti  e  wnere  ihe  sample  is 
pmbed)  is  a  rather  unusual  occurence  since  all  well-known 
magnetoresistance  mechanisms  are  Tiomogennenut  effects 
ih3t  cannot  cause  different  behavior  in  different  regions 
of  a  sample.  However,  it  is  possible  to  explain  these 
results  if  the  magneioresistnnce  is  influenced  by  correla- 


uons  between  impurity  scattering  events  that  depend  on 
the  precise  locations  of  the  impurities  (the  impurity  con¬ 
figuration).  Since  the  impurity  configuration  is  different  in 
different  regions  of  a  sample,  one  would  expect  to  see  dif¬ 
ferent  magnetoresistance  in  different  sample  regions.  This 
can  explain  the  experimental  observations.  In  Fig.  2  we 
elucidate  the  nature  of  these  correlations  by  showing  that 
a  magnetic  field  can  either  enhance  backscattcnng  (pos¬ 
itive  magnetoresistance)  or  reduce  backscattenng  (nega¬ 
tive  magnetoresisiance)  depending  on  how  the  scatterings 
between  the  different  impurities  are  correlated.  Such  an 
etfect  is  not  masked  by  ensemble  averaging  over  elec¬ 
tron  trajectories  or  by  anisotropic  inelastic  scattering  events 
uime  varying  perturbations)  such  as  elecrron-electron  scat¬ 
tering  which  do  not  perturb  the  trajectories  significantly. 
A  similar  mechanism  for  magnetoresisiance  was  proposed 
by  Becnakker  and  van  Houten  is  narrow  samples1 
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«  Fig.  1  The  experimental  structure  used  in  Ref  I  (a) 
The  quantum  well  of  InGaAs.  tbi  the  Hall  bar  showing 
the  current  and  voltage  contacts,  and  tci  the  experimen¬ 
tal  magneioresistance  curves  (the  resistance  /^n«  stands 
for  me  four- terminal  reistance  measured  bv  passing  cur¬ 
rent  between  contacts  m  and  i;  while  measuring  soltage 
between  contacts  *•  and  :). 

In  this  paper,  we  present  a  simple  Monte  Carlo  model 
of  electron  transport  in  a  confined  two-dimensional  elec¬ 
tron  gas  to  study  the  cotrelations  between  impunty  scat¬ 
tering  events  in  the  presence  of  a  magnetic  held.  Im¬ 
purity  scattering  is  the  only  scattering  mechanism  that  is 
treated  since  it  is  overwhelmingly  dominant  over  all  other 
scattering  mechanisms  under  the  experimental  conditions. 
Fhe  correlations  between  impunty  scattenng  events  are  ac¬ 
counted  for  by  keeping  track  cf  the  exact  locations  of  the 
impunties,  t.e.  the  precise  coordinates  at  which  the  scat¬ 
tenng  events  take  place.  In  the  next  section,  we  desenbe 
our  model. 

The  Monte  Carlo  Model 

In  the  Monte  Carlo  simulation,  electrons  are  injected 
into  the  simulation  domain  with  the  Fermi  velocity  i  r  at 
arbitrary  angles.  The  injecoons  at  Fermi  velocity  are  ne¬ 


cessitated  by  the  tact  mat  a:  ,.w  mas  and  low  temper¬ 
ature,  it  is  only  the  electrons  at  the  Fermi  energy  that 
cany  current.  The  electrons  are  acted  on  by  the  Lortntz 
force  rrr  x  f)  whete  it  n  tne  magnetic  flux  density.  The 
Uirentz  force,  impurity  scattenng  and  scattenng  from  the 
boundanes  of  the  sample  are  tne  only  three  mechanisms 
that  affect  the  direction  ot  the  electron  velocity  within  the 
simulation  domain  and  deicrminc  the  classical  trajectories. 
The  oniy  other  scattenng  mechanism  that  could  be  consid¬ 
ered  is  electron-electron  scattenng  (although  it  is  known 
to  be  ten  umes  weaker  than  impuniy  scattenng  from  ex¬ 
perimental  data).  However.  eiectTon-cIcctron  scattenng  is 
very  anisotropic  and  favors  small  angle  scattenng.  For  this 
reason,  it  is  not  at  all  effective  :n  deflecting  ihc  trajectories 
significantly. 


(a)  (b) 


•  Fig.  2:  Possible  electron  crajcctones  inside  a  disor¬ 
dered  sample  in  the  absence  (upper  figure)  and  presence 
i  lower  figure  i  of  a  magneuc  field.  The  impunties  are  de¬ 
noted  by  shaded  circles:  tat  for  this  impunty  configuration 
the  magnetic  field  suppresses  backscattenng  and  enhances 
transmission  so  that  the  resistance  decreases  and  the  mag- 
nctorestsunce  is  negative,  .hi  tor  this  configuration  the 
opposite  happens  to  make  the  magneioresistance  positive. 
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During  the  simulation,  the  electron  position  is  sampled 
regularly  with  a  period  that  is  much  smaller  than  the  mean 
time  berween  collisions  estimated  from  the  measured  mo¬ 
bility  During  each  sampling,  the  direction  of  the  Lorentz 
force  is  updated.  If  during  a  sampling,  the  electron  is  found 
within  a  screening  distance  from  an  impurity,  it  is  made  to 
scatter.  Since  the  scattering  is  elastic,  u  does  not  change 
the  magnitude  of  the  electron's  velocity,  but  it  changes  the 
direction.  The  scattering  angle  is  determined  wuhin  the 
framework  of  Fermi's  Golden  Rule,  i.e  the  anisotropy  of 
the  scattering  is  explicitly  taken  into  account. 

The  impumy  locations  (impurity  configuration)  are 
generated  by  two  independent  random  number  generators 
trial  give  ine  s-  and  y-coordmates  The  average  distance 
between  the  impurities  is  maintained  at  the  mean-free-path 
calculated  from  the  measured  mobility  ar.d  earner  concen¬ 
tration  i the  latter  determines  (he  Fermi  velocity). 

Boundary  scattering  is  treated  as  follows  If  an  elec¬ 
tron  collides  with  a  boundary  of  the  sample,  n  is  made 
to  undergo  -ither  specular  reflection  tangle  cf  incidence 
is  equal  to  angle  of  reflection)  or  diffuse  reflection  (angle 
of  reflection  is  arbitrary).  Again,  these  elastic  collisions 
do  not  change  the  magnitude  of  the  electron's  velocity, 
but  change  the  direction  depending  on  whether  specular  or 
diffuse  reflection  is  chosen.  The  boundaries  are  placed  at 
locations  corresponding  to  the  physical  dimensions  of  the 
sample.  A  typical  Monte  Carlo  trajectory  is  shown  in  Fig. 


r  =  screening  length  which 
is  the  radius  of 
influence  of  an  Impurity 


•  Fig.  .V  A  typical  Monte  Carlo  trajectory  traced  oui  hy 
an  tlcc'ron  in  ihe  simulation.  The  centers  of  the  circles 
arc  ixcupied  by  the  impunnes  and  the  radii  of  the  circles 
are  ail  equal  10  the  screening  ienglh. 
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•  Fig  4  Transmission  probability  versus  magnetic  flux 
density.  The  three  traces  are  tor  tnree  different  impurity 
configurations.  Sole  treat  the  vlopes  of  the  curves  near 
zero  magnetic  held  are  different  tor  different  configurations 
which  means  ihai  the  low-neld  magnetoresistance  can  be 
positive  or  negative  depending  on  the  configuration. 

From  the  Monte  Carlo  simulation,  we  estimate  the  clas¬ 
sical  transmission  probabilmes  of  electrons  through  the 
simulation  domain  at  various  values  of  the  magnetic  field. 
The  transmission  probability  is  simply  the  fraction  of  elec¬ 
trons  injected  at  the  left  edge  of  the  simulation  domain  (left 
contact  of  the  sample)  that  emerge  through  the  right  edge 
tnght  v.oniaci)  In  the  Landauer-Buttiker  picture  of  linear 
response  transport1  this  transmission  probability  is  related 
to  ihe  resiM.ince  of  the  sample  so  that  if  the  transmission 
probability  is  significantly  different  tor  different  impumy 
configurations,  we  can  establish  that  the  resistance  can  be 
sigmhcamlv  different  tor  different  imounty  configurations 
as  well.  This,  ihcn.  can  explain  i he  expcnmental  observa¬ 
tions. 

Simulation  Results 

The  simulation  parameters  that  we  used  for  our  study 
are  the  following:  ihe  number  of  panicles  simulated  is 
greater  than  4000  which  ensures  statistical  reliability.  The 
Fermi  velocity  iy-  =  :  trio*  cm/sec  (estimated  from  the 
measured  earner  concentration  of  l.-lftu  rm~i  in  sam¬ 
ples  used  in  ihe  experiment),  the  average  distance  between 
impurities  =  7000  ’A  as  estimated  from  the  mean  free 
paih  (calculated  from  the  measured  mobility  of  18.000 
i ■>•••'  <■  - ,,  f  t  yhe  screening  length  was  estimated  to  be  60 
A  bared  on  a  Fermi -Thom  as  model.  The  sample  domain 
is  chosen  large  enough  io  contain  41)  impurities. 

In  Fig.  4.  we  plot  ihe  transmission  probability  ver¬ 
sus  magneuc  field  for  three  different  impuniy  configura¬ 
tions.  Nnic  that  for  some  configuration  ihe  transmission 
probability  at  first  increases  with  the  magnetic  field  which 
corresponds  io  negative  magnetoresisiance  near  zero  field. 
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and  for  some  other  configuration  the  transmission  proba¬ 
bility  decreases  which  is  indicative  of  positive  magnetore- 
Mstance.  At  high  enough  fields,  the  transmission  always 
decreases  with  increasing  field  as  the  cyclotron  radius  be¬ 
comes  comparable  to  and  then  less  than  the  separation 
betwreen  impurities.  In  this  high  field  regime,  the  magne- 
tnconduconce  is  always  negative  as  given  by  classical  the¬ 
ory  All  these  features  are  observed  in  the  experimentally 
measured  charactenstics.  Although  a  quantitative  compar¬ 
ison  with  the  experimental  data  is  impossible  because  of 
■he  uncertainties  in  several  parameters,  it  is  obvious  that 
there  is  qualitative  agreement  between  the  simulation  re¬ 
sults  and  the  experimentally  observed  charactcnsucs. 

Conclusion 

In  this  paper,  we  have  presented  a  Monte  Carlo  calcu¬ 
lation  of  electron  transport  in  a  connned  two-dimensional 
electron  gas  m  the  presence  of  impunty  scattering  and  un¬ 
der  the  influence  of  a  magnetic  field.  We  have  accounted 
for  correlations  between  the  impunty  scattenng  events  by 
keeping  track  of  the  impunty  positions  within  the  sample. 
i  e.  the  exact  locations  where  the  scattenng  events  occur. 
The  simulation  shows  that  the  dependence  of  the  trans¬ 
mission  probability  through  a  disordered  sample  on  the 


magnetic  field  is  sensitive  to  the  impunty  configuration 
because  of  the  correlations  between  the  impunty  scatter¬ 
ing  events.  Since  the  transmission  probability  determines 
the  resistance  of  the  sample,  this  means  that  the  magne- 
toresistance  is  a  function  of  the  impunty  configuration. 
This  dependence  of  the  magnetoresistance  on  the  impu¬ 
rity  configuration  explains  the  observations  made  m  the 
expenment  of  Ref.  1. 
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Coupling  and  Crosstalk  Between  High  Speed 
Interconnects  in  Ultralarge  Scale 
Integrated  Circuits 

Supnyo  Bandvopadhyay ,  Senior  Member,  IEEE 


Abstract— Tbe  advent  of  sophisticated  lithographic  tech¬ 
niques  has  made  it  possible  to  fabricate  densely  packed  ultra- 
large-scale-integrated  (ULSI)  circuits.  In  these  chips,  intercon¬ 
nect  lines  are  so  narrow  and  spaced  in  such  close  proximity  that 
signal  from  one  line  could  easily  get  coopled  to  another  causing 
interference  and  crosstalk.  This  paper  presents  a  general  the¬ 
ory  to  model  coupling  between  optical  interconnects  (wave¬ 
guides)  and  quantum-mechanical  coupling  between  narrow  and 
very  closely  spaced  silicide  interconnects  embedded  in  dielec¬ 
trics  (Si02). 


I.  Introduction 

ECENT  advances  in  nanolithography  [l]-[6j  have 
made  it  possible  to  delineate  electronic  devices  with 
feature  sizes  of  a  few  hundred  angstroms  in  both  silicon 
and  GaAs  wafers.  The  ability  to  make  such  small  features 
has  led  to  the  development  of  ultralarge-scale-integrated 
(ULSI)  circuits  with  packing  densities  far  greater  than 
those  of  very-large-scale-integrated  (VLSI)  circuits.  In 
1980.  Hewlett-Packard  produced  a  single  chip  micropro¬ 
cessor  with  0.5  million  devices  on  a  1  sq  cm  chip  using 
1 .25  Mm  feature  sizes  (7).  Today,  we  are  envisioning  chips 
with  10v  devices.  Simple  scaling  law  shows  that  the  fea¬ 
ture  sizes  required  for  such  ULSI  chips  will  be  a  few 
hundred  angstroms  causing  extremely  dense  packing. 

In  ULSI  chips  not  only  are  the  devices  densely  packed, 
but  so  are  the  interconnects.  The  close  proximity  of  in¬ 
terconnect  lines  resulting  from  this  dense  packing  could 
lead  to  severe  problems  with  mutual  interference  and 
crosstalk.  In  this  paper,  we  study  crosstalk  due  to  cou¬ 
pling  between  optical  interconnects  (GaAs  waveguides 
embedded  in  AlGaAs)  and  coupling  between  narrow  and 
closely  spaced  silicide  interconnects  surrounded  by  a  di¬ 
electric.  In  the  case  of  silicide  interconnects,  coupling  is 
caused  oy  quantum-mechanical  tunneling  of  electrons 
from  one  line  to  another.  This  kind  of  coupling  will  be 
especially  severe  if  the  dielectric  in  which  the  intercon¬ 
nects  are  embedded  is  leaky  (such  as  porous  ShN4  or  SiCK 
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work  was  supported  bv  the  Office  of  Naval  Research  by  Grant  NOOOI4-9 1  ■ 
J  1 505  and  by  IBM  tnrough  a  Faculty  Development  Award 
The  author  is  with  the  Department  ot  F.lcctncal  Engineering.  University 
<>i  Notre  Dame,  Notre  Dame.  IN  4655b 
IEEE  Log  Number  9107182. 


grown  by  wet  oxidation).  In  addition  to  causing  crosstalk, 
tunneling  can  give  rise  to  a  unique  problem.  In  multilay¬ 
ered  interconnects,  there  can  be  crossings  of  two  lines  with 
a  very  thin  dielectric  layer  sandwiched  between  them.  If 
the  thickness  of  the  lines  is  a  few  hundred  angstroms,  then 
at  the  crossing  we  have  a  crossover  capacitor  whose  ef¬ 
fective  plate  area  is  a  few  hundred  angstroms  square  and 
the  plate  separation  is  also  of  the  same  order.  The  corre¬ 
sponding  capacitance  can  be  estimated  from  standard  for¬ 
mula  (8).  If  the  linewidths  are  300  A  and  the  plate  sep¬ 
aration  is  100  A.  then  the  crossover  capacitance  is 
-  10“ 17  F.  Since  the  dielectric  layer  between  the  plates  is 
thin  enough,  an  electron  can  tunnel  through  this  layer  from 
one  interconnect  to  another.  Such  tunneling  can  charge  up 
the  capacitor  to  10  mV  per  electron!  Effects  such  as  these 
have  already  been  observed  in  single  discrete  capacitors 
(9).  Obviously,  stray  voltages  of  this  nature  are  undesir¬ 
able  in  an  integrated  circuit  and  can  cause  reliability  prob¬ 
lems,  logic  errors,  etc.,  especially  if  the  supply  voltages 
have  been  scaled  down  with  the  device  sizes. 

The  close  physical  proximity  of  neighboring  lines  is  not 
the  only  cause  of  increased  coupling  in  ULSI.  The  in¬ 
creasing  length  of  interconnects  with  increasing  chip  size 
also  contributes  to  increased  coupling  since  a  larger  re¬ 
gion  is  available  for  interaction  when  the  interconnects 
are  long.  Suffice  it  to  sav.  then,  that  crosstalk  and  cou¬ 
pling  can  be  a  serious  problem  in  large  ULSI  chips  be¬ 
cause  of  the  dense  packing  and  long  interconnect  length. 
To  understand  the  nature  of  this  coupling  and  finally  to 
find  ways  of  countering  it,  one  needs  to  be  able  to  de¬ 
scribe  and  model  such  coupling  effects  within  a  basic  mi¬ 
croscopic  formalism.  In  this  paper,  we  present  such  a 
model  derived  from  general  coupled  mode  theory  [10)- 
(18).  The  formalism  is  perfectly  general  and  applies  for 
coupling  between  both  optical  and  silicide  interconnects, 
i.e.,  for  both  optical  coupling  and  quantum  mechanical 
coupling  (tunneling).  The  applicability  of  the  model  for 
both  types  of  coupling  is  a  rather  fortuitous  coincidence 
which  happens  because  the  basic  equations  describing  the 
two  types  of  coupling  ai  the  microscopic  level  are  the 
electromagnetic  wave  equation  (derived  from  Maxwell's 
equation)  and  the  Schrodinger  equation  which  are  math¬ 
ematically  similar.  In  the  next  section,  we  present  the  the¬ 
ory  and  then  the  Section  III  wc  estimate  coupling  coeffi- 
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cients  for  both  types  of  coupling.  In  Section  IV  we  present 
results  for  GaAs-AlGaAs  optical  mterconnects  and  sili- 
cide  interconnects.  Finally,  in  Section  V,  we  present  the 
conclusions. 

II.  Theory 

.-1.  Coupling  Between  Optical  Interconnect s 

To  mode!  electromagnetic  coupling  between  a  set  of 
closely  spaced  optical  interconnect  lines  we  view  and  the 
interconnects  as  optical  waveguides  and  start  from  the 
wave  equation  that  governs  the  propagation  of  an  electro¬ 
magnetic  signal  in  a  waveguide.  We  assume  that  the  in¬ 
terconnects  are  nonlossy  and  nondispersive.  This  is  a  very 
good  assumption  for  optical  interconnects  comprising 
GaAs  waveguides  surrounded  by  AlGaAs  cladding.  The 
scalar  wave  equation  for  a  TE  mode  propagating  in  the 
x  direction  in  any  one  waveguide  reads  (10] 

2  a:£v  a1 

V2fs(r.  ;)  =  pt  -p-  u  [Pca up(r.  />] v  (1) 

where  £v  is  the  y  component  of  the  electnc  field  in  the 
interconnect  (waveguide)  and  (Ecouph  is  the  v  component 
of  a  distnbuted  polarization  source  caused  by  the  coupling 
of  signal  from  other  interconnects.  The  quantities  p  and  t 
are  the  permeability  and  permittivity  of  the  interconnects. 

To  solve  for  the  field  Ev.  in  the  above  equation,  we  in¬ 
voke  standard  coupled  mode  theory.  The  solution 
£„(  r ,  /)  can  be  written  as  a  linear  superposition  of  the 
normal  modes  (unperturbed  fields)  in  the  individual  inter¬ 
connects 

Ev(r.  t)  =  Z  C.WRr'fy,  z,e‘-*  (2) 

r. 

where  £"(>’,  ;)  is  the  y  component  of  the  electnc  field  in 
the  isolated  mh  interconnect  (in  the  absence  of  coupling) 
and  w  is  the  signal  frequency.  The  field  £',"’(  y,  ;)  satisfies 
the  unperturbed  wave  equation  so  that 

1  d2  d2  1 

hp  +  P  j  £’"'(  y.  =)*w 

Ldy  foj 


__  _  P  (fll  /  -  ,  ,  ' f  _ 

=  pt  6V  ( y,  z)e  -  -t 

dt  “ 


v,  z) ca¬ 


using  (3).  we  can  replace  the  terms  within  the  square 
brackets  in  the  left-hand  side  ot  (4)  to  get 

^  1  3:C„  ,  1 

S  I  — ■ — - ptai;C„  \  f.  . 

•i  at" 


=  -pt 


"r  P  ^  ^-OUp  )  V 


c.ej,'" 


Finally,  multiplying  the  above  equation  by  £'"**  (the 
asterisk  denotes  complex  conjugate)  and  integrating  over 
all  space,  we  obtain  the  coupled  set  of  equations  for  the 
coefficients  C, 


Z  |  +  m«(w"  -  u;)C,Ow  -  K‘mtHCn j  =  0 

im  =  1,  2,  3.  •  •  •  ,  n)  (6) 

where  k\ n  =  J  dJr6",ji(^2/3r:)(Pcogp]v£»  and  0^n  is 
the  overlap  between  the  fields  in  the  mth  and  nth  inter¬ 
connect  (Omn  =  }  d3r£"* £"). 

Equation  (6)  is  a  set  of  n  coupled  second  order  differ¬ 
ential  equations.  The  difference  between  (6)  and  the  equa¬ 
tions  of  conventional  coupled  mode  theory  is  thai  we  have 
not  assumed  OmH  =  0  form  *  n.  In  fact,  this  assumption 
would  be  incorrect  in  the  limit  of  strong  coupling  where 
the  overlap  between  the  fields  in  neighboring  intercon¬ 
nects  can  be  quite  significant  and  neglecting  this  overlap 
may  result  in  violation  of  energy  conservation  [i3]-[18]. 

Let  us  now  make  the  following  substitution 


D„(x)  =  Cn(x)  exp  [ 


where 


(k„y  =  pt(v  -  u\). 

Substituting  (7)  in  (6)  and  using  (8),  we  get 


—r  0™,  +  2 ik„  —  -  k, 

ox  ox 


;xp  I  i  j  k„ 


dx  I  =  0  (m  =  1,2,3. 


where  is  the  signal  frequency  in  the  mh  interconnect. 
Substituting  (2)  in  (1),  we  get 

vfd'C,  i1  H  _ 

“iSr  c  (5s  ’  JFJj  *•'  J 

=  -ptu:  j  Z  CmZ':\y.  z)  i  e"* 

'  n 

0  2  i 

+  M  ^  0]  v  [  Z  CnE'vn'  (v,  z) )  e^  (4) 

where  .  njv  is  an  operator  such  that  \Proup(r.  /)]„ 

£,  =  [Pcc-pt^. 


Equation  (9)  can  be  recast  in  a  matrix  form 

[A]  p  (6]  +  2i(B]  f  ID]  =  [K]  [f>]  (10) 

dx  dx 

where  (6l  is  an  n  x  1  matrix  whose  elements  are  the  coef¬ 
ficients  D,,  T>2.  •  •  ■  Dn,  [A]  is  an  n  x  n  matrix  whose 

dements  are  AmH  --  Omn  exp  (i  j  kn  dx).  (B]  is  an  n  x  n 
matrix  whose  elements  are  S. .„  =  kn  exp  (i  j  kn  dx) 
and  [K]  is  an  n  x  n  matrix  whose  elements  are  given  by 
K**  -  *1*  exp  (i  J  kn  dx). 

Equation  10  is  the  general  coupled  mode  equations  for 
a  system  of  n  optical  interconnects.  To  illustrate  the  use¬ 
fulness  of  these  equations,  we  now  proceed  to  solve  them 
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tor  (he  case  or  just  two  interconnects.  For  this .  we  first 
note  that  ratio  of  the  second  to  the  first  term  in  the  LHS 
of  (10)  is  of  the  order  ot  the  ratio  of  the  distance  scale 
over  which  significant  coupling  occurs  to  the  wavelength 
of  the  signal  in  the  interconnects.  For  electromagnetic 
coupling,  the  signal  wavelength  is  the  wavelength  ot  the 
optical  or  electromagnetic  signal  which  is  between  I  and 
1 00  am  typically.  iWe  are  oniy  concerned  with  high  speed 
interconnects,  i.e..  optical  interconnects  or  those  that 
carry  ultrashort  pulses  or  millimeter  waves. )  For  quantum 
mechanical  coupling  the  wavelength  is  the  DeBroglie 
wavelength  of  electrons  which  is  between  10  and  100  A. 
Since  even  for  the  most  densely  packed  interconnects,  we 
do  not  expect  significant  coupling  to  occur  over  such  small 
scales,  we  can  always  neglect  the  first  term  in  the  LHS  of 
1 10)  in  companson  with  the  second  term.  This  allows  us 
to  obtain  closed  analytical  solutions  of  (10)  in  the  case  of 
two  interconnects. 


The  above  equations  can  be  decoupled  to  yield 

<r£>.  dD, 

— f  +  ,[k\  -  <.;>)  — 1  -v  =  0  ti5) 

ox "  ax  '  ' 

whose  solution  is 

D,u)  =  t3'\Pe"  -  Qe  "  (16) 

where  P  and  Q  are  constants.  2 5  =  —  k\  and  v  = 

va:  -r  o'  where  k  -  =  Q:i  The  last  equality  follows 

from  the  fact  that  the  two  interconnects  are  assumed  to  be 
identical. 

Assuming  that  the  wave  vectors  are  independent  of  po¬ 
sition  x.  we  get  from  (7),  (13),  and  (15) 

C,(x)  =  eM)l[Pe‘’‘  +  Qe~M]  (17) 

where  k0  =  k‘:  +  k\ . 

Similarlv.  we  set 


If  we 

neglect  the  first  term  in  the  LHS  (10).  we  get 

C:(x)  =  -eMx[P’ev'  -  Q’e-"] 

(18) 

dD,  _ 

=  -  lt]|;0;  exp  > 

1  \k,  ~  a:J  dx 

where  P'  =  Pk*  k  and  Q'  =  Qk~  <  with  k  *  = 

25  + 

v 

2e  and  k  =  26  —  2v. 

dl D:  _ 

-1  I  ( k 2  —  k, )  dx  : 

To  evaluate  the  constants  P  and  Q ,  we  need  to  apply 

ox 

=  -  /fi:i  D,  exp  < 

the  boundary  conditions.  Let 

ill) 

c, ,  x  =  0)  =  p  +  q  -  a  r 

where 

1 

A,  ■  j 

a  j  I  0^2 

*5i0i:  1 

k  '  P  ~  k  '  Q 

c:(x  =  0)  = - -  =  a: 

K 

(19) 

1  k,(0,,  Oii  —  0 12  i  ‘ ) 

~  0\2\  )j 

This  gives 

1  i 

k ‘  ,  a  _ 

P=  --A;  --A: 

2v  2v 

i  ^ ^  1 1  Oil  ~~  \0\2  1  ~  ) 

k\(0\\ ~  )  . 

- ; 

!  <  :i  @\\ 

*  1 1  1  t 

k  \ 

Q  =  —  a;  a-  -  az 

2v  2v 

(20) 

'  k:tO., 0::  -  0,2,:) 

k,(OnC>22  -  >  Ot:  :|  . 

0,:  *  j 

'  s  |;  0:: 

Now  let 

..k,  [O,  |  O22  ~  \0\i  1  ) 

KiiOwOii  —  1 

C,  (. x  ~  L)  =  B , 

‘12) 

Ql.r  =  L)  —  B2 

(21) 

We  now  make  another  transformation  of  variables 

Using  ( !6)-(20),  we  get 

D,  -  D 1  exp  ^  —i 

\  A,  dx  ) 

B,  -  e  ‘oL  ’  (  cos  \,vL)  +  —  sin  (vL)  )  A  T 

i  “  / 

D:  =  D:  exp  ^  -1 

\  A;  dx  ) 

(  IK  \  .1 

+  ( - >in  1  vL)  )  A  2 

<  t  —  k  I  +  A  1 

B2  =  e :^L  ,  ^  cos  (vL)  -  -  sin  A 2 

a-  =  ki  +  A-> . 

(13) 

This  reduces  ( 1 1 )  to 


dD, 

dx 


=  exp  -I  \  \k\  -  k  ’:\  dx 


-  ^  -  —  sm  wL)  )  A  f  ' . 

This  equation  can  be  written  in  a  matrix  form  as 


(22) 
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where 

a  =  e:u>L  |  cos  ( vL.)  +  —  sin  u >L)  ) 

.  I  iK 

n  =  c  =  e  I - sin  I  vL)  i 

\  v 

d  —  e'tu'L  (  cos  (vL)  —  —  sin  t vL)  ).  1 241 

\  v 

Note  that  the  2  x  2  matrix  in  (23)  is  in  the  form  of  a 
transmission  matrix.  The  matrix  element  b  (  =  c)  is  an 
indication  of  the  coupling  from  one  interconnect  to  an¬ 
other.  It  is  the  fraction  of  the  signal  in  interconnect  1  that 
gets  coupled  to  interconnect  2  after  a  distance  L.  Substi¬ 
tuting  back  the  values  of  k  and  v.  we  find  that  the  quantity 
b  is  given  by 

'■b\  -  !c;  =  --  ... - ;  sin  (  v«  6  £.].  <  25) 

\k~  -1-  6" 

It  is  easy  to  show  that  this  coupling  is  maximum  if  6  -  0 
as  long  as  tan  (kL)  >  kL  or  as  long  as  *L  <  t/2.  To 
have  6=0  would  require  that  the  two  interconnects  be 
■dentical  and  carry  the  sarnie  signal  frequency.  Note  that 
when  6  is  zero  it  is  possible  for  100%  ot  the  signal  in  one 
interconnect  to  get  coup  ed  to  the  other  and  this  happens 
at  a  distance 

^-100%  =  T~  ■  (-6) 

2k 

In  the  case  of  5  =  0.  the  coupling  over  a  distance  L  is 
simply  given  by 

]b\  =  cl  =  'sin  <*I)|  1 27) 

Therefore,  the  fraction  of  the  signal  power  from  one  in¬ 
terconnection  that  is  coupled  into  another  is  given  by 

ibr  =  cr  =  I  sin  (kI)|*.  (28) 

The  most  important  step  now  is  to  derive  an  expression 
for  the  coupling  constant  k.  But  before  we  proceed  to  do 
so.  we  show  that  the  Schrodinger  equation  governing 
quantum  mechanical  coupling  between  interconnect  lines 
is  mathematically  similar  to  the  wave  equation  governing 
electromagnetic  coupling  between  optical  interconnects  so 
that  the  Schrodinger  equation  yields  similar  solutions  for 
the  coupling  parameter  b  (=  o).  In  fact,  the  expression 
for  b  (for  quantum  mechanical  tunneling)  is  identical  to 
the  expression  given  in  (27). 

B  Quantum  Mechanical  Coupling 

The  equations  governing  quantum  mechanical  transport 
of  electrons  through  an  interconnect  ( which  can  be  viewed 
as  an  electron  waveguide)  is  the  Schrodinger  equation 
which  reads 

:h  —  =  (Wn  *  H')4 >  =  (  -  C2  *  H'  )  4'  1 29) 

■j,  '  2m 

where  h  is  the  reduced  Planck’s  constant,  m  is  the  elec- 
tron’s  effective  mass.  4  (  *  iA(  r.  /))  is  the  electronic  wave 


function.  Hr,  is  the  unperturbed  Hamiltonian,  and  H'  is 
the  perturbation  in  the  Hamiltonian  arising  from  coup  ig. 

We  will  assume  that  the  perturbation  is  static  (this  ne¬ 
glects  phonon-assisted  or  incoherent  tunneling)  and  use 
time-independent  perturbation  theory.  The  wave  function 
ts  wntten  as 

4(r.  t)  =  Cu.  y.  n  =  (C, uio, ( y.  z) 

~  C2Wo2(  y.  z)]e~'E,  f>  (30) 

where  6,  ;(  y.  c)f  "  £l h  arc  the  unperturbed  wave  func¬ 
tions  in  interconnects  1  and  2  in  the  absence  of  coupling. 
These  wave  functions  are  eigen  functions  of  H0  (which  is 
Hermitean)  and  therefore  orthonormal. 

Since  <t>,  2(  y.  z)e  ~'El ■  *  are  eigen  functions  of  H0,  i.e. , 
they  satisfy  the  unperturbed  Schrodinger  equation,  it  is 
easy  to  sec  that 

HnQ I  ;ty.  Z)  =  £,  ;0|  ;(>■.  ;).  (31) 

Substituting  (30)  in  (29).  we  get 


/r'3;C, 

1 

y-  "■ 

—  — -  *  c , 

- - 

—  - — :  |  .  O. 

2m  i  ax' 

By 

<iz' 

b;ra:c^  _ 

d: 

3 2  'O 

-  '  - -  C, 

-  —  !  }  O-. 

2m  t,  dx ' 

!  3v- 

azm  \)  ‘ 

=  £[C,  o,  -p  C;o;]  -  H'lC,  o,  C,<M  (32) 
wiiere  Oi  ;  a  cq  y,  z)e 

Comparing  the  above  equation  with  (5),  we  find  that 
they  are  mathematically  similar.  This  is  not  surprising 
since  both  ihe  electromagnetic  wave  equation  and  the 
Schrodinger  equation  describe  the  propagation  of  a  wave 
through  a  medium.  Because  of  this  mathematical  similar¬ 
ity  wc  can  write  down  the  coupling  coefficients  \b\  and 
ic|  from  analogy  without  any  further  derivation. 

'bl  =  icj  =  sin  ( j ’L)  1 33) 

where 

_  lm\H\  :\/h:)Ou  -  im\H\  i\/h1)02l 

3(0,1  a.-  —  i  o  i ;  i  ■ ) 

,!/ft:)0«  -  im\H\  ,  i/A2)0„ 

= - - -  ~~ - y -  i34) 

3lO]\022  —  lOi2i“) 

while  H'm  n  -  j  d} r<t>*H'o„  and 

J  =  v2 mtE  -  E\)ih  =  \2mlE  -  E2)/h  (35) 

where  E ,  and  £\  are  the  unperturbed  energy  levels  in  in¬ 
terconnect  1  and  2. 

III.  Calculation  of  Coupling  Coefficients 
A.  Optical  Coupling  Coefficient 

To  calculate  the  optical  coupling  coefficient  k,  we  con¬ 
sider  two  identical  parallel  or  crossing  interconnects  which 
we  view  as  optical  waveguides.  The  configuration  is 
shown  iri  Fig.  1(a)  and  (b).  We  concentrate  on  TE,0  wave 
propagation  and  one  particular  transverse  mode.  Fig.  1(c) 
shows  the  refractive  index  profile  p{z)  along  the  z  direc- 
iion  where  n  u)  =  vu,l:)(,(;)  and  the  subscript  r  denotes 
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where  mo  and  fo  are  the  free  space  permeabilities  and  per¬ 
mittivities. 

We  will  assume  that  the  two  interconnects  are  identical 
so  that  rfti  =  Vti  =  ’»»•  The  electric  held  amplitudes  are 
given  by  [see  Fig.  1(c)]  [12] 


' E,-e 

£'"(;)  =  \  £„  cos  (7 sz  0) 

(.£/  exp  [ ~a,(z  -  d)] 


(37) 


T  £}  exp  [a,U  -  r)] 
8'2|{:)  =  \  E ,  cos  (* y<(z  -  s)  -  O) 


where 


z  3  s 

s  <  :  <  s  +  d 
Efe\ p  [-a,(;  -  s  -  d)]  z  2:  s  +  d 

(38) 

a)  =  k~  —  r)~,ui'nQe0 
7  f  ~  7  i  *'  Mo  f  o  ~  ^ ' 


-  ,V2)  - 

E}(rf,  ~  7 ;) 

-1  /«»\ 

0  = 

-tan  — 

■7d/ 

.V  = 

*•'«  VMoto 

ic) 

Fig.  I  ia)  Two  parallel  interconnects  ol  width  a  and  separation  j.  ib)  two 
crossing  interconnects,  and  (C)  (he  refractive  index  profile  along  with  the 
eleclnc  held  distribution  in  two  neighboring  optic  -.1  interconnects  that  act 

as  waveguides  , ,  .  ,. 

\  •  i/uv/nteo  (39) 

relative  permeability  or  permittivity.  The  refractive  in-  and  it  is  defined  in  (8). 

dexes  in  the  two  interconnects  are  r,fl  and  7,2.  respcc-  The  quantities  0,,,  0::,  0i: ,  x,,.  and  x,2  can  now  be 
lively,  while  ihe  refractive  index  of  the  intervening  me-  computed  easily, 
dium  is  rjf. 

We  now  calculate  the  quantities  x.  t  (  =  x:; )  and  x,:  1  - 
x:,  )  which  appear  in  the  expressions  for  0!2  =  Q2  1  =  x. 


x  ■  1  —  w  WoC()  \  dc£  ,.  (C) (7r  7?l)8,  fO 

xn  =  at'MoEo  ^  dc£ v* 1  f c) (7r  ~  7?[)C,  (2)  1 3b) 


4  f  coi  0  +  2f,d 

4>f  1  7j  ~  n; 

•t-  sin  l2-r ,d  ~  2o)  -  sin  20  ! 


(40) 


On  =  a 


, '  r,  -  -  ,v*  r  j 

7  g  “  7/  v.  a, 


-  -  -  d) 


1 


T ;  -  ,V;  (  at,(e11’‘<  cos  (7„d  +  o )  -  cos  <t>)')  j 
I  _ _ _ . - - -  ,  | 

! !  \  7;  -  7r  (  «i  +  7;  ; 1 


,  -  a.J  C‘ 


il  -  .V2  f  7 g(eJ,J  sin  (7,d  +  o)  -  sin  o') 


’*  !  \  7?  -  7r  ( 


a,'  +  7i 


e 


.17'  -  .V"  i  cos  O  -  COS  I7«,d  1-  C>)> T 

\7j  “  7 }  C 


a;  +  7; 


J 


7?  -  ,V;  7,  (sin  (7,d  -*■  <?)  -  sin  0)7 

\  7;  -  7;  t  +•  7g  ) 


(41) 
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,  .  Vi  ~  -V*  ,  ,  sin  (yeJ)  ] 

*  12  =  e  '  “0*0  . ;  "  r  E i  i  =?  |  -12) 

\  V i  ~  V (  .va;  -  7;  J 

,  ,  .  ;  Vi  ~  v'\  E i 

'ii~*  -  “0*0  i  1  2  U  *  I  •  43 1 

ri,  -r  t]g  .a, 

One  can  now  use  the  results  of  (40)-(43)  in  <  12)  to  ob¬ 
tain  k  and  then  use  it  in  (27)  to  find  the  coupling  parameter 
b  for  electromagnetic  coupling. 

B.  Quantum  Mechanical  Coupling  Coefficient 

To  estimate  the  coupling  coefficient  f  associated  with 
quantum  mechanical  tunneling  between  two  intercon¬ 
nects,  we  first  refer  to  Fig.  2  which  shows  two  parallel 
interconnects  [Fig.  2(a)]  or  two  crossing  interconnects 
[Fig.  2(b)]  as  a  o.voiem  of  two  coupled  quantum  wires. 
Fig.  2(c)  plots  the  potential  energy  profile  V(z)  that  an 
electron  sees  along  the  ;  direction.  The  electron's  kinetic 
energy  of  motion  in  the  ;  direction  is  quantized  into  sub¬ 
band  states  that  are  labeled  by  n  i£„  is  the  energy  of  the 
nth  subband  state  as  shown  in  Fig.  2).  The  height  of  the 
potential  bamer  is  V  -  F,  for  the  first  interconnect  and  V 
-  F:  for  the  second  interconnect.  The  distance  between 
the  interconnects  is  s  and  the  width  of  each  interconnect 
(dimension  along  ;  direction)  is  d. 

To  calculate  we  first  find  the  quantities  \ H\  <9|;, 
(9,i,  and  O ::  which  appear  in  the  expression  for  f  (see 
(34)]  Following  [15]  we  calculate  these  quantities  as  fol¬ 
lows 


■H[:.  -  1  ]  vUV  -  V:]+,dz  •  (44) 

v  -  30 

The  wave  functions  v , < c)  and  t:(c)  are  given  by  [I8| 


(  e  J~  cos  0 
\ 

(C)  =  \  cos  in;  -T  0) 


:  ^  0 
0  <  ;  <  d 


Lexp  |  -a(;  -  </)]  cos  [yd  t -6)  :  >  d 


t:(Z)  = 


where 


e  ‘  ;  ” !l  cos  6  ;  <  v 

cos  <7<c  -  v)  +  0)  5  <  ;  <  s  -  d 

exp  [~a(;  -  s  -  d)]  cos  [yd  +  0) 

Z  >  s  +  d 


a  —  v2  m/  fr(V  -  fj) 

-,  =  v2 m/hl(E]  -  I/,) 
6  =  -tan-1  (a/y) 


\d  -  2.  a 

The  energy  £,  is  the  energy  of  an  electron  in  the  nth  bound 
state  in  a  quantum  well  and  is  found  from  the  eigen  equa- 


.Wavatunci.ons 


:  E 

E  n 


Fig  ;  ,4)  Two  parallel  interconnects  ol  wiath  J  and  separation  s.  tbllwo 
crossing  interconnects,  and  (c)  the  potential  energy  prohle  along  with  the 
wavetunctions  in  two  neighboring  narrow  interconnects  Out  act  as  quantum 


yd  —  2  tan  1  (a/y)  +  nx.  (48) 

The  quantities  On  (  =  0::),  Oi:  (  =  0: |),  H\ A  and 
H\  ;  can  now  be  calculated  easily 

0\  1  ~  (9-*-,  =  I 


Or.  =  Oy, 
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Fig.  3  <ti  The  coupling  parameter  :6| 1  (which  is  the  fraction  ot  ihe  power 
in  one  interconnect  coupled  to  the  other)  for  electrorntgnettc  coupling  ver¬ 
sus  the  separation  between  the  interconnects.  The  interconnects  are  I  |im 
wide  and  the  refractive  indexes  of  the  interconnect  material  and  the  sur¬ 
roundings  are  3  6  and  3.5.  respectively.  The  results  are  plotled  for  two 
different  lengths  of  the  interconnects,  namely  1  and  10  cm.  The  angular 
frequency  is  6»  *  10'*  rad  / s  f b)  The  coupling  parameter  |6| 1  versus  tl.e 
length  of  the  interconnect  for  a  spacing  of  1 .003  pm  All  other  parameters 
are  the  same  as  in  Fig  3(a) 
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We  can  use  the  results  of  (49)-(52)  in  (33)— (35)  to  ob¬ 
tain  the  coupling  parameter  b  in  the  case  of  quantum  me¬ 
chanical  coupling. 


IV.  Results 

In  Fig.  3(a)  we  show  the  coupling  parameter  lb|‘  due 
10  optical  coupling  as  a  function  of  the  spacing  s  between 
iwo  identical  optical  interconnects  for  two  different 
lengths  of  the  interconnects.  The  coupling  parameter  \b\ 2, 
as  mentioned  before,  is  the  fraction  of  the  power  in  one 
interconnect  that  is  coupled  to  the  other.  The  intercon¬ 
nects  are  assumed  to  be  I  nm  wide  (this  is  of  the  order  of 
the  wavelength  of  light  emitted  by  semiconductor  lasers 
and  light  emitting  diodes),  thfe  material  is  GaAs  with  a 
refractive  index  of  3.6  and  the  isolating  medium  is  Ai- 


t  im  UN  till  IMH  1)111 

Uaft*  af  ImrtmrtH  uun 

lb) 

Fig.  4  (a)  The  coupling  ptrameter  IPI 1  for  qutntum  mechanical  coupling 
versui  the  separation  between  mterconnccu.  The  interconnects  are  as¬ 
sumed  to  be  made  of  polysilicon  embedded  in  solicon  dioxide.  The  energy 
bamer  between  polysilicon  and  oxide  is  assumed  to  be  3  eV.  the  electron 
subband  energy  is  1  eV  below  the  bamer  and  ihe  longitudinal  kinetic  en¬ 
ergy  is  10  mcV.  The  width  W  of  the  interconnects  is  50  A.  The  results  are 
plotted  for  two  different  lengths  ol  the  interconnects,  namely  1  and  10  cm. 
(b)  The  coupling  parameter  lb!:  versus  ihe  length  of  the  interconnect  for 
iwo  diffeml  spaemgs  of  100  and  150  A  All  other  parameters  are  Ihe  same 
as  in  Fig.  4(a). 


GaAs  with  a  refractive  index  of  3.5.  Fig.  3(b)  shows  the 
coupling  parameter  due  to  electromagnetic  coupling  as  a 
function  of  interconnect  length  when  the  spacing  between 
the  optical  interconnects  is  1  005  /im.  The  signal  fre¬ 
quency  is  assumed  to  be  2rl014  Hz  which  roughly  corre¬ 
sponds  to  the  signal  frequency  of  a  GaAs  diode  laser. 
Other  parameters  regarding  the  interconnects  are  shown 
in  figure  legends.  In  Fig.  4(a)  we  show  the  coupling  pa¬ 
rameter  due  to  quantum  mechanical  coupling  as  a  function 
of  spacing  between  two  identical  siiicide  interconnects 
embedded  in  silicon  dioxide.  We  assume  that  the  potential 
bamer  between  siiicide  and  silicon  dioxide  is  3  eV  which 
is  close  to  the  potential  barrier  between  silicon  and  silicon 
dioxide.  The  interconnects  arc  assumed  to  be  50  A  wide 
(the  limit  of  present-day  lithographic  capability).  The  data 
is  presented  for  two  different  lengths  L  of  the  intercon¬ 
nects  (L  -  1  cm  and  L  =  10  cm).  In  Fig,  4(b),  we  show 
the  coupling  parameter  as  a  function  of  the  length  of  the 
interconnect  for  two  different  spacings  of  100  and  150  A. 
All  other  relevant  parameters  about  the  interconnects  are 
displaced  in  the  legend. 
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V  Conclusion 

U  is  evident  from  the  results  that  coupling  in  optical 
interconnects  is  not  a  serious  problem  in  ULSI,  This  is 
because  GaAs-AlGaAs  waveguides  provide  excellent 
confinement  of  the  optical  signJ  However,  quantum  me¬ 
chanical  tunnelng  can  be  quite  senous  in  silicide  dielec¬ 
trics  embedded  in  silicon  dioxide.  As  shown  in  Fig.  4(a), 
the  coupling  parameter  \b\ '  for  quantum  mechanical  cou¬ 
pling  approaches  1  it  the  spacing  is  100  A.  The  coupling 
is  always  larger  for  a  longer  length  of  the  interconnects 
Mince  a  larger  region  for  coupling  is  provided.  As  shown 
in  Fig.  4(b),  the  coupling  is  also  larger  when  the  spacing 
between  interconnects  is  smaller.  In  Fig.  4(b),  we  see  that 
the  coupling  oscillates  with  increasing  length  of  the  inter¬ 
connect  L  when  the  spacing  is  small  enough.  This  is  eas¬ 
ily  understood  from  (33)  which  shows  that  |b|;  =  sin; 
( i ’L)  w  h  is  an  oscillatory  function  in  L.  When  the  spac¬ 
ing  is  0  A,  the  coupling  and  j"  are  large  enough  that  a 
period  ot  the  oscillation  occurs  w  hen  L  =  6300  A.  For  a 
spacing  of  130  A.  the  coupling  md  f  are  much  smaller 
so  that  a  much  larger  length  L  wouid  be  required  for  a  full 
period  of  the  oscillation.  Iheretore.  we  doe  not  see  the 
oscillation  for  the  spacing  of  150  A  in  Fig.  4(b). 

Fig.  4  shows  the  quantum  mechanical  tunneling  be¬ 
tween  silicide  interconnects  can  be  a  senous  problem  in 
ULSI.  Tunneling,  of  course,  can  be  a  coherent  process  or 
an  incoherent  process  (phonon-assisted  tunneling,  for  in¬ 
stance.  is  incoherent)  and  our  analysis  has  dealt  with  co¬ 
herent  tunneling  only.  In  our  analysis,  we  assumed  that 
the  electron  wavefuncuon  is  coherent  over  the  entire  width 
of  the  interconnect  which  is  a  good  assumption  for  very 
narrow  polysilicon  interconnects  ( <  50  A  wide)  even  at 
room  temperature  and  certainly  below.  Consequently, 
tunneling  may  cause  significant  crosstalk  in  ULSI  circuits 
at  room  temperature  and  at  cryogenic  temperatures.  Since 
many  ultrafast  electronic  devices  such  as  high  electron 
mobility  transistors  (HEMT's)  or  quantum  coupled  de¬ 
vices  utilizing  resonant  tunneling  transistors  may  be  con¬ 
strained  to  operate  at  liquid  nitrogen  temperatures  (77  K), 
quantum  mechanical  tunneling  between  interconnects 
could  pose  a  senous  problem  at  these  temperatures.  To 
circumeveni  this  problem,  one  may  devise  ways  of  de¬ 
stroying  the  coherence  of  the  electron  wave  function.  One 
possibility  is  to  impregnate  the  intervening  dielectnc  iso¬ 
lating  the  interconnects  with  a  soft  magnetic  matenal  with 
strong  spin-orbit  scattenng.  Since  spin  orbit  scattenng  is 
very  efficient  in  destroying  coherence,  this  may  inhibit 
significant  tunneling  between  neighboring  interconnects 
and  reduce  crosstalk.  The  other  obvious  way  of  counter¬ 
ing  this  problem  is  to  use  as  isolating  dielectncs  those 
insulators  that  present  a  large  energy  bamer  to  tunneling. 
In  this  respect,  silicon  dioxide  is  better  than  silicon  nitride 
since  the  energy  bamer  to  tunneling  is  usually  larger  with 
silicon  dioxide  which  has  ar.  energy  gap  of  -9  eV  com¬ 
pared  to  -  5  eV  for  silicon  nitnde.  The  small  energy  gap 
of  silicon  nitride  may  preclude  its  use  as  isolating  dielec¬ 
tnc  in  ULSI  in  spite  of  its  other  attractive  properties  such 
as  high  resistance  to  Na'  diffusion. 


In  conclusion,  we  have  presented  a  mode'  to  calculate 
crosstalk  between  optical  interconnects  using  waveguides 
and  between  narrow  and  closely  spaced  silicide  intercon¬ 
nects  embedded  in  dielectncs.  We  find  that  the  crosstalk 
between  silicide  interconnects  ansing  from  quantum  me¬ 
chanical  tunneling  could  be  senous  in  ULSI  circuits.  We 
have  also  suggested  some  remedies  for  that  problem. 
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We  have  calculated  ihc  two-dimensional  spatial  distributions  of  several  transport  vanables 
sudi  as  the  current  density,  earner  concentrauon.  chemical  potential,  space -charge  clecinc  held, 
residual  resiuvity  dipole  poicnual  and  cleciromigrauon  forces  in  disordered  mesoscopic  struc¬ 
tures  subjected  to  arbitrary  magneuc  fields  These  fully  quantum  mechanical  calculations  shed 
new  light  on  such  magnetotransport  plienomena  as  the  integer  quantum  Hall  etTect.  the  formauon 
of  magneuc  bound  states,  magnetic  response  of  current  vortices  caused  by  quantum  interference 
betwoen  scaneiers.  the  nature  of  residual  resistivity  dtpoles  in  phase  coherent  transport,  the  dif¬ 
ference  between  majority-  and  mmonty-camer  mobilities  in  the  quantum  mechanical  regime. 
:he  electron  wind  force  and  direct  force  of  clectnomrgrauon  in  a  mesoscopic  system,  and  a 
variety  of  other  phenomena 


Introduction 

The  spatial  distnbuuon  of  transport  vanables  (such  as  the 
current  density,  earner  concentration,  chemical  potential,  resid- 
uaJ  resistivity  dipole  field,  eit.)  are  important  in  understanding 
many  quantum  transport  phenomena1  m  mesoscopic  struciurcs 
and  also  electromigration  e(Tccts,J  In  this  paper,  we  present  a 
microscopic  calculauon  of  such  spatial  distributions  in  a  quasi 
one  dimensional  structure  containing  localized  impurities  and 
'■objected  to  arbitrary  magneuc  fields.  The  calculations  are  fully 
quantum -mechanical  and  are  based  on  the  Schrddinger  equauon 
desenbing  the  system.  Our  results  elucidate  the  nature  of  many 
different  types  of  quantum  magnetotransport  phenomena  (eg. 
the  integer  quantum  Hall  effect,  current  vortex  formation,  etc  ), 
and  they  also  shed  light  on  elcctromigrauon  forces,  particularly 
the  wind  force  and  the  direct  force  on  an  ion  that  cause  elcctro- 
migrauen  m  solids  Elcctromigrauon  is  an  especially  importam 
phenomenon  in  narrow  one -dimensional  mesoscopic  samples, 
not  only  in  its  extreme  eiTeci  of  causing  catastrophic  device 
failure  as  u  does  in  integrated  circuiis,  but  also  in  that  n  causes 
unpunty  mouon  which  radically  alters  sample  characteristics 
and  leads  m  l/f  noise 


This  paper  is  organized  as  follows  In  the  next  section,  we 
describe  the  theory  for  calculating  spatial  disuibuuons  of  trans¬ 
port  vanables  in  mesoscopic  structures,  Wc  then  present  results 
dealing  with  the  two-dimensional  spatial  distribution  of  the  cur¬ 
rent  density  in  a  disordered  structure  at  various  magnetic  fields. 
The  Current  distributions  show  a  number  of  dramatic  efTccis 
such  as  current  crowding  near  an  auratiive  impurity,  current 
detour  around  a  repulsive  impuniy,  ific  lormaucn  of  edge  stales 
with  perfect  transmittiviiy  at  the  onset  of  the  integer  quantum 
Hall  effect,  circulating  current  patterns  around  an  impunty  char¬ 
acteristic  of  the  formauon  of  magnetic  bound  states,  formation 
of  current  voruces  (in  the  absence  of  any  magneuc  field)  as 
a  result  of  quantum  interference  between  waves  reflected  from 
various  impurities  m  a  sample,  the  quenching  ot  such  vortices 
by  a  magneuc  field,  and  so  on  These  results  and  others  are 
accompanied  by  ihc  corresponding  modulations  in  the  earner 
vonccntrauon  pronle  caused  by  ■_ urant  How  From  these  pro- 
liles.  one  can  clearly  see  ihc  buildmg  up  oi  in  excess  electron 
con-entranon  around  an  attractive  stutterer  and  a  deficit  around 
a  repulsive  one  owing  to  clcctrostaiic  interaction  of  the  electrons 
with  the  scarterer.  Also,  electrons  accumulate  around  an  impu- 
i.iy  (irrespective  of  wneiher  u  is  attractive  or  repulsive)  when 
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j  magnetic  bound  state  forme.  These  accumulations  and  depic¬ 
tions  lead  to  inhomogenetnes  in  tnc  charge  distribution  which, 
m  turn,  lead  to  mhomogeneiues  in  the  eiectnc  ncid  within  the 
sample.  Such  inhomogeneiucs  have  a  profound  eiTect  on  the 
driving  forces  of  electromigration  acting  on  an  tmpunty  located 
inside  the  sample. 

In  addition  to  the  spatial  disinbuiions  of  the  current  density 
and  earner  concentration  modulation,  we  also  show  the  spatial 
qistnlroiion  of  die  chemical  potential  inside  a  sample  In  the 
absence  of  any  magnetic  field,  the  chemical  potential  profiles 
ihow  very  difTercnt  features  depending  cn  whether  the  scatter- 
ers  are  attractive  or  repulsive.  When  a  i.iagncuc  held  is  applied, 
the  chemical  potential  proriles  for  Doth  atiracuve  and  repulsive 
scatterers  change  dramatically  At  high  enough  magnetic  fields, 
•.he  edges  of  the  structure  (along  ihc  direction  c'  current  Mow) 
become  Strikingly  smooth  equipoicnual  surfaces  This  happens 
even  when  the  potential  at  the  center  of  the  siructure  is  exhibit¬ 
ing  chaouc  behavior.  As  a  result,  ihc  longitudinal  resistance 
measured  by  voltage  probes  attached  to  the  edges  of  the  struc- 
lure  will  always  read  precisely  zero  tin  a  lour-probe  measure¬ 
ment  >.  This  is  a  dear  demonstration  ol  the  quantum  Hall  effect. 
Also,  we  find  that  the  chemical  potential  difference  between 
'he  two  edges  of  the  structure  ti  e  ihe  Hall  voltage  dmpi  is 
exactly  equal  to  the  chemical  potential  drop  between  the  two 
contacts  of  the  siructure  when  a  smgie  spin  degenerate  subband 
is  occupied.  Since  the  quantum  mechanical  transmission  prob¬ 
ability  through  the  structure  is  exactly  unity  when  this  happens, 
it  means  that  the  Hall  resistance  is  precisely  quantized  10  h  ,  ‘ 

which  is  an  unequivocal  demonstration  of  the  integer  quantum 
Hall  effect.  It  should  be  noted  that  these  results  pertaining  to 
the  integer  quantum  Hall  effect  are  found  from  a  rigorous  mi¬ 
croscopic  calculation  and  do  not  invoke  any  piertomi r.cnoqiOJt 
onstruci. 

From  the  electrostatic  poicnnal  pmiilc.  we  have  calculated 
the  clectnc  held  distribution  in  the  siructure.  The  held  shows 
significant  mhomogeneiues  which  have  a  profound  influence  on 
clectromigrauon.  Hkctramigrauon  is  caused  by  lorecs  acting 
on  charged  imptmtes  dons)  within  the  structure  which  tend  to 
cause  ion  motion.  Such  motion  can  drastically  alter  the  behavior 
of  the  structure  in  the  phase  coherent  regime,  lead  to  1/f  noise, 
and.  in  the  extreme  case,  physically  disrupt  the  siructure  leading 
to  total  device  failure.  The  two  main  forces  of  clcctromigration 
are  the  "wind  force"  caused  by  collisions  with  electrons  tlowing 
past  the  ion  and  the  "direct  force"  due  to  the  eleeme  held  acting 
on  the  ion.  We  have  calculated  the  spatial  distribution  of  the  so- 
called  residual  resistivity  dipole  potential  which  has  a  profound 
effect  on  the  "wind  force".  In  addition,  'he  directions  of  both 
the  "wind  force”  and  the  "direct  force"  at  vanous  ion  locations 
and  at  varying  magneue  held  have  also  been  calculated.  To 
our  knowledge,  these  are  the  lirst  calculations  of  the  ctfccis  of  a 
magnetic  held  on  eleciromigration  forces  in  mesoscopic  samples 
in  the  quantum  coherence  regime. 


Theory 

We  consider  a  quasi  one -dimensional  structure  as  shown  in 
figure  I  The  thickness  is  small  enough  that  only  a  vmgle 


•  Fig.  1:  A  quasi  one-dimensional  structure  containing  a  ran¬ 
dom  distnbuuon  of  clastic  scattcrcrs.  The  structure  is  thin 
enough  in  the  z-direcuon  to  allow  the  occupauon  of  only  one 
transverse  subband  in  that  direction  The  magnetic  held  is  in 
the  z-direcuon. 


transverse  subband  can  be  occupied  :n  'he  z-dirccuon  d.c.  the 
confinement  is  complete  in  the  z-direc  ni  However,  multiple 
transverse  vuobands  may  he  occupied  in  the  y-direction. 

The  Schrodinger  equation  describing  this  system  under  a 
z-directed  magnetic  Held  is 


where  p  is  the  momentum  operator,  .’.i"  is  an  isotropic  effective 
mass.  .-I  is  the  magnetic  vector  potential,  c  iz.yl  is  the  two- 
dimensional  wavefuncuon.  and  the  potential  energy  I  consists 
of  two  terms 

»'  S  Vii.yi  =  r.iyi  *  1  ,~,plz.  y  I  .  (2) 

The  first  term  gives  the  clTcct  ol  the  confining  potcnuaJ  in  the 
y-direction  and  the  second  term  is  due  to  impurities  We  as¬ 
sume  hardwaU  boundary  conditions  in  the  v-direcuon  and  delta 
potentials  for  the  impurities  so  that  «c  have 

1  -  -.oi  -r.  j<  =  ■  22  r  -  . ,  .Ci  y  -  I  .  1  Jl 

where  s  is  the  total  number  ol  impunucs  in  the  siructure  and 
the  summation  extends  over  all  the  impunues.  The  position  of 
the  lift  impurity  is  denoted  by  iz,.y,i.  In  all  our  calculations, 
we  neglect  effects  associated  with  the  spin  of  the  electron. 

The  confining  potential  in  ihc  y-dirccuon  and  the  z-directed 
magneue  field  give  rise  to  a  set  oi  hybrid  magnetoelcctnc  sub- 
bands  in  the  y-direction.  Each  such  subband  corresponds  to  a 
mode  Or  a  transport  channel.  Calling  o-.iyi  the  y-componcnl 
of  the  wavcfunciioo  in  the  mth  magncioclectnc  subband,  we 
can  wnte  the  total  wavefuncuon  ty,  „,vz.yi  for  an  electron 
injected  from  the  left  contact  with  the  Fermi  energy  £>  into  the 
mth  magncioclectnc  subband  as 

t'Er-mt-r.  y.'  =  ^ 

r- » 

"  nmp^U  ipuki  r)0-p[V)\ 

*  21 - =7=T - '■  (4) 

r  =  I  v  I  ^'p  I  u 

where  L  is  the  length  of  the  structure,  and  and  are  the 
x  directed  wavcvector  and  x-directcd  group  velocity  correspond- 
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the  forces  of  elect  romigrm  on.  The  recipes  for  calculating  these 
quantities  from  the  wavefuncoon  tie  descnbed  in  the  following 
paragraphs. 

Spatial  distribution  of  the  current:  In  linear  response 
transport  and  at  low  temperatures,  only  electrons  with  the  Fermi 
energy  carry  a  net  current.  Therefore,  the  two-dimensional 
wavefunction  vm|z.  yj  of  Fermi  electrons  in  the  mth  magneto- 
electric  subband  allows  us  to  calculate  the  contribution  of  that 
subband  to  the  two-dimensional  current  density  «f„(z,  y). 

+  —  (e.-llfCc-,:*!  (5) 

•n*  v 

The  total  current  density  is  then  lound  by  vectonally  adding  the 
contributions  from  all  occupied  subbands  tpropagaung  modes). 


*  1 1  firm 

•  Fig.  2:  The  energy-dispersion  relations  for  the  hybrid  mag- 
netoelectnc  subbands  in  a  2000  .\  wide  structure  at  a  magneuc 
flue  density  of  1  5  Telia.  The  solid  curses  are  the  result  of 
an  exact  numerical  calculation  and  the  broken  curves  are  those 
obtained  from  the  application  of  Bohr-Sommerfeld  quantization 
rule 

mg  to  the  Fermi  energy  in  the  nth  subband  (see  Fig.  2)  These 
quantities  are  found  from  the  dispersion  relation  of  the  hybnd 
mignetoeleonc  subbands.  The  method  for  finding  the  disper¬ 
sion  relaoons.  as  well  as  the  wavefuncoons  o„iy)  in  the  nth 
magnetoelectnc  subband,  has  been  descnbed  in  reference  4  and 
will  not  be  repeated  here.  Finally,  the  subscript  -n  in  Equation 
■4)  indicates  that  the  quantity  corresponds  «o  a  wavefunction 
with  an  oppositely  directed  veioeny  as  compared  to  the  one 
■*nh  a  subsenpt  p. 

In  Equation  (4).  the  summation  over  o  (subband  index)  ex¬ 
tends  over  both  occupied  and  unoccupied  subbands  (i  e  both 
propagating  and  evanescent  modes).  It  is  important  to  include 
enough  evanescent  modes  in  the  summation  so  that  the  com¬ 
puted  wavefunction  does  not  depend  on  the  number  of  terms 
f  Af)  in  the  summation.  Even  though  Uic  evanescent  modes  do 
not  carry  current,  they  have  very  significant  effects  on  all  trans¬ 
port  variables,  and  especially  their  spatial  distributions1 

When  the  wavefunction  is  wnacn  in  the  form  of  Equation 
(4),  (j.e.  each  mode  indexed  by  ±p  is  normalized  by  the  square 
root  of  the  corresponding  group  velocity),  all  propagating  modes 
at  the  Fermi  energy  carry  the  same  current  This  is  consistent 
wnh  the  well-known  cancellation  of  inc  velocity  and  density  of 
stairs  in  quasi  one-dimenstonal  structures  which  causes  every 
mode  to  cany  the  same  current.  To  find  the  total  wavefunction 
given  by  Equation  (4),  we  now  only  have  to  evaluate  the  coeffi¬ 
cients  /4^„,rl  and  These  are  found  from  a  scattering 

matnx  method  that  has  been  descnbed  in  the  first  two  citations 
in  reference  !  Once  the  wavefunction  has  been  evaluated,  we 
can  calculate  all  quantities  of  interest  such  as  the  spatial  dis- 
(nbution  cf  the  current,  earner  conccntianon  profiles,  residual 
resistivity  dipole  potential,  chemical  poienual.  electnc  held,  and 


\r 

■rioi«iti-  y)  =  ^  j w\  \  z .  y i .  (6) 

The  above  expresaion  provides  the  current  density  at  every  co¬ 
ordinate  point  (x.y).  Note  that  in  calculating  the  total  current 
density  by  summing  over  subbands.  no  weighting  by  the  denaity 
of  states  is  necessary  m  the  summation  since  the  ware  function* 
have  been  normalized  by  the  square  root  of  velocity  which  takes 
care  of  the  density  of  states  factor.  The  above  equation  gives 
the  two-dimensional  spatial  distnbutton  of  the  current  density 
( J total  “  *  function  of  coordinates  1 1.  y|)  for  any  arbitrary  con¬ 
centration  and  configuration  of  scattcrcrs  and  for  any  magneuc 
field. 

Carrier  concentration  change  due  to  transport  and 
its  spatial  distribution:  To  calculate  the  change  in  the  ear¬ 
ner  concentration  caused  by  a  current,  c  lotlow  the  metnod  of 
Chu  and  SorbeUo*  At  low  enough  temperatures,  the  deviation 
of  the  semiclasstcsl  electron  disinbonon  (unction  from  the  equi- 
libnum  value  in  the  mth  subband  (is  caused  by  a  small  applird 
electnc  field  f  driving  the  current)  is  given  by 

=  -erwt  E.  miCt  ( £  -  Ef ■  (7) 

where  r  is  a  constant  relaxation  time  describing  a  uniform  back¬ 
ground  scattering  due  to  ail  elastic  collisions  and  ifi  E,  m)  is  the 
group  velocity  corresponding  to  electron  energy  £  is  the  mth 
subband. 

The  change  in  the  earner  concentration  due  to  the  current  is 
then  given  by 

r 

£n.ir,y)=£  J  dE\u  L  E)  +£.mtx.  y)|3  .  (8) 

where  ;Vt:<m(£)  is  the  one-dimensional  density  of  states  in 
the  mth  magneioelectnc  subband  (the  prescnoi'on  for  calcu¬ 
lating  tnu  was  provided  m  rcierence  4),  M  is  the  total  number 
of  propagating  modes  or  occupied  subbands,  and  #£  „  is  the 
wavefunction  of  Fermi  electrons  in  the  mth  magnetoelectric  sub¬ 
band.  This  wavefunction  is  not  exactly  the  same  as  that  given 
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by  Equation  t4);  the  only  difference  is  ihat  there  should  be  no 
normalization  of  the  vanous  modes  by  the  square-root  of  veloc- 
■  ly  m  calculating  „  Theiefore,  if  we  use  Equation  (4)  for 
.he  wavefuncuon,  then  dn,;.-.  yi  should  be  be  wntten  as 


fn.li.vj 


ierf 


tr 

^  "  l‘Er  .*n  .1  flr 


mvJ’.yM* 


•9) 


where  v  is  now  given  by  equation  i4)  The  above  equation  gives 
the  spatial  diwnbouon  of  the  change  in  the  earner  concentration 
as  a  consequence  of  transport. 

Spatial  distribution  of  the  residual  resistivity  dipole 
potential:  When  an  impvniy  is  introduced  in  a  solid,  the 
resistance  increases  This  increase  is  associated  with  the  lorma- 
".on  ol  a  "residual  resistivity  dipole  '  around  the  impuniv  which 
jnses  purely  from  ihe  inieraction  ot  ciectrnns  with  the  mpunty 
■  scaaenngr  Landauer  has  pomicd  out  that  inc  residual  re¬ 
sistivity  dipole  potential  is  an  imponant  source  of  electnc  held 
inhoniogeneines  in  a  sample  and  affects  inc  so  called  “wind 
force"  ot  eleciromigration  The  wind  force  is  the  force  that  acts 
on  an  impunty  owing  to  collisions  wuh  electrons  during  current 
mans  port. 

To  calculate  the  spatial  distnbuuon  of  the  residual  resisuvtiv 
dipole  potential,  we  follow  Chu  and  Sorhcllo'1.  According  to 
these  authors,  the  electrostatic  potenuai  ansing  from  Pn,  and  the 
induced  screening  charge  which  attempts  to  iocallv  neutralize 
Pn,  is  the  residual  resistivity  dipole  potential  Wiihin  a  Fermi- 
Thomas  model,  self-consistent  screening  gives  this  potential  as 


y;  -  - T. • 


•  i.  y 


=■  -~i  mlX-yll*  .  '!0I 


where  die  right  hand  side  is  the  rate  ot  less  of  electron  momen¬ 
tum  due  to  collisions  with  the  cn-  It  „an  be  shown*  from  a 
ngorous  semiclassicii  treatment  based  on  the  Boltzmann  trans¬ 
port  equauon  that  the  nght  hand  side  is  where  n  is 

the  volume  concentration  and  >>  is  a  scmiclassical  mobility  asso¬ 
ciated  with  scattering  by  the  ion  In  the  iinear  response  regime, 
the  above  quanuty  is  also  equal  to  the  negative  of  the  spatial 
gradient  of  the  chemical  potential  (quasi  Fermi  level).  There¬ 
fore,  the  wind  force  on  an  ion  locaied  at  coordinate  (xo.  i»l  cart 
be  found  directly  from  the  chemical  potential  profile  around  the 
ion. 


■'  .  irij. -TV. .  y I  -  -  \  .1*  Z.- .  i  .  '.121 

where  ;»  is  the  chemical  potenuai 

The  above  calculation  ot  me  wind  lorcc  relics  on  the  ba¬ 
sic  chcorv  or  iciertnce  5  wmch  d.ics  rot  distinguish  between 
crystal  momentum  ana  real  momentum  m  a  solid  More  sophis¬ 
ticated  theories*  J  require  knowledge  ot  die  enact  shape  of  the 
ion  potential  and  also  the  exact  'pauai  distnbuuon  of  the  charge 
pile  up  tor  charge  dctictency  in  me  case  oi  repulsive  scaitcrers) 
around  ions.  These  sophisticated  theones  could  actually  benefit 
from  our  quantum  mechanical  calculations  of  the  change  in  the 
charge  density  around  the  ions  caused  by  current  flow  (described 
previously  in  this  section).  A  fully  quantum  mechanical,  self- 
consistent  and  ngorous  calculation  of  the  wind  force,  starting 
from  the  Schrodmger-Poisson  equations,  is  reserved  fora  future 
publication 

The  “direct  force”  of  eleciromigration  The  direct  force 
on  an  ion  in  a  solid  subjected  to  an  electnc  field  is  the  electro¬ 
static  force  given  by 


J  ii  *m  - 
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where  fn,  m  is  the  con'nbution  to  rn,  irom  the  mth  mapr.-tn. 
elecuic  subband. 

From  the  above  equation,  *vc  can  readily  obuin  the  spa¬ 
tial  distribution  of  the  residual  resistivity  dipole  poicntial  The 
residual  resistivity  dipole  field  is  die  spatial  gradient  oi  this  po¬ 
tential.  In  contrast  to  the  claim  ol  reference  3.  this  field  docs  not 
have  to  be  always  directed  along  uie  direction  of  current  flow, 
e-spectaJly  when  quantum  confinement  (quantum  size  effect)  and 
quantum  interference  (coherent  effect)  are  important. 

The  “wind  force"  of  eleciromigration.  The  wind  force  is 
the  force  that  an  ton  or  impunty  in  a  solid  expenences  owing  to 
an  "electron  wind”  flowing  past  it  dunng  current  transport  This 
electron  wind  imparts  a  force  on  the  ton  because  the  electrons 
collide  with  the  ion  and  transfers  momentum  to  the  ton.  Ihe 
wind  force  causes  eleciromigration  (motion  of  ions  or  impun- 
ties)  which  has  several  effects  in  mesoscopic  structures  such  as 
alteration  of  sample  conductance,  l/f  noise,  and  elccmcai  failure 
Closed  by  physical  disruption  of  ihe  sample  at  cnucal  regions. 

To  calculate  the  wind  force  on  an  ion.  we  follow  toe  work 
of  Files  and  Huntington  and  Grone'  who  invoke  Newton  s  law 
The  wind  force  is  given  by 


where  2  *s  the  effective  vaienev  of  the  ion  and  2  is  the  local 
clcctnc  held  at  the  ion  sue. 

Bosvieux  and  Fnedcl1*  claimed  that  the  difference  in  the 
charge  of  an  iruersuuai  ion  from  the  background  will  be  com¬ 
pletely  screened  by  the  electrons  so  dial  uie  local  electnc  field 
and  hence  the  direct  force  on  such  an  ion  will  be  exactly  zero. 
Gupta  and  co-workers*0  concluded  in  a  similar  vein  that  the 
direct  force  nn  a  migrating  ion  in  the  saddle  point  posiuon  is 
exactly  zero. 

It  was  correctly  pointed  out  by  Das  and  Peierls1 1  and  also 
Landauer13  that  Bosvieux  and  Fnedcl  could  not  be  correct  since 
their  conclusion  leads  to  inconsistencies  For  instance,  if  an 
interstitial  proton  were  completely  screened  and  the  local  field 
is  zero,  then  it  should  be  also  true  of  electrons  and  consequently 
a  metal  should  have  no  electncaJ  conductivity 

The  correct  equation  to  use  (or  the  direct  force  is  Equauon 
tl3).  but  the  electnc  held  in  that  equation  is  not  the  space- 
averaged  electnc  field  as  assumed  by  Huntington13  and  by  Lou 
eL  al.H  It  was  stressed  by  Landauer  thatthc  field  is  affected  by 
the  "charge  density  modulauon  around  an  impunty  that  occurs 
dunng  current  flow  Therefore,  the  field  must  be  calculated  self- 
consistently  by  solving  the  Poisson  and  Schrodinger  equation. 
In  the  linear  response  regime,  this  field  can  be  obtained  without 
much  difficulty  as  described  below. 
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'-paual  distribution  of  the  chemical  potential  and 
i-lectric  tield  A:iy  net  charge  Jistnhuuoii  ,u.-  .-.scs  roc 
i  an  electrostatic  petenua;  I  i;.  y .  anu  a:t  electric  tioiJ  ;  :  y  • 
ahich  are  rcljteJ  to  the  charge  distnhy;ion  tr.mucn  the  f'oisson 
equation 

It  ijv  shown  hv  Buttikcr1  ’  and  Entin- Whhlmjn  a! 
mat  in  the  linear  response  icnmc.  anj  in  situations  where  ibe 
-ratul  .  jriannn  in  the  potential  l  ■  ,  ■  is  \mooin  on  the  scale 

'i  the  Ss rremne  length  n  e  the  screening  is  vers  'trenc1.  the 
potential  is  gi s  en  hs 


..ncrc  ...  and  ,i;  arc  the  chcmicai  pmcnnals  i  Fermi  ercreyi  m 
t.c  two  contacts  nl  the  structure  under  tnvesdeation.  .  ...  is 

tc  wavctunction  ot  electrons  injected  tnim  the  let!  vOntact  in 
.jpttand  with  energy  ,,t  jntl  t  ;  „  a  me  wav eluns non  ci  elec- 
■runs  iniected  in  mode  m  with  energy  trom  the  r.eht  contact 
It  was  pointed  out  hv  E  n  t 1  r  -  wy-,  h.1  rr.  an  e:  al  *'■  that  .1  ■ . .  y  i 
is  also  wnat  is  aeiuadv  measured  at  a  chemical  potential  probe 
>o  that  ;t  is  also  the  chemical  potential  In  other  words,  in  this 
regime.  *  l  =  j. 

Once  :ne  electrostatic  (or  chemical)  potential  is  determined, 
■he  corresponding  c.ectnc  lieid  is  found  simply  lam: 

/.  .-.  V-  =  -VI  I  *.  ■/  i  _■  ,  •  .  :  I, ; 

Tins  is  etc  cicclnc  tield  ihj1  should  enter  l  uuatton  :  1  ’»  tor  the 
nreci  to  rye  m  the  .‘.near  response  reettre  Note  that  nis  means 
hat  the  wind  force  and  the  d.rrct  I  'r.e  are  equal  •»  tore  regime 
;  the  satency  nl  the  ion  is  unnv. 

In  tre  nest  section,  wc  present  results  ceanoc  s . n  t.nc 
•pjtiat  distribution  ol  the  current,  earner  conceit! 'at  on  change 
.aused  hv  the  current,  the  chemical  potential  pm.de  he  resid¬ 
ual  resistivity  dipole  potcniiai.  and  ihc  wind  torce  anj  direct 
icrce  on  unpurilics  .n  a  prototypical  tijAs  uuarum  wire  vo.h- 
■tuning  clastic  delta  -.cancrcrs  We  consider  both  attractive  and 
repulsive  'cattcrers  and  show  some  typical  csamp.es  c;  now  'he 
■  patial  patterns  respond  to  an  csicrnai  macnctic  i (-1 

Results 

spatial  distribution  of  the  current  nrouiuj  a  single 
scatterer  -  local  erfects  Wc  consider  j  (dAs  wire  which 
i-  y(XJ  A  long  and  ItXIO  A  wide.  Hie  Ecrtu  cncrev  is  2  !'S4 
meV  corresponding  to  an  electron  concern rai ton  ot  I  v".  -  o;  .m 
Eor  this  low  concentration,  only  one  subhand  occupied  in 
both  transverse  directions  so  that  trjnspon  is  stnciiv  smclc- 
channeled 

In  f  igures  itat  and  3l  bh  wc  show  the  current  nmoles  around 
i  single  anraclivc  and  repulsive  scaiicrer  ■V'pctlivcis  i  trie  aO- 
scnce  ol  any  magnetic  held.  In  me  case  ct  an  jttniciivc  scaiicrer. 
the  current  is  drawn  closer  to  the  scaiicrer  v  ncre-js  lor  a  repul- 
>:ve  sw  merer.  the  currer.t  detours  arour.j  the  scjttcrrr  This 


■'ll1: 


_ _  (b)  . 

•  fig  3  The  spatial  distribution  -  i  me  current  density 
'.■..ini- .  v  ■  in  a  riOO  A  long  and  I;*.*'  A  wide  structure  in 
the  absence  cl  any  magnetic  Held  The  Fermi  energy  is  2.0J4 
mcN  iai  Current  crowding  around  m  attractive  impurity.  lb), 
current  detour  around  a  repulsive  .mr-urtts 


1 

♦ 

I 
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•  fig  4  The  spatial  distribution  die  current  densuv 
A»ii;.;.yi  m  the  sliueturc  ol  fig  fat  wnen  a  magnetic  flu* 
density  of  2. 1 S  Tesla  is  applied  The  current  llows  along  the  top 
edge  indicative  ol  the  formation  ot  edge  states "  This  situation 
.orr-spends  to  the  onset  ol  the  .nett'  <j:iamum  Hall  effect 
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behavior  is  expected  from  electrostatic  attraction  and  repulsion 
bet»«n  cic-trens  and  the  sejuerer 

In  Fig  a.  »t  snow  how  the  current  pattern  changes  wnen 
a  magnetic  flux  density  of  2  18  Tesla  is  applied  to  the  struc¬ 
ture.  The  tmpuntv  is  attractive.  The  etiment  now  ilnws  entirely 
along  one  of  the  edgea  indicative  of  the  formation  of  "edge 
states"  There  is  practically  no  hackscattenng  and  the  current 
.’lows  straight  through  (the  small  reverse  traveling  component 
near  the  very  top  of  the  ngure  is  not  due  to  hackscattenng,  it  is 
due  to  skipping  orbits  and  ns  origin  was  explained  in  reference 
;  "i  This  current  pattern  is  charactcns.tc  of  the  onset  cl  the 
nteger  quantum  Hall  ciTect  The  role  ol  pcriccily  transmitting 
edge  states  in  the  quantisation  ol  Hall  resistance  was  elucidated 
.n  relerence  18. 

In  Fig.  5.  we  show  the  circulating  current  pattern  around 
an  attractive  impunty  when  a  magnetic  bound  state  lorms.  The 
magneuc  tlux  densnv  is  •  5  Tesla.  Note  mat  the  circulating 
.urrent  patterns  hardly  carry  any  net  cuncnt  m  the  x  direction 
Therefore,  the  conductance  ol  the  structure  will  be  sen.  low 
~nen  a  magnet. c  bound  state  turns  It  was  shown  in  rctcrence  I 
dial  the  conductance  does  indeed  drop  ahrjpily  when  a  magnetic 
bound  state  forms 

Spatial  distribution  of  the  current  around  two  scat¬ 
tered  -  non-local  quantum  interference  effects:  In  Fig 
DU),  we  show  the  current  pattern  when  two  attractive  tmpun- 
t ics  are  present  and  no  magnetic  held  is  appited  Strong  von.ices 
form  due  to  quantum  interference  between  waves  reflected  from 
che  two  impunites  These  vontces  are  purely  a  result  of  non- 
local  quantum  effects.  The  physics  ol  these  vortices  were  dealt 
with  at  length  in  the  nrsi  two  citations  in  reference  I  T-ese 
•■unices  are  interesting  since  :hcv  give  nsc  to  localized  magnetic 
moments.  In  Fig.  b(b).  we  show  how  one  ol  the  vortices  is  de¬ 
stroyed  at  a  dun  density  of  0(18  Tesla  while  the  other  remains 
bt  3  tlux  density  of  1  Tesla.  'Fig.  bicn,  the  first  vonex  reap- 


•  Fig  5  The  spaual  distrbution  of  the  current  tn  the  structure 
of  Fig  3(a)  when  the  magnetic  flux  density  is  increased  to  3  5 
Tesla  At  this  held  a  magnetic  bound  state  forms  around  the 
impunty  which  causes  the  circulating  current  pattern  The  net 
transmission  of  current  through  the  structure  is  very  low  so  that 
the  conductance  of  the  structure  drops  ao-jptly  when  a  magnetic 
bound  state  lorms 
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•  Fig  6  The  spaual  distribution  of  the  current  in  a  900  X  long 
and  1000  A  wide  structure  containing  two  aaracuve  tmpunties. 
■  a).  No  magneuc  held  is  present  and  two  vontces  form  as  a 
result  of  quantum  interference  between  wjves  reflected  from 
the  two  scaaerers  and  the  walls  of  the  sin  cure,  (b).  a  magneuc 
flux  density  of  0  08  Tesla  is  applied  and  or.e  of  the  vontces  is 
quenched,  tc)  the  magnetic  flux  Jensity  is  increased  to  1  Tesla 
and  the  first  vortex  reappears  at  a  different  location  while  the 
second  vertex  disappears. 
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pean  at  a  different  location  and  the  second  vortex  is  quenched 
with  the  simultaneous  beginning  of  the  formation  of  edge  states 

Carrier  concentration  change  due  to  current  flow:  In 
Fig.  7(a)  and  7fb>,  we  show  the  change  in  the  earner  concen¬ 
tration  (from  the  equilibrium  value)  around  the  attractive  and 
repulsive  scatterers  of  Figs.  3(a)  and  3(b)  respectively.  Carriers 
pile  up  around  the  attractive  impuniy  and  are  depleted  around 
the  repulsive  impuniy  because  of  electrostatic  interaction. 

In  Fig.  ii,  we  show  the  earner  pile  up  around  the  impuniy 
when  a  magnetic  bound  state  forms.  The  formation  of  such  a 
state  can  cause  significant  mhomogenemes  in  the  earner  profile 
and  the  associated  electnc  field. 

Chemical  potential  profile:  In  Figure  9(a).  we  show  the 
;tiemical  potcntiaj  profile  around  the  a  tnctivc  iroouniv  ot  Fie. 

ai  We  assume  that  the  chemical  potentials  at  the  two  contacts 
of  the  structure  iai  x=0  and  x=L>  are  =  2  056  mcV  and  ,< , 
=  2  052  meV  Almost  all  of  the  chemical  potential  difference 
i  •  >ij)  is  dropped  at  the  center  where  the  impurity  is  located. 
This  is  cxpccicd  since  the  impurity  that  is  the  major  cause  of 
the  resistance  for  this  sample.  There  are  some  oscillations  in  the 
chemical  potential  around  the  impurity  but  these  are  just  signa¬ 
tures  of  quantum  interference  effects.  The  case  of  a  repulsive 
impuniy  is  very  different.  In  inis  case  t Fig.  9(b)),  we  see  that 


I 


*  Fig.  "  The  spaual  distnbution  of  the  change  in  the  tamer 
.onceniration  rn,ir.yj  from  the  cquilibnum  value  due  to  the 
cunent  No  magnetic  held  u  applied  ta).  the  scanner  is 
attractive,  ibi  the  scattcrer  is  repulsive. 


•  Fig  H  The  spatial  distribution  oi  •  ,  .*.  i  at  a  magnetic 
flux  densus  oi  3  5  Tesla  when  j  nijitncnc  hound  state  forms 


#  Fig.  9  The  spatial  distnbution  ol  :hc  chemical  potential  in 
the  absence  of  any  magnetic  held  a1  the  scattcrer  is  aitractive 
i corresponding  to  the  case  nt  Fig  Jiao.  ,b).  the  scattcrer  is 
repulsive  unrrcsponding  10  the  case  oi  Fig  3ib))  Note  that  in 
the  first  case,  most  ol  the  potential  drop  occurs  around  the  im- 
puntv  which  is  the  dominant  cause  nl  resistance.  In  the  second 
case,  the  potential  is  dropped  more  ai  the  contacts  showing  that 
the  contact  resistances  are  dominant  over  the  residual  rcsisiance 
of  the  impuniy  Thu  is  a  major  difference  between  attractive 
and  rcpc  sive  scancrcrs 
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the  potential  drop  occur  more  near  ;he  contacts  than  around  ihc 
impunty.  There  is  only  a  narrow  peak  around  inc  impuniy  bui 
noimuch  of  a  net  drop  from  one  end  of  the  impurity  to  the  other 
Thu  means  that  the  major  contributor  for  the  resistance  in  this 
case  is  not  the  impuniy.  but  the  contact  resistance.  A  repulsive 
•rnpunty  appears  to  be  much  less  elTcctive  than  an  attractive  im¬ 
punty  of  the  same  scattering  cross-action  in  rcllecung  electrons 
and  causing  resistance.  We  believe  that  this  is  related  to  the  fact 
that  quasi-donor  states  (quasi  bound  stalest  form  around  an  at¬ 
tractive  impunty19  but  not  around  a  repulsive  one.  When  quasi 
donor  states  form,  evanescent  waves  build  up  around  the  impu¬ 
nty  which  cause  a  tremendous  amount  of  rcilcctton  and  hence 
resistance.  Thu  difference  between  ;m  resistances  caused  bv  an 
attractive  impurity  and  a  repuisne  impurity  of  the  same  scatter¬ 
ing  cross-section  is  a  major  difference  between  maioritv  carrier 
transport  i when  most  scatterers  are  attractive  i  and  minor irv  ear¬ 
ner  transport  i when  most  scatterers  are  repulsive i  S'nic  that 
this  difference  is  purely  a  consequence  of  quantum  mechanics 
since  semidassical  scattcnng  theones.  such  as  ihc  Born  approx- 
imauon  or  Fermi's  Golden  ruie.  Jo  not  discriminate  between 
attractive  and  repulsive  scatterers  An  expcnmcntal  veniicauon 
of  this  difference  would  oc  10  demonstrate  a  large  difference 
between  majority  c3mcr  mobilities  (measured  by  Flail  cffccu 
and  minonty  earner  mobilities  (measured  by  Shockley  Haynes 
method). 

In  Figure  iO.  we  show  how  the  chemical  potential  pmhlc  oi 
Figure  9(a)  changes  when  a  magnetic  flux  density  ot  2  18  Tesla 
is  turned  on.  The  edges  of  ihc  wire  lalong  ihc  length)  become 
sinkingly  smooih  equipotennal  surfaces.  Consequently,  the  lon¬ 
gitudinal  resistance  measured  bv  attaching  two  voltage  probes 
at  arty  of  the  iwo  edges  will  read  exactly  zero  since  ihc  potential 


•  Fig  i'V  TFc  spatial  distribution  of  ihc  chemical  pnicniui  at 
a  maenciic  i'ux  density  of  2  I A  Tesla  Note  that  ihc  edccs  ot 
(he  structure  'alont'  me  x-dirrci'onl  arc  cxcepuonjlly  smooth 
equipotennal  surlaccs  so  dial  the  Inngnudmal  rcsisuncc  mea¬ 
sured  by  attaching  two  probes  ji  either  edge  will  be  exactly 
zero  since  ihc  chemical  polcntui  difference  between  these  two 
proocs  will  Ic  / cm  The  potential  drop  along  the  > -direction 
i Hall  voltage!  is  indcpcrdcni  of  'he  x-coordinatc  and  is  exactly 
equal  to  the  potential  drop  between  ihc  two  comacis  m  ihc  struc¬ 
ture  The  Hall  resistance  is  cxaulv  2#  •’  This  lipure  u  a  direct 
. isuan/anon  of  ihc  miceer  qu.inium  Hall  eifect 
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difference  measured  by  these  probes  will  be  exactly  zero.  This 
is  a  manifestation  of  the  quantum  Ha.,  effect.  Also  the  Hall 
soliage  drop  t ihc  difference  between  ihc  chemical  potentials  at 
the  two  edges!  is  found  to  be  exactly  r. i  -  Therefore,  the 
Hall  resistance  is  (>i,  -  ;ij)/f  where  !  is  the  current  flowing  in 
the  structure.  The  current  /  is  given  by  I  =  <>'•, <,  -  (12|.  where 
<1  is  the  two-terminal  conductance.  In  reference  1.  we  calcu¬ 
lated  <i  tor  this  structure  and  found  it  to  be  precisely  le1 ' -‘i . 
Therefore,  the  Hall  resistance  is  exactly  h  1 2t‘  which  is  again  a 
manifestation  of  the  integer  quantum  Hall  effect. 

In  Fig.  11.  we  show  how  the  chemical  potential  changes 
when  the  flux  density  is  increased  to  3.5  Tesla.  At  this  flux 
density,  a  magnetic  bound  state  forms  The  bound  state  couples 
electrons  between  the  two  sets  of  edge  states  carrying  current 
along  the  two  edges  of  the  wire  and  causes  hackscattcnng.  This 
jestroys  the  quantum  Hall  effccfJ  •  a  tact  that  is  clearly  seen 
trom  the  chemical  potential  pronlc.  The  edges  of  the  sample 
are  no  longer  equipotennal  surfaces  so  that  inc  longitudinal  re¬ 
sistance  will  no  longer  measure  zero  Also,  the  Hall  voltage 
drop  is  different  from  t;t|  -  ,ijj  so  that  the  Hall  resistance  is 
not  quani.zed  to  sub-multiples  of  h;e‘  This  is  an  unequivocal 
demonstration  that  a  magnetic  bound  state  in  j  narrow  wire 
destroys  the  integer  quantum  Hall  effect. 

Spatial  distribution  of  the  residual  resistivity  dipole 
potential  In  Figs.  I2(a!  and  12;hi,  wc  show  the  residual 
resistivity  dipoic  potential  in  the  case  oi  the  single  attractive 
>cattcrer  and  ihe  single  repulsive  scaucrer  of  Figs.  3(a)  and 
3fb)  The  potential  has  an  approximately  1  r  decay  or  nse 
'where  r  is  the  radial  distance  from  the  scaticren.  as  predicted 
by  Chu  and  Sorbcllo  for  the  case  of  a  iwo-oimcnsional  electron 
gas-’. 


«  Fig  1 1  TFc  vr.in.n  distribution  nt  : he  chemical  potential 
when  live  magnetic  dux  densnv  iv  increased  to  5  5  Tesla  and  a 
magnetic  bound  siaic  lomis  The  edges  arc  no  longer  cquipo- 
tcmial  suriaccs  jnd  ihc  Hall  volugc  drop  is  very  different.  The 
longituumal  resist. ince  is  no  longer  .'em  jnd  the  ransverxe  re¬ 
sistance  no  longer  quantized  to  suh-inicgral  multiple*  of  hit  f 
This  figure  is  j  dircci  visualization  ot  ihc  destruction  of  the  in¬ 
teger  quantum  Hall  elfcct  in  a  narrow  wire  bv  a  n,  igncnc  hound 
qatc 
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♦  Fii:  I?  TSc  spanal  disinhuiion  ->l  the  residua)  resistivity 
dipole  poicniul  in  i he  a^cncc  of  any  moment'  nc'd  on  i he 
v.aiicrcr  is  attractive.  ih.'  me  scaiicrcr  is  repulsive 

Spatial  distribution  oT  the  electric  field:  In  Fig  I  3.  we 
show  the  elccinc  field  disinbution  in  the  quantum  Hall  regime 
corresponding  10  the  situation  in  Fig.  10  All  the  held  is  con¬ 
centrated  at  ihe  center  of  the  sure  and  is  basicallv  the  Hall  field 
'Alien  the  magnetic  fieid  is  turned  off.  the  elcctnc  field  profile 
cnanges  to  that  shown  m  Fig  14  There  is  no  net  held  in  she 
\-dircction  since  there  is  no  Flail  voltage  drop  in  this  case 

The  forces  of  electromigration  In  Figs  15(a)  ana  Ij.'b. 
*e  show  the  directions  of  the  wind  forces  and  also  the  direct 
forces  (recall  that  the  two  forces  lie  equal)  on  two  impunties 
m  a  900  A  long  and  1000  X  wide  structure  at  rero  magnetic 
field  and  at  a  magnetic  Hus  density  of  3.5  Tesla  Unlike  in  the 
case  of  a  single  impunty,  no  magnetic  bound  state  forms  at  the 
Hu*  density  of  3  5  Tesla  when  two  impunties  are  present.  Mote 
that  at  zero  magnetic  field,  the  wind  forces  on  neither  impunty 
is  in  the  d'ftc  n  of  the  eiectnc  field  !x-direcuon>  in  contrast  to 
the  prediction'  of  sermdassical  theories.  This  difference  in  the 
onentanon  of  the  forces  is  a  quantum  mechanical  effect.  In  ad- 
diuon.  magneuc  field  can  drastically  change  the  magnitude  and 
the  direction  of  the  electromigration  forces  on  both  impunties. 
In  the  case  of  the  first  impunty  cn  the  left,  the  magnetic  field 
almost  completely  removes  the  forces  In  the  case  of  the  second 
impunty.  the  lorces  are  enhanced  by  the  magnetic  field  There¬ 
fore.  in  the  quantum  coherent  regime,  whether  a  magnetic  field 


•  Fil*  l‘  ’he  \p.iiu:  c:\inhuiinn  nt  he  clcctnc  held  in  ihc 
qujnium  Hat!  regime  corresponding  i.i  the  situation  depicted  in 
Fig  10  Tfc:  magnetic  dux  densnv  is  3  ;x  Tesla.  All  the  field 
at  ihc  ccnicr  jnd  is  Jireticd  along  ire  • -direction  (Hall  field) 


t 

I 

r. 


*  Fie  1 4  The  spatial  disinbulion  o!  ihc  elccinc  held  when  the 
magnetic  held  is  lumed  oiT 

increases  or  decreases  the  direct  force  on  an  ion  (or  whether 
it  has  any  effect  at  all),  is  determined  by  the  Incajions  of  the 
ions  within  me  sample.  This  is  purely  a  quanrum-mechamcal 
phenomenon. 

Conclusions 

In  this  paper,  we  have  presemed  the  spanal  distributions  of 
a  large  number  of  transport  variables  associated  with  various 
quantum  magnetotransport  phenomena  in  mesoscopic  samples. 
These  distnbuuons  elucidate  the  integer  quantum  Hall  effect, 
the  formation  of  magneuc  bound  stares  and  its  effect  on  the 
integer  quantum  Hall  effect,  the  difference  between  resistances 
caused  by  attractive  and  repulsive  scairerers  of  ihe  same  scai- 
icnng  cross-section  and  ihe  corresponding  difference  between 
minonty  and  majomy  earner  mobilities,  the  magnetic  response 
of  current  vortices  lomed  as  a  result  of  quantum  interference 
between  scairerers,  die  cictinc  ireid  disinnution  .n  tlte  quan- 
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«  Fig  15  The  forces  ol  clcctromicratinn  acting  on  two  impu- 
niiCS  in  a  'XX)  A  ->ng  and  !iXX)  A  wide  structure.  ta).  No 
magnetic  held  is  presem.  (hi  The  magnciic  llux  density  is  .3.5 
Tesla. 

turn  Hall  regime,  ihe  residual  rcsisiivuy  dipole  potential  and 
its  spatial  variations,  and  finally,  the  direct  and  wind  forces  of 
elecirormgrauon  and  their  dependences  on  a  magnetic  field  as 
well  as  the  location  of  the  ion  We  believe  that  these  results 
will  be  useful  in  interpreting  many  different  types  of  transport 
phenomena  and  elecirormgrauon  in  mesoscopic  structures. 
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Effects  of  collision  retardation  on  hot-electron  transport  in  a  two-dimensional  electron  gas 
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The  effect  of  collision  retardation  on  not-electron  transport  in  a  two-dimensional  electron  gas  is  exam- 
r.ed  using  an  ensemble  Monte  Carlo  simulation.  We  find  that  collision  retardation  n.e..  a  nonzero  col¬ 
lision  duration)  tends  to  mane  the  electrons  hotter  by  suppressing  energy-relaxing  collision  events.  Col¬ 
lision  retardation  also  increases  the  steady-state  drift  velocity  and  high-field  mobility  by  suppressing 
momentum-relaxation  events.  Finally,  it  also  increases  velocity  overshoot  somewhat. 

PACS  numberts):  71.45.Gra,  03.65.Sd,  71. 10.  +  a.  78.47.  +  p 


Hot-electron  transport  within  the  semiclassical  formal- ■ 
>sm  has  traditionally  been  modeled  by  the  Boltzmann  : 
transport  eouatton  iBTE).  The  assumption  made  in  ap¬ 
plying  the  BTE  is  that  the  duration  of  individual  collision  . 
events  suffered  by  electrons  is  vanishingly  small  com-  • 
pared  to  quasipanicle  lifetimes  or  mean  times  between  . 
successive  collisions.  I,:  If  this  assumption  is  to  be  avoid-  . 
ed,  then  one  must  either  resort  to  the  full  quantum  kinet- , 
ic  equation3  (such  as  the  Kadanoff-Baym-Keldysh  equa¬ 
tion,  which  is  much  more  difficult  to  solve  than  the  BTE)  . 
or  incorporate  the  effects  of  a  finite  collision  duration  ' 
(collision  retardation)  in  the  BTE  in  some  heunsuc  but  i 
appropriate  manner. 

Recently,  the  effects  of  collision  retardation  were  in-  j 
corporated  phenomenologically  in  the  BTE.4  The  BTE  is  i 
solved  by  Monte  Carlo  simulation,  and  in  the  simulation.' 
a  scattering  event  is  treated  as  a  true  scattering  event  : 
only  if  a  uniform  random  number  in  the  interval  [0,1]  is  ; 
larger  than  the  quantity  exp(  —  r  /rrf  J,  where  i  is  the  time  i 
that  elapsed  since  the  previous  collision  and  ?d  is  the  col¬ 
lision  duration  time  for  the  event.  If  the  random  number  - 
:s  smaller  than  this  quantity,  then  the  event  is  considered 
a  self-scattering  event.  The  collision  duration  time  rd  is  : 
assumed  to  be  equal  to  h  /( £  —  £,h ),  where  E  is  the  initial  i 
energy  of  the  colliding  electron  and  £,h  is  the  threshold  1 
energy  for  the  scattering  process.  This  expression  for  rd 
is  derived  f^n  Landau's  model  for  metals*  (Fermi-liquid  i 
theory).  In  addition,  Lipavsky  er  a/.4  have  shown  that  rrf  I 
calculated  from  this  expression  is  identical  with  the^ 
quasipanicle  formation  time  associated  with  the  single- 
particie  propagator.  Using  this  expression  to  calculate  rd 
<a s  was  done  in  Ref.  4),  wi  have  studied  the  effects  of  a 
finite  collision  duration  on  hot-electron  transport  in  a 
two-dimensional  electron  gas,  using  the  algorithm  pro¬ 
posed  in  Ref.  4. 

The  test  system  that  we  chose  for  our  simulation  is  a 
rectangular  quantum  well  of  length  1  M*n.  width  10  n m, 
and  well  thickness  1 00  A.  The  confining  potentials  in 
both  transverse  directions  are  infinite  ihsrdwsll  boundary 
conditions).  The  well  material  is  GaAi  and  the  lattice 
temperature  is  assumed  to  be  40  K.  Electrons  are  inject¬ 
ed  frenlhe  left  contact  from  a  Maxwellian  distribution 
and  thAimuladon  proceeds  just  as  described  in  Refit  7 
md=t&.  There  are,  however,  two  differences  between  our 


approach  and  that  of  Ref.  7.  We  do  not  include  space- 
charge  effects  by  solving  the  Poisson  equation  at  every 
time  step  in  the  Monte  Carlo  simulation,  and  instead  of  i 
using  a  full-band  Monte  Carlo,  we  chose  an  approximate  i 
analytical  model  for  the  band  structure  of  GaAs,  which 
gives  the  energy  dispersion  relation  as 

x1l.i 

——  —  E(  1  +a£)  ,  (1)  [ 

2m  * 

where  £  and  k  are  the  energy  and  wave  vector,  respec¬ 
tively,  m  *  is  the  effective  mass  at  the  band  bottom,  and  a 
is  the  nonparmbolicity  factor.  The  parameter*  m  *  and  a 
are  different  for  the  three  different  conduction-band  val¬ 
leys  in  GaAs  and  their  values  are  chosen  from  Ref.  8. 
Since  the  electric  field  in  our  simulation  is  quite  low  (only 
500  V/cm),  we  believe  that  the  above  approximate 
analytical  relation  for  the  band  structure  is  adequate  for 
our  purpose.  Note  that  it  is  necessary  to  keep  the  electric 
field  low  m  order  to  ensure  that  the  collision  retardation 
ume  rd  is  typically  much  smaller  than  the  mean  time  be¬ 
tween  collisions.  This  situation  is  necessary  for  the  algo¬ 
rithm  of  Ref.  4  to  be  valid.9 

In  the  simulation,  we  considered  mtmubband  and  in- 
tersubband  nonpolar  acoustic-phonon  scattering,  in¬ 
trasubband  and  mtersubband  polar  optical-phonon 
scattering,  electron-electron  scattering,  and  intervalley 
scattering.  Piezoelectric  (polar  acousiic-phooon)  scatter¬ 
ing,  nonpolar  optical-phonon  scattenng^nd  remote  ion¬ 
ized  impurity  scattering  were  neglectedauioe  they  are  not 
very  important  in  modulation-dopea  GaAs  quantum 
weds  at  {heUttice  temperature  of  40  K.  Also,  pla—on  ( 
scatteringpwas  not  included.  Electron-electron  scattering 
is  modeled  after  Goodnick  and  Lugli,11  who  have  calcu¬ 
lated  the  rates  for  two-dimensional  electron  cases.  Pho¬ 
non  scattering  was  treated  by  Ridley’s  model'1  for  quan¬ 
tum  wells,  which  assumes  the  phonon  mode*  to  be  bulk 
modes  rather  than  confined  slab  modes  and  neglects  sur¬ 
face  modes  altogether.  This  is  not  a  bad  approximation. 
Since  the  amplitudes  of  the  slab  modes  decay  at  the  inter¬ 
face  while  those  of  the  surface  modes  increaae  at  the  in¬ 
terface,  the  sum  of  all  modes  will  appear  approximately 
bulklike. 10  In  fact,  the  scattering  rates  calculated  by  us¬ 
ing  bulk  modes  do  not  differ  greatly11  from  those  calcu¬ 
lated  by  using  more  sonhiaticated  models  (including  mi- 
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FIG.  1.  The  steady-state  electron- 
distnbution  functions  in  energy  for  an  electric 
field  of  500  V/cm.  The  short-dashed  line  cor¬ 
responds  to  the  case  when  collision  retardation 
is  included  and  the  long-dashed  line  corre¬ 
sponds  to  the  case  when  collision  retardation  is 
neglected. 


croscopic  models). 14  Finally,  we  assume  that  the  phonon 
modes  are  decoupled  from  plasmon  modes,  wnich  is  a 
good  approximation'3  at  the  low  carrier  concentration  of 
t0‘ ‘/cm*.  We  also  neglect  hot-phonon  effects,  the  role  of 
the  Pauli  exclusion  principle, 14  self-consistent  (space-  | 
charge!  effects,7  and  many-body  effects  (exchange/  | 
correlation)17  in  the  simulation. 


In  Fig.  1,  we  show  the  steady-state  electron  distribu¬ 
tion  functions  in  energy  for  an  applied  electric  field  of  500 
V/cm  with  and  without  collision  retardation.  Collision 
retardation  shift*  electrons  from  low-energy  states  to  the 
high-energy  tail,  thereby  causing  a  relative  depopulation 
of  low-energy  states.  Both  dtstnbution  functions  are  ap¬ 
proximately  drifted  Maxwellian*  but  with  very  different 
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Flo.  2.  (s)  Velocity  and  (b)  energy  v*  time 
for  an  electric  field  of  500  V/cm.  The  short- 
dashed  line  and  the  long-dasbed  line  corre¬ 
spond,  respectively,  to  the  titus none  when  col¬ 
lision  retardation  u  included  aod  neglected. 


•emoeratures.  When  collision  retardation  is  neglected 
'onz-dasned  line),  ihe  electron  temperature  is  calculated 
.)  be  K  the  lattice  temperature  is  40  Ki.  However, 
vnen  collision  retardation  is  included  (short-dashed  line), 
the  electron  temperature  rises  to  —  147  K.  Therefore, 
collision  -etardation  makes  the  electron  distribution 
much  hotter.  This  is  obviously  due  to  the  fact  that  col¬ 
lision  retardation  suppresses  scattering  by  rejecting  many 
scattering  events  near  the  thresholds.  The  scatterings 
;hat  are  suppressed  are  those  lo r  which  the  collision 
duration  exceeds  the  tlmtf’slnce  the  previous  collision. 
For  instance,  retardation  completely  suppresses  optical- 
phonon  emission  at  just  above  the  emission  threshold, 
since  the  collision  duration  for  such  an  event  is  infinitely 
long.  This  robs  the  electron  ensemble  of  many  energy- 
relaxing  scattering  events  and  makes  the  distribution 
hotter. 

In  Figs.  ;!ai  and  2ibi,  we  show  the  transient  response 
if  the  ensemble  average  velocity  and  the  average  energy 
o  an  applied  eiectnc  held  of  500  V/cm.  Collision  retar¬ 
dation  isnort-dashed  line)  increases  the  velocity  and  ener- 
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cy  overshoot  somewhat,  and  also  increases  the  steady- 
^tate  velocitv  and  energy.  The  increase  in  the  steady- 
>tate  velocity  is  obviously  caused  ov  me  suppression  of 
momentum-relaxing  collisions  due  to  retardation,  and  the 
increase  in  energy  is  caused  by  the  suppression  of 
energy-relaxing  events.  It  is  interesting  to  note  that  col¬ 
lision  retardation  has  the  beneficial  effects  of  increasing 
both  the  steady-state  velocity  and  the  velocity  overshoot, 
which  have  serious  implications  for  high-speed  device  ap¬ 
plications.  However,  the  increase  is  only  slight;  it  is 
merely  — 10%. 

In  conclusion,  we  have  studied  the  effects  of  collision 
retardation  on  hot-electron  transport  in  quantum-well 
samples.  The  results  show  that  retardation  increases  the 
steady-state  drift  velocity,  average  energy,  and  the  high- 
field  mobility.  These  have  important  implications  for 
high-speed  devices. 
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ABSTRACT 

We  demonstrate  the  possibility  of  a  dramatic  quenching  of  acoustic 
phonon  scattering  in  semiconductor  quantum  wires  due  to  an  external  mag¬ 
netic  held.  This  quenching  is  the  consequence  of  a  reduction  in  the  overlap 
between  initial  and  final  state  electron  wavefunctions  I  which  reduces  the 
scattering  matrix  element)  in  the  presence  of  an  external  magnetic  field. 
Such  behavior  is  in  sharp  contrast  to  the  case  for  optical  phonons  where 
the  opposite  trend  is  observed.  The  quenching  phenomenon  is  important  in 
understanding  the  suppression  of  melastic  backscattering  at  high  magnetic 
fields  which  leads  to  the  quantum  Hall  effect  (in  the  Buttiker  picture).  Addi¬ 
tionally,  such  quenching  can  give  rise  to  strong  negative  magnetoresistance  in 
narrow  quantum  wires  which  may  have  important  applications  in  electronic 
devices  and  magnetic  field  sensors. 


1 


Electron-phonon  scattering  in  quantum  wires  has  been  st  udied  by  a  num¬ 
ber  of  researchers  in  the  past.  Most  of  the  theoretical  work1  1  <with  some 
exception  l  has  addressed  electron  interactions  with  confined  optical  phonons 
and  surface  phonons  only,  while  neglecting  interactions  with  either  non-polar 
or  polar  acoustic  phonons.  Virtually  no  work  has  appeared  in  the  literature 
that  deais  with  the  effect  of  a  magnetic  field  on  phonon  scattering  rates. 

Recently,  the  effect  of  a  magnetic  field  on  confined  polar  optical  phonon 
and  surface  phonon  scattering  rates  was  studied  by  usV  That  study  revealed 
‘.hat  an  "'eternal  magnetic  field  increases  the  electron  scattering  rate  tor  both 
polar  optical  phonon  and  surface  phonon  interactions,  thereby  giving  rise  to 
a  positive  magnetoresistance  in  quantum  wires. 

We  have  now  extended  our  study  to  the  case  of  electron  interactions  with 
both  polar  and  non-polar  acoustic  phonons.  These  phonons  are  more  numer 
ous  than  optical  phonons  in  most  technologically  important  semiconductors 
at  or  beiow  room  temperature.  We  find  the  following  intriguing  features: 

1 1)  In  contrast  to  the  case  of  optical  phonon  scattering,  the  acoustic  phonon 
scattering  rate  in  a  quantum  wire  is  decreased  bv  an  external  magnetic  field. 
(2)  the  decrease  can  be  dramatic  (scattering  rates  can  be  diminished  by  up 
to  six  orders  of  magnitude  at  a  magnetic  flux  density  of  10  tesla),  and  (3)  this 
decrease  is  relatively  independent  of  the  lattice  temperature.  In  the  following 
paragraphs,  we  describe  our  theoretical  model  and  then  present  the  results. 

Electron-phonon  scattering  rate  is  calculated  from  Fermi  s  Golden  Rule. 
Although  the  application  of  this  rule  at  electron  energies  corresponding  to 
subband  minima  in  quantum  wires  has  been  criticized',  we  still  use  the 
Golden  Rule  because  the  quenching  occurs  mostly  at  energies  far  away  from 
subband  minima.  In  fact,  the  quenching  increases  with  increasing  energy 


-eparation  from  the  suooana  minimum. 

The  scattering  rate  for  scattering  from  an  energy  state  £„  in  subband  u 
in  a  quantum  wire  to  an  energy  state  £',  in  subband  v  is  given  by 

5(£„  C,  ±<f)  =  c2-/h) \\UEV,  K„±q)\2  HK,-Ev±  huf)  1) 


where  .V/(£l,,  £(,,,  n<f)  is  the  matrix  element  for  transition  due  to  an  acoustic 
pnonon  of  energy  /w7-  and  wavevector  q.  The  ±  sign  stands  for  emission  (+) 
and  absorption  (•)  respectively.  For  acoustic  phonons,  we  assume  a  linear 
dispersion  relation  =  hi \qz  where  v,  is  the  longitudinal  velocity  of  sound 
■  electrons  only  interact  with  longitudinal  phonons). 

The  matrix  element  is  given  bv3 


M(E„,  El,,  ±q)  =  /  V  vmE. ,(s/)V£*(y)e±",y‘'<fy  /  oE.  i:)oEl>(z)e±,q,xdz 

J-ly/2  J -L,j2 

(2) 


where  vE<  ( oE and  vE„  \Oev)  are  the  transverse  y-  (z-)  components  of 

Is  i/ 

the  electron  wavefunctions  oi  the  final  and  initial  states  in  the  presence  of 
a  magnetic  field.  £  and  k  are  the  longitudinal  electron  wavevectors  of  these 
states,  V  is  the  interaction  potential  and  the  6  is  a  Kronecker  delta  which 
represents  momentum  conservation.  We  have  assumed  the  acoustic  phonon 
modes  to  be  bulk  modes  i  plane  waves)  that  are  unaffected  by  a  magnetic 
field. 

In  the  case  of  polar  acoustic  phonon  interaction  (piezoelectric  scattering), 
the  interaction  potential  is  given  by9 


V'±  =  i 


he2e2 


v* 


hv.  +  ;±l) 


1/2 


2Qpv,t2q 


13) 


where  e  is  the  electronic  charge,  ep,  is  the  piezoelectric  constant,  t  is  the 
dielectric  constant.  Q  is  the  normalizing  volume  in  the  phonon  Brillouin 


^one  and  .V,  is  the  pnonon  occuDation  probability  which  we  assume  to  be 
the  Bose-Einstein  factor. 

In  the  case  of  non-polar  (deformation  potential)  scattering,  the  interaction 
potential  is  given  bv9 


V’*  =  l 


/  hD1 
\  2fi.pv,  1 


(4) 


where  D  is  the  deformation  potential. 

The  total  scattering  rate  for  phonon  emission  or  absorption  S±{EV)  tor 
electrons  with  energy  E  in  subband  t /  is  obtained  by  integrating  over  all 
possible  final  states  and  phonon  wavevectors. 


$*(£„)  =  r  (5) 

J  o  Jq 

where  qmaz  is  the  maximum  phonon  wavevector  and  D{E'V.)  is  the  density  of 
hybrid  magnetoelectric  states  that  form  in  a  quantum  wire  under  an  applied 
magnetic  field.  Both  D[E'.y)  and  the  wavefunctions  of  the  magnetoelectric 
states  v  (which  appear  in  Equation  (2))  are  found  by  solving  the  Schrodinger 
equation  for  the  quantum  wire  in  a  magnetic  field.  The  solution  employs  a 
numerical  finite  difference  method.  This  scheme  has  been  described  in  Ref. 
iO. 

The  structure  that  we  chose  for  illustration  is  a  GaAs  quantum  wire  of 
rectangular  cross-section  having  width  500  A  in  the  v-direction  and  thickness 
40  A  in  the  z-direction.  The  magnetic  field  is  oriented  along  the  z-direction. 
Only  one  subband  is  occupied  in  the  z-direction  even  for  the  highest  electron 
energy  considered,  but  many  are  occupied  in  the  v-direction. 

In  Fig.  1(a)  and  1(b),  we  plot  the  piezoelectric  emission  and  absorption 
rates  S+(E\)  and  S~(E\)  as  a  function  of  electron  energy  £,  in  the  lowest 
hybrid  magnetoelectric  subband  in  the  wire.  There  is  a  dramatic  decrease 


m  me  intra-'ubbanti  scattering  rates  with  increasing  magnetic  tlu\  uenstties. 
This  means  that  in  narrow  enough  quantum  wires  i  where  only  mtra-subband 
scattering  is  allowed  even  for  the  highest  energy  that  an  electron  can  reach), 
dramatic  quenching  of  acoustic  phonon  scattering  can  occur  in  a  magnetic 
held  leading  possibly  to  strong  negative  inagnetoresistance.  In  Fig.  2(a)  and 
2(b).  we  plot  the  scattering  rates  for  deformation  potential  acoustic  phonon 
scattering.  Again,  t lie  same  feature  is  observed. 

The  origin  of  this  quenching  is  the  following.  Since  both  energy  and 
momentum  must  be  conserved  in  the  scattering  process,  there  are  certain 
restrictions  on  t he  angle  of  scattering.  For  intra-subband  scattering,  primar¬ 
ily  oackward  (large  angle)  scattering  is  allowed  (in  contrast  to  the  case  for 
polar  optical  phonon  and  impurity  scattering).  This  means  that  the  initial 
and  final  states  of  the  electron  (before  and  after  scattering)  will  tend  to  have 
oppositely  directed  velocities.  In  the  absence  of  a  magnetic  field,  two  such 
states  will  have  a  large  wavefunction  overlap  (essentially  100  %)  so  that  the 
matrix  element  for  scattering  (Equation  2)  is  large.  However,  when  a  mag¬ 
netic  neld  is  applied,  the  wavefunctions  f^qfy)  and  veu\'J)  °f two  such  states 
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will  be  skewed  in  opposite  directions  since  the  Lorentz  force  acts  in  opposite 
directions  on  oppositely  traveling  electrons.  This  decreases  the  overlap,  and 
therefore  the  matrix  element,  which  causes  the  quenching.  To  illustrate  this 
effect,  we  have  plotted  in  Fig.  3,  the  wavefunction  of  two  oppositely  traveling 
states  (in  tl  e  lowest  magnetoelectric  subband)  at  a  magnetic  flux  density  of 
0.1  and  10  tesla.  Note  that  the  wavevefunctions  are  skewed  towards  oppo¬ 
site  edges  of  the  wire  by  the  magnetic  field  which  dramatically  reduces  the 
overlap  between  them  and  therefore  the  scattering  matrix  element  given  by 
Equation  (2).  This  explains  the  quenching.  Supression  of  acoustic  phonon 


'■mission  in  superiattices  due  10  a  magnetic  Held  have  been  observed  experi¬ 
mentally  before1*  but  was  attributed  to  a  different  cause.  To  our  knowledge, 
i  he  present  mechanism  has  never  been  reported  before. 

The  quenching  of  acoustic  phonon  scattering  by  a  strong  magnetic  field 
has  serious  implications  for  the  integer  quantum  Hall  effect.  At  very  high 
magnetic  fields  and  low  temperatures  (quantum  Hail  regime),  current  in  a 
wire  is  carried  exclusively  by  "edges  states  12  that  are  localized  along  the 
edges  of  the  wire.  Edge  states  localized  along  the  same  edge  ot  the  wire 
:.ave  the  same  direction  ot  the  electron  velocity  and  carry  current  in  the 
same  direction,  while  edge  states  flowing  along  the  opposite  edge  nave  op¬ 
posite  velocities  and  carry  current  in  the  opposite  direction.  In  the  light  of 
the  previous  discussion,  we  can  see  that  the  probability  ot  acoustic  phonon 
scattering  between  oppositely  traveling  edge  states  is  extremely  low.  This 
contributes  to  our  understanding  as  to  why  backscattering  is  suppresed  at 
high  magnetic  fields. 

The  suppression  of  backscattering  is  the  central  ingredient  in  the  Buttiker 
picture  of  the  quantum  Hall  effect1*.  In  the  past,  we  and  others  had  demon¬ 
strated  this  suppresion  in  the  quantum  Hall  regime  considering  only  elastic 
phase  preserving]  scattering  events13.  We  now  demonstrate  this  suppres¬ 
sion  for  inelastic  (phase  breaking  acoustic  phonon)  events  as  well.  This  is 
a  very  important  extension  of  the  Buttiker  picture  beyond  the  coherent  lin¬ 
ear  response  transport  regime  (where  only  elastic  scattering  is  permitted). 
The  quantum  Hall  effect  is  known  to  survive  at  finite  voltages  and  currents 
when  both  elastic  and  inelastic  scattering  occur.  This  has  been  demonstrated 
theoretically M  as  well  as  experimentally15.  Previous  models  attributed  the 
breakdown  of  the  quantum  Hall  effect  at  high  current  densities  to  the  on- 


-el  of  acoustic  phonon  emission-'  !n  that  light.  the  suppression  01  acoustic 
phonon  emission  iias  important  implications  for  the  breakdown.  It  has  aiso 
been  claimed  that  the  critical  current  tor  breakdown  increases  with  increas¬ 
ing  magnetic  field.  We  believe  that  this  may  be  due  to  increased  suppression 
of  phonon  scattering  with  increasing  Held  which  is  consistent  with  our  result. 

We  have  performed  the  calculation  of  the  scattering  rates  at  various  tem¬ 
peratures  (1.2  K.  77  K  and  iOO  K).  We  found  that  the  relative  decrease  in 
i.he  scattering  rate  is  fairly  insensitive  to  temperature.  The  cause  of  the 
juencning  is  t  fie  decrease  :n  the  initial  and  final  state  wavefu  net  ions  in  a 
magnetic  field  and  this  phenomenon  of  course  does  not  depend  on  tempera¬ 
ture.  The  experimental  manifestation  of  the  quenching  however  will  be  most 
prominent  at  those  temperatures  where  acoustic  phonon  scattering  is  the 
dominant  scattering  mechanism  in  the  quantum  wire. 

In  conclusion,  we  have  showed  that  a  magnetic  field  can  cause  a  dramatic 
decrease  in  acoustic  phonon  scattering  (specifically  intra-subband  scatter¬ 
ing]  in  a  quantum  wire.  In  narrow  enough  quantum  wires  (where  only  one 
-mbband  is  accessible  in  energy  even  at  the  highest  appiied  electric  fieid). 
this  can  cause  a  significant  negative  magnetoresistance  if  the  wire  material  is 
such  that  acoustic  phonon  scattering  is  the  dominant  scattering  mechanism 
at  the  temperature  of  interest.  This  effect  can  then  be  used  to  realize  mag¬ 
netic  field  sensors  and  other  types  of  electronic  devices  where  the  resistance 
can  be  modulated  by  an  external  magnetic  field.  Finally,  we  have  shown  that 
acoustic  phonon  scattering  between  opposite  sets  of  edge  states  is  suppressed 
at  high  magnetic  fields  which  reinforces  the  Buttiker  picture  of  the  integer 
quantum  Hall  effect. 
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FIGURE  CAPTIONS 


Figure  1:  Electron-polar  acoustic  phonon  (piezoelectric)  scattering  rate 
as  a  function  of  energy  for  electrons  in  the  lowest  magnetoelectric  subband 
in  a  GaAs  quantum  wire.  Energy  is  measured  from  the  bulk  conduction 
band  edge.  The  width  of  the  wire  is  500  A  (along  the  y-direction)  and  the 
thickness  is  40  A  (along  the  z-direction).  The  lattice  temperature  is  assumed 
to  be  300  K.  The  solid  line  represents  no  magnetic  field,  the  shortdashed  line 
a  magnetic  flux  density  of  4  tesla  and  the  long  dashed  line  a  magnetic  flux 
■tesnity  of  10  tesla.  ia)  emission  rate,  and  (b)  absorption  rate. 

Figure  2:  Electron-non  polar  acoustic  phonon  (deformation  potential) 
scattering  rate  as  a  function  of  energy  for  electrons  in  the  lowest  magneto- 
electric  subband  in  a  GaAs  quantum  wire.  The  width  of  the  wire  is  500 
A  (along  the  y-direction)  and  the  thickness  is  40  A  (along  the  z-direction). 
The  lattice  temperature  is  assumed  to  be  300  K.  The  solid  line  represents  no 
magnetic  field,  the  shortdashed  line  a  magnetic  flux  density  of  4  tesla  and 
the  long  dashed  line  a  magnetic  flux  desnity  of  10  tesla,  (a)  emission  rate, 
and  (b)  absorption  rate. 

Figure  3:  The  y-component  of  the  wavefunctions  of  two  oppositely  trav¬ 
eling  states  in  the  quantum  wire  at  a  magnetic  flux  density  of  (a)  0.05  tesla 
and  (b)  10  tesla.  The  states  are  in  the  iowest  magnetoelectric  subband  at  an 
energy  of  20  meV  above  bulk  conduction  band  edge.  The  overlap  between 
these  two  states  is  reduced  significantly  by  the  magnetic  field  which  skews 
the  wavefunctions  towards  opposite  edges  of  the  wire. 
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The  effects  of  a  magnetic  field  on 
electron-phonon  scattering  in  quantum 

wires 
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We  have  calculated  electron-phonon  scattering  rates  in  semiconductor 
quantum  wires  subjected  to  an  external  magnetic  field.  A  magnetic  field  has 
several  interesting  effects  on  the  scattering  rates.  It  drastically  reduces  acous¬ 
tic  phonon  scattering,  but  increases  longitudinal  optical  and  surface  optical 
phonon  scattering  rates.  The  decrease  in  the  acoustic  phonon  scattering  has 
important  implications  for  the  integer  quantum  Hail  effect.  In  addition,  we 
have  found  that  a  magnetic  field  significantly  enhances  the  difference  between 
the  scattering  rates  at  energies  just  below  and  above  a  subband  minimum 
and  this  may  cause  negative  differential  mobility  to  appear  in  quantum  wires 
at  electric  fields  far  below  the  threshold  for  intervallev  transfer.  We  have  also 
observed  other  interesting  features  associated  with  one-dimensionai  confine¬ 
ment  of  electrons  and  phonons. 

'  PACS  Indices:  72.10  Di.  72. 20. Dp.  72.20.Fr.  72.20. Ht 
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I.  Introduction 


Recently,  mere  nas  been  a  (trowing  interest  in  the  study  ot  electron  scat¬ 
tering  ;n  quasi  one-dimensionai  structures'^'3  motivated  by  the  belief  that 
these  structures  can  exhibit  exceptionally  high  mobilties  at  reduced  temper¬ 
atures.  Field  etfect  transistors  with  quantum  wire  channels  have  been  fab¬ 
ricated  and  show  very  large  transconductances  as  a  result  of  this  enhanced 
mobility4.  The  increase  in  mobility  accrues  primarily  from  a  suppression 
of  impurity  scattering  which  is  the  dominant  scattering  mechanism  at  cryo¬ 
genic  temperatures  and  low  electric  fields.  However,  at  room  temperature 
.■.nd  above,  or  at  high  electric  fields,  scattering  in  semiconductor  quantum 
wires  is  mostly  <iue  to  phonons.  Phonon  scattering  not  only  determines  the 
low  field  mobility  at  room  temperature,  but  it  also  determines  the  high  held 
saturation  velocity  of  electrons,  the  homogenoeous  linewidth  broadening  of 
optical  transitions,  the  relaxation  rate  for  photoexcited  carriers  and  a  host 
of  other  phenomena  in  quantum  wires. 

In  this  paper,  we  have  rigorously  calculated  electron  phonon  scattering 
rates  t involving  all  types  of  phonon  modes)  in  quantum  wires  using  Fermi's 
Golden  Rule.  The  application  of  this  ruie  in  quantum  wires  has  been  crit¬ 
icized  in  the  past0.  but  the  criticism  is  valid  only  for  electron  energies  at 
a  subband  bottom.  At  these  energies,  the  density  of  states  in  quasi  one- 
dimensional  systems  diverges  which  makes  the  Fermi’s  Golden  Rule  pre- 
-cription  (or  more  correctly,  the  Born  approximation)  invalid.  Attempts 
at  circumventing  this  problem  by  introducing  arbitrary  broadening  of  the 
density  of  states  i  presumably  associated  with  surface  roughness)  have  been 
reported  in  the  literature*5.  We  do  not  adopt  this  approach  in  our  work  since 
:t  is  quite  ad  hoc:  instead,  we  compute  the  scattering  rates  from  the  usual 
Fermi’s  Golden  Rule,  but  with  the  caveat  that  it  is  not  vaiid  for  electron 
'•nergies  corresponding  to  subband  minima. 


l  er.ni  s  Golden  Rule  iiaseu  calculation  oi  eiectrcn-pnonon  scattering  rales 
in  quantum  wires  nave  Keen  reported  by  a  number  oi  researchers  in  the 
past.  Leburton  et.  ai.'  s  y  have  caicuiated  eiectron-iongituainai  polar  optical 
phonon  scatterine  rates  in  one-dimensional  structures  out  without  consider¬ 
ing  phonon  confinement  effects  (the  electrons  are  confined,  but  the  phonon 
modes  are  asumed  to  be  buik  mooes i.  Recent  experimental  results,  how¬ 
ever.  have  revealed  that  phonon  confinement  may  be  important  in  quantum 
wires.  Signatures  of  surface  modes  in  cylindrical  wires10  and  confined  opti¬ 
cal  modes11  in  rectangular  wires  have  been  observed.  Phonon  confinement 
effects  were  explicitly  taken  into  account  in  calculating  optical  phonon  scat¬ 
tering  rates  by  some  other  researcners  recently12-15.  It  turns  out  (not  quite 
unexpectedly)  that  the  scattering  rates  calculated  by  assuming  bulk  modes 
actually  do  not  differ  greatly  from  the  sumtotal  of  scattering  rates  due  to 
surface  and  confined  optical  modes.  Presumably,  this  is  because  the  confined 
optical  modes  have  nulls  at  the  wire  surfaces,  whereas  the  surface  modes 
peak  at  the  surfaces,  so  that  the  superposition  of  both  modes  looks  approxi¬ 
mately  bulklike16  As  a  result,  phonon  confinement  effects  are  generally  not 
of  paramount  importance  in  electron-optical  phonon  interaction  in  '.uantum 
•vires. 

While  the  above  is  true  generally,  there  is  one  serious  exception.  That  case 
corresponds  to  the  situation  when  a  magnetic  Held  is  present.  In  a  magnetic 
field,  phonon  confinement  effects  assume  an  added  importance.  In  fact,  it  is 
because  of  phonon  confinement  that  a  magnetic  Held  has  any  effect  at  all  on 
optical  phonon  scattering  rates.  If  the  optical  phonon  modes  were  unconfined 
bulk  modes,  all  sack  effects  icould  be  absent.  Therefore,  any  experimental 
manifestation  of  a  dependence  of  optical  phonon  scattering  rates  in  quantum 
wires  on  an  external  magnetic  field  is  effectively  a  demonstration  of  phonon 
confinement  as  well. 

Wliiie  optical  piionons  are  confined,  acoustic  phonons,  bv  their  very  na- 


"ire.  are  almost  a, wavs  i..nkiike.  -onetueiess.  ,i  magnet ir  :.as  a  sig¬ 

nificant  etfect  on  acoustic  ■notion  scattering  as  weii  and  Hus  I'liect  ;s  not 
nked  to  pnonon  conlinement.  interestingly,  the  effect  on  acoustic  pnonon 
-(•altering  is  actually  muca  more  dramatic  than  the  erfect  on  optical  ononon 
scattering.  The  optical  pnonon  scattering  rate  increases  by  less  tnan  an  or- 
uer  of  magnitude  at  magnetic  Held  strengths  achievable  in  a  superconducting 
magnet  10  tesla),  but  the  scattering  rate  due  to  acoustic  pnonons  can 
decrease  by  several  orders  of  magnitude  at  the  same  held  strength.  This 
nas  important  implications  lor  t  ne  integer  quantum  Hall  eifect.  particularly 
with  respect  to  trie  nreakdown  of  this  eifect  at  high  current  densities.  I  lie 
quantum  Hail  eifect  is  manifested  at  temperatures  where  acoustic  pnonon 
scattering  is  the  dominant  pnonon  scattering  event1  and  the  breakdown  of 
■  his  erfect  is  associated  with  acoustic  phonon  emission.  A  magnetic  held  also 
has  other  interesting  effects.  For  instance,  it  can  cause  negative  differential 
mobility  to  occur  in  a  quantum  wire  at  electric  fields  far  below  the  threshold 
for  intervalley  transfer.  This  is  associated  with  the  Riddoch- Ridiev  mecha¬ 
nism. 

This  paper  is  organized  as  follows.  In  section  II  we  will  discuss  tne  calcu¬ 
lation  of  piionon  scattering  rates  in  a  quantum  wire  subjected  to  a  magnetic 
held.  The  results  will  be  presented  along  with  the  appropriate  mteroretations 
in  section  ill.  Finally,  in  section  IV.  we  will  present  the  conclusions. 
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II.  Theory 


Acoustic  phonon  scattering  in  a  magnetic  field 


We  consider  a  quantum  wire  as  shown  in  Fig.  1.  Only  one  transverse 
subband  is  occupied  along  the  z-direction  (for  even  the  highest  energy  an 
electron  can  reach),  but  many  are  occupied  in  the  v-direction.  A  magnetic 
held  is  applied  along  the  z-direction  so  that  the  electronic  states  are  hybrid 
magnctoelectric  states.  In  ail  calculations,  we  will  assume  that  the  phonons 
are  unaffected  by  the  magnetic  Held  and  are  in  thermodynamic  equilibrium  so 
that  the  phonon  occupation  probability  is  given  by  the  Rose  Einstein  factor. 

The  acoustic  phonon  scattering  rate  for  an  electron  with  energy  Ev  in  the 
hybrid  magnetoelectric  subband  v  to  an  energy  state  E'y,  in  subband  v'  is 
given  by  Fermi's  Golden  Rule 


o- 

*.  • 1 


S(E,.E[..±q 1  =  —[MiE^E'y.Eq^HEl,  -  Eu  -  h^}  .  .1) 

where  A/(£„.  Ely.  ±(f)  is  the  matrix  element  for  the  transition  due  to  an 
acoustic  phonon  of  energy  /iw7-  and  wavevector  <f.  It  should  be  noted  that 
'he  subband  indices  refer  to  y-directed  subbands  only  since  the  confinement 
in  the  z-direction  is  complete.  The  ±  sign  in  the  delta  function  represents 
emission! +  )  or  absorption)  ■  i  of  an  acoustic  phonon  respectively.  For  acoustic 
phonons,  we  assume  a  linear  dispersion  relation  =  hv,qx  where  v,  is 
the  longitudinal  velocity  of  sound  (electrons  oniy  interact  with  longitudinal 
phonons). 

The  matrix  element  can  be  written  as 


M\Evy  E'y,  ±<f)  - 


hi  2 


-h  n 


*,£','vy)^£vt'/)e±1’vV<v 


■hi  2 


-L./2 


o'E't  i  c )Oea:  )e±,f‘‘dz  . 


where  ve',[Oe„)  and  ;  are  the  transverse  y-  i z - 1  <  omponents  of  the 

'  lectron  wavetunction  ot  the  tirial  and  initial  magnetoeiectric  states,  k'  and  k 
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.ire  the  iongiiuainai  electron  wavevectors  of  t  hese  states.  I  ~  Is  the  interac¬ 
tion  potential  and  the  6  is  the  Kronecker  delta  which  represents  momentum 
conservation.  We  have  assumed  the  acoustic  pnonon  moaes  to  be  bulk  modes 
i  plane  waves  I  unaffected  by  the  magnetic  held. 

In  the  case  ot  piezoelectric  (or  polar  acoustic  phonon)  scattering,  the 
interaction  potential  V-±  is  given  bv18 

+ urn1'1 


l’±  = 


1 3) 


2Clpv,t:q  ) 

where  e  is  the  electronic  charge.  t?I  ;s  the  piezoelectric  constant,  t  is  the 
< : ieiectric  constant.  fil  is  the  normalizing  volume  in  the  phonon  Bnlluoin 
zone.  f>  is  the  mass  density  and  .V7  is  the  pnonon  occupation  probability. 
The  plus  sign  refers  to  emission  and  the  minus  sign  to  absorption. 

In  the  case  of  non-polar  acoustic  (deformation  potential)  scattering,  the 
interaction  potential  V-±  is  given  by18 
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wiiere  D,  is  the  acoustic  deformation  potential. 

The  total  scattering  rate  l/ra.,  for  acoustic  emission  or  absorption,  is 
ootained  by  integrating  over  all  possible  final  energy  states. 
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where  qmaz  is  the  maximum  phonon  wavevector  and  D(E'V,)  is  the  density  of 
hybrid  magnetoelectric  states  at  the  final  energy  E [,  given  by  the  well-known 
relation 

IXE'U,)  =  (2/t)  /  [dE'^jdk)  .  (6) 


To  calculate  the  above  expression,  we  need  to  know  the  eigenenergies 
E„.  wavefunctions  and  density  of  hybrid  magnetoelectric  states  D{EU). 
These  are  calculated  exactly  by  solving  the  Schrodinger  equation  in  a  quan¬ 
tum  wire  subjected  to  a  magnetic  field.  This  is  accomplished  using  a  finite 
difference  scheme  that  we  have  described  in  a  previous  publication^. 
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Optical  phonon  scattering  in  a  magnetic  field 


To  calculate  poiar  ana  non-poiar  longitudinal  optical  iLO)  as  well  as 
'iirface  optical  ■  SO)  phonon  scattering  rates,  we  have  ioliowed  Stroscio12 
and  Kim  et.  al.M  whose  models  assume  confined  (slab)  phonon  modes.  A 
more  accurate  model  would  require  calculation  of  the  phonon  modes  from  a 
microscopic  model1  J'20,21  This  is  reserved  for  future  work. 

The  longitudinal  polar  optical  phonon  scattering  rate  of  an  electron  with 
energy  Eu  in  the  i/th  magnetoelectric  subband  is  given  by20,21 


— - pt  =  II  - — ^popiATp0p  t  1/2  ±  \j'l)lpopD\ E[,,  i  .  ■■  ~) 

7  POP\  ‘-'v  '  s  =1 

where -pop  is  the  longitudinal  polar  optical  phonon  frequency.  .VMpop  is  the 
phonon  occupation  probability  ( Bose-Einstein  factor)  and  i/„az  is  the  index 
of  the  highest  phonon  mode  considered.  Again,  the  plus  sign  in  the  above 
expression  refers  to  emission  and  the  minus  sign  to  absorption.  The  quantity 
DIE’.,,)  is  the  density  of  states  at  the  final  energy  in  the  magnetoelectric 
subband  u'  and  the  quantity  Ipop  is  given  by 
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where  m  O)  and  c.i  dci  are  the  low-  and  high-frequency  relative  permittivities. 
kr  is  the  phonon  wavevector  along  the  iength  of  the  quantum  wire,  rn'  and 
ri  are  the  transverse  phonon  mode  indices  along  the  y-  and  z-directions.  Ly 
and  L:  are  the  width  and  thickness  of  the  quantum  wire  and  Pm'n'  is  the 
overlap  integral  which  can  be  written  as 

fLv  [l->  iii/  d:  ...  /  m'iry\  (  ti'ttz' 

Pm'n'  =  Jv  ^  J - -1-j—p-'',n[y)V:niy)0fln(:)Ofn(;)sin  [  ~~  )  SlU  ^ 
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In  the  above.  vtn\y)  iolnu))  and  Vi,n(y)  (Of,niy))  are  the  initial  and  final 
y-  'Z-i  components  of  the  wavefunctsons  of  the  electron  in  the  presence  oi 


i  magnetic  iieiu  as  i (fibre  ana  the  sine  functions  are  the  <-onr.nea  phonon 
■  s  iab  1  modes. 

The  non-poiar  loneituainai  optical  phonon  scattering  rate  is  given  by‘s 

~D: 


=  r 


■I.Vjv,„  +  1/2±1/2)/.vpo«£:.,.  hO) 


”.v po (Ef  )  |  p>*-' v po l v T , 

where  D0  is  the  deformation  potential  for  the  optical  phonon.  ~ spo  1S  the  fre¬ 
quency  of  the  non-po!ar  longitudinal  optical  phonon  and  Ispo  is  the  overlap 
integral  given  by 
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The  scattering  rate  due  to  surface  optical  (SO)  phonons  is  given  by1*. 
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where  ^jso  |S  the  surface  optical  phonon  frequency  and 
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with  (/'  being  the  normalization  constant20  for  phonon  modes  ana  P,  an 
overlap  integral  given  by 

1  /'t-y/2  rL.il  ,jy  dz 

-7-777 — ZnTTr\  /  / 

aL.J 2)eosh{  .1Lr/ 2)  J-Ly/i  J-L./2  Ly/2  Lt/2  J 

cosh{ay)cosk(3z).  (14) 
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for  symmetric  surface  phonon  modes,  and 
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for  antisymmetric  surface  phonon  mooes. 


The  quantities  a.  j  have  oeen  defined  ana  the  dispersion  reiation  for  SO 
pnonons  given  in  Ref.  i-t. 

In  our  example,  only  one  subband  is  occupied  in  the  z-direction.  In 
that  case,  the  SO  phonon  scattering  is  due  to  only  the  symmetric  modes 
since  the  overlap  integral  in  the  z-direction  becomes  zero  for  antisymmetric 
modes.  This  happens  since  the  z-component  of  the  wavefunction  (in  the 
lowest  subband)  has  even  parity.  Had  multiple  modes  been  occupied  in  the 
z-direction  (some  of  which  would  have  odd  parity),  the  SO  phonon  scattering 
would  have  had  contributions  from  both  the  symmetric  and  antisymmetric 
phonon  modes.  This  feature  is  not  affected  by  a  magnetic  field  as  long  as  the 
field  is  directed  along  the  z-direction. 

In  this  section,  we  have  provided  analytical  expressions  for  the  scattering 
rates.  We  now  present  some  results  for  a  prototypical  quasi  one-dimensional 
structure. 

III.  Results  and  Discussion 

We  consider  a  GaAs  quantum  wire  (surrounded  bv  AlGaAs)  of  width  500 
A  (along  the  y-directiom  and  thickness  40  A  (along  the  z-direction j.  All 
phonon  scattering  rates  are  calculated  for  this  system. 

Acoustic  phonon  scattering  rates 

In  Figures  2(a)  and  2(b),  we  show  the  polar  acoustic  phonon  (piezoelec¬ 
tric)  emission  and  absorption  rates  as  a  function  of  electron  energy  in  the 
lowest  magnetoelectric  subband.  The  results  are  shown  for  various  magnetic 
field  strengths.  In  Figures  3(aj  and  3(b),  we  show  the  non-polar  acous¬ 
tic  phonon  (deformation  potential)  emission  and  absorption  rates,  again  at 
different  magnetic  field  strengths,  The  peaks  in  the  scattering  rates  are 
associated  with  the  divergence  in  the  density  of  (final)  states  in  a  quasi  one¬ 
dimensional  structure. 
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The  -auent  mature  'o  note  is  that  there  is  a  dramatic  ouenchintr  oi  the 
intra-'uobana  scattering  rate  caused  by  a  magnetic  field.  The  rate  decreases 
in'  sit  orders  of  maqnuudt  at  a  magnetic  rlux  density  ot  10  tesia.  The  mier- 
■mbband  scattering  rate  also  decreases,  but  the  decrease  is  much  less  dra¬ 
matic.  In  narrow  enough  wires,  where  only  one  transverse  subbai.d  is  oc¬ 
cupied  in  both  the  y-  and  the  z-direction  (for  even  the  highest  energy  an 
electron  can  reach),  the  only  allowed  scattering  is  intra-subband  scattering 
since  higher  subbands  are  not  accessible  in  energy.  In  such  wires,  a  magnetic 
Held  can  cause  dramatic  quenchine  of  acoustic  phonon  scattering.  This  effect 
■  an  then  cause  large  negative  magnetoresistance  in  a  narrow  wire,  especially 
at  temperatures  where  acoustic  phonon  scattering  is  the  dominant  scattering 
mechanism.  Such  a  phenomenon  has  applications  in  magnetic  held  sensors, 
magnetic  recording  heads,  etc. 

Another  interesting  feature  seen  in  Figs.  2  and  3  is  the  very  large  differ¬ 
ence  between  the  scattering  rates  at  energies  just  below  and  above  the  first 
subband  minimum.  This  difference  is  not  large  in  the  absence  ot  a  magnetic 
field,  but  becomes  very  large  m  the  presence  of  a  magnetic  field.  Even  in 
the  absence  of  a  magnetic  field,  such  a  difference  was  once  considered  capa¬ 
ble  ot  triggering  negative  differential  mobility  in  quantum  confined  systems 
i  Riddoch-Ridley  mechanism)22.  Later  simulations  failed  ,o  reveal  this  effect 
in  GaAs  wires2,  but  we  believe  that  a  magnetic  field  may  cause  it  to  appear. 
Only  a  complete  Monte  Carlo  simulation  of  electron  transport  or  some  other 
solution  of  the  Boltzmann  Transport  Equation  can  answer  this  question  sat¬ 
isfactorily'.  This  is  important  to  know  since  \a)  the  threshold  electric  field  for 
such  negative  differential  mobility  is  presumably  much  lower  than  that  as¬ 
sociated  with  intervalley  transfer  ( Ridley-Gunn-Hilsum  effect)  which  makes 
it  possible  to  realize  low  power  microwave  oscillators,  and  ( b )  the  threshold 
electric  field  can  be  engineered  at  will  by  alterin.  ;e  dimensions  (width  and 
i  hickness  i  ot  the  wire. 
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We  now  explain  the  origin  ol  the  magnetic  neid  intiucea  quenching  ot  the 
:ntra-subband  acoustic  pnonon  scattering  rate.  Because  oi  the  simultaneous 
c  onservation  ol  both  energy  and  momentum  in  the  scattering  process,  there 
are  certain  restrictions  on  the  angle  ot  scattering.  For  intra-subband  scatter¬ 
ing.  primarily  backward  (large  angle)  scattering  is  allowed  (in  contrast  to  the 
case  for  oolar  optical  phonon  and  impurity  scattering,  or  even,  as  we  shall  see 
later,  for  inter-suband  acoustic  phonon  scattering).  This  means  that  the  ini¬ 
tial  and  final  states  of  the  electron  ( i.e  the  states  before  and  after  scattering) 
will  tend  to  have  oopositelv  directed  velocities.  In  the  absence  ot  a  magnetic 
field,  two  such  states  will  have  a  large  wavefunction  overlap  (essentially  100 
V, )  so  that  the  matrix  element  for  scattering  (Equation  2)  is  large.  How¬ 
ever.  when  a  magnetic  field  is  applied  in  the  z-direction.  the  y-components 
of  the  wavefunctions  U'eyfi/)  and  y)  of  two  such  states  will  be  skewed 
in  opposite  directions  since  the  Lorentz  force  acts  in  opposite  directions  on 
oppositely  traveling  electrons.  This  decreases  the  overlap  between  the  wave- 
functions.  and  therefore  the  matrix  element,  which  causes  the  quenching.  To 
illustrate  this  effect,  we  have  plotted  in  Fig.  4.  the  wavefunction  of  two  oppo¬ 
sitely  traveling  states  (in  the  lowest  maenetoelectric  subband )  at  a  magnetic 
flux  density  of  O.Oo  and  10  tesla.  Note  that  the  wavevefunctions  are  sKewed 
towards  opposite  edges  of  the  wire  by  the  magnetic  field  which  drastically  re¬ 
duces  the  overlap  between  them  and  therefore  the  scattering  matrix  element 
given  by  Equation  (2).  This  explains  the  quenching:3. 

The  less  pronounced  decrease  in  the  inter-subband  rale  has  a  completely 
different  origin.  It  can  be  understood  as  follows.  The  energy  separation 
between  hybrid  magnetoelectric  subbanas  increases  with  increasing  mag¬ 
netic  field.  Therefore,  at  higher  magnetic  fields,  one  needs  higher  energy 
■  and  therelore  larger  wavevector)  phonons  to  eifect  inter-subband  transi- 
Mons.  However,  the  scattering  rate  tor  higher  energy  phonons  is  less  than 
•fiat  tor  lower  energy  phonons  because  ot  two  reasons;  'ai  the  phonon  ce¬ 
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npat.ion  probability  i  Bose  Einstein  (actor)  decreases  exponeruiaiiv  won  in¬ 
creasing  phonon  energy,  ana  ibi  the  interaction  potential  tor  scattering  is 
inversely  proportional  to  the  ononon  wavevector  land  therefore  phonon  en¬ 
ergy j  in  the  case  of  polar  acoustic  phonon  scattering  (see  Equation  S i.  In 
the  case  of  non-poiar  acoustic  pnonon  scattering,  the  interaction  potential 
is  directly  proportional  to  the  pnonon  wavevector  isee  Equation  -4).  but  this 
linear  increase  is  more  than  offset  by  the  exponential  decrease  of  the  pnonon 
occupation  probability  with  increasing  phonon  energy.  All  this  reduces  the 
mter-subband  scattering  rate  in  the  presence  of  a  magnetic  held.  Recently. 

J his  effect  was  observed  exDerimentallv  in  a  superiattice2'1 

The  quenching  of  acoustic  pnonon  scattering  by  a  strong  magnetic  field 
has  serious  implications  for  the  integer  quantum  Hall  effect.  This  effect  is 
manifested  at  low  temperatures  under  high  magnetic  held  when  acoustic 
phonon  scattering  is  the  dominant  phonon  scattering  mechanism.  In  this 
regime,  current  in  a  wire  is  carried  exclusively  by  "edges  states  25  'hat  are 
localized  along  the  edges  of  the  wire.  Edge  states  along  opposite  edges  have 
opposite  velocities  and  carry  current  in  the  opposite  direction.  In  the  light  of 
he  previous  discussion,  we  can  see  that  the  probability  of  acoustic  phonon 
scattering  between  oppositely  traveling  edge  states  (backscattering)  is  ex¬ 
tremely  low.  This  shows  why  backscattering  is  suppresed  at  high  magnetic 
fields. 

The  suppression  of  backscattering  is  the  central  ingredient  in  the  Buttiker 
picture  for  the  origin  of  the  integer  quantum  Hall  effect25.  In  the  past,  we 
and  others  had  demonstrated  this  suppresion  in  the  quantum  Hall  regime 
considering  only  elastic  '.phase  preserving)  scattering  events2".  We  have  now 
demonstrated  this  suppression  for  inelastic  (phase  breaking  acoustic  phonon) 
events  as  well.  This  is  a  very  important  extension  of  the  Buttiker  picture 
beyond  the  coherent  linear  response  transport  regime  (where  onlv  elastic 
scattering  is  permitted  I.  The  quantum  Hall  effect  is  known  to  survive  at 
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unite  voltaees  ana  currents  when  noth  eiastic  ana  inelastic  scattering  occur. 
This  has  been  demonstrated  theoretically^'  as  well  as  experimentally13.  Pre¬ 
vious  models  attributed  the  breakdown  of  the  quantum  Hall  etfect  at  high 
current  densities  to  the  onset  of  acoustic  pnonon  emission-1'"*.  In  that  light, 
the  suppression  of  acoustic  phonon  emission  has  important  implications  tor 
the  breakdown.  It  has  also  been  claimed  that  the  critical  current  for  break¬ 
down  increases  with  increasing  magnetic  field.  We  believe  that  this  may  be 
due  to  increased  suppression  of  acoustic  phonon  scattering  with  increasing 
held  which  is  consistent  with  our  result. 

We  have  calculated  the  magnetic  held  dependences  of  the  acoustic  pnonon 
-cattering  rates  at  various  temperatures  (4.2  K.  77  K  and  300  K).  We  found 
tnat  the  relative  decrease  in  the  scattering  rate  is  fairly  insensitive  to  tem¬ 
perature.  This  is  not  surprising  since  the  physical  phenomena  underlying  the 
quenching  are  not  temperature  dependent. 

Optical  Phonon  Scattering  Rates 

In  Figures  5(a)  and  5(b).  we  have  plotted  the  longitudinal  polar  optical 
pnonon  emission  and  absorption  rates  as  a  function  of  electron  energy  in  the 
lowest  magnetoelectric  subband  for  various  magnetic  field  strengths.  The 
non-polar  optical  phonon  scattering  rates  are  shown  in  Figs.  6(a)  and  6(b). 
The  latter  are  for  the  L-vailey  of  GaAs  since  this  scattering  mechanism  is 
forbidden  in  the  T  valley.  Finally,  the  surface  optical  phonon  (SO)  scattering 
rates  are  shown  in  Figs.  7(a)  and  7(b). 

I’nlike  in  the  case  of  acoustic  phonon  scattering,  all  optical  phonon  scat¬ 
tering  rates  increase  with  magnetic  flux  density.  This  increase  becomes  more 
evident  in  the  plots  of  the  scattering  rates  versus  magnetic  field  which  are 
shown  in  Figures  5lci.  6(c)  and  7(c). 

The  increase  for  both  polar  and  non-polar  longitudinal  optical  phonon 
scattering  can  be  explained  as  tollows.  in  the  absence  of  a  magnetic  iieid.  the 
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electron  wavetuncr.cn  in  the  rth  mode  is  orthoeonai  to  i tie  ' t h  phonon  mode 
it  i  3=  j.  This  makes  the  integrals  I  pop  and  /vpo  ‘ana  the  corresponding 
scattering  r at es  i  /  ~ pq p  and  1  (  7 ^ pQ  f  vanish  tor  1  ■*—  j .  l  h is  means  that 
the  ;ih  phonon  mode  win  not.  contribute  to  t ne  scattering  ot  an  electron  in 
the  ith  subband.  However,  when  a  magnetic  held  is  present,  it  skews  the 
electron  wavefunctions  towards  one  edge  of  the  wire  (owing  to  the  I.orent.z 
force)  and  this  breaks  the  orthogonality  between  the  electron  wavefunction 
in  the  tth  moae  and  the  jth  phonon  mode  it  ^  ]).  As  a  result,  ail  phonon 
modes  now  contribute  to  the  scattering  of  an  electron.  This  opens  up  many 
new  scattering  cnanneis  which  were  previously  torbidden.  The  result  is  an 
increase  in  the  total  scattering  rate  when  a  magnetic  held  is  present. 

In  the  case  of  SO  phonon,  the  increase  in  the  scattering  rate  can  be 
explained  as  follows.  The  magnetic  field  skews  the  electron  wavefunctions 
towards  one  of  the  edges  of  the  wire.  This  increases  the  overlap  integral  P, 
since  the  SO  phonon  modes  are  localized  at  the  edges  and  decay  away  from 
the  edges.  This  effect  is  the  dominant  effect  in  a  magnetic  field.  Conse¬ 
quently.  the  scattering  rate  increases. 

Another  interesting  feature  in  Fig.  Tib)  is  that,  in  the  absence  of  any 
magnetic  field,  one  cannot  observe  the  peaks  in  the  absorption  rate  asso¬ 
ciated  with  the  divergence  of  the  one-dimensional  density  of  (final)  states. 
This  was  also  noted  in  Ref.  b  and  14.  It  was  claimed  in  Ref.  5  that  this 
happens  because  the  peaks  are  due  to  inter-subband  scattering  as  opposed 
to  intra-subband  scattering.  For  SO  phonon  absorption,  intra-subband  scat¬ 
tering  rate  dominates  over  inter-subband  scattering  rate  and  therefore  the 
peaks  in  the  inter-subbaiid  rate  are  not  discernible  against  the  strong  back¬ 
ground  of  intra-suband  scattering.  However,  when  a  magnetic  field  is  turned 
on.  the  peaks  appear  1 1 he  two  sets  of  peaks  are  associated  with  two  phonon 
branches14).  This  indicates  that  a  magnetic  field  promotes  inter-subband  SO 
phonon  absorption  over  mtrn-subbnnd  SO  phonon  absorption.  We  believe 
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■  :'.at  this  happens  nccause  '  ".e  maer.etic  field  breaks  i  he  wrt noeonaiitv  oe- 
ween  me  ejection  waveiuiin .uns  in  two  different  subnanus  ana  increases  the 
overlap  integral  P ,  for  inter-subband  transitions.  This  is  true  oi  SO  phonon 
■■mission  as  well.  Fhereiore.  a  maenettc  Held  brings  out  the  peaks  in  the 
scattering  rate. 

IV.  Conclusion 

In  this  paper,  we  nave  investigated  rigorously,  for  the  first  time,  the  effect 
of  a  magnetic  Held  on  pncnon  scattering  in  a  quantum  wire.  We  have  demon- 
orated  that  a  maenetic  held  can  cause  a  dramatic  reduction  in  mtra-suoband 
mattering  due  to  acoustic  pnonons  and  a  much  less  pronounced  reduction  in 
•he  inter-subband  scattering.  This  has  important  implications  for  the  quan¬ 
tum  Hall  effect.  It  may  cause  also  negative  differential  mobility  in  a  quantum 
wire  at  threshold  electric  fields  far  below  that  required  for  intervallev  trans¬ 
fer.  Finally,  it  may  give  rise  to  giant  negative  magnetoresistance  in  narrow 
enough  wires  at  certain  temperatures  and  electric  field  strengths  which  has 
applications  in  magnetic  field  sensors. 

For  optical  phonon  scattering,  we  found  that  the  scattering  rate  increases 
with  increasing  magnetic  field  although  the  increase  is  nownere  near  as  dra¬ 
matic  as  the  decrease  in  the  case  of  intra-subband  acoustic  phonon  scattering. 
Optical  phonon  scattering  determines  the  saturation  velocity  in  most  mate¬ 
rials  at  electric  fields  beiow  the  threshold  for  intervallev  transfer.  It  aiso 
determines  the  relaxation  rate  for  photo-excited  carriers  and  the  homoge¬ 
neous  linewidth  broadening  of  the  photoluminsence  spectra.  Therefore,  it 
:s  important  to  understand  the  effect  of  a  magnetic  field  on  both  acoustic 
and  optical  phonon  scattering  rates.  This  work  is  an  important  step  in  that 
direction. 
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FIGURE  CAPTIONS 


Figure  1:  A  quasi  oiie-aimensionai  structure  subjected  to  a  magnetic  iield 
in  the  z-direction.  Ihe  imcKness  is  smaii  enough  th.at  only  one  subband  is 
occupied  in  the  z-direction  at  ail  electron  energies.  Several  suDbanas  are 
occupied  in  the  v-direction. 

Figure  2  (a)  Electron-polar  acoustic  phonon  (piezoelectric i  emission  rate  as 
a  function  of  energy  for  electrons  in  the  lowest  magnetoeiectnc  suoband  in 
a  i.iaAs  quantum  wire.  'hi  the  absorotion  rate.  Energy  is  measured  from 
•  :ie  bulk  conduction  oand  edge.  The  width  ol  the  wire  is  500.4  miong  the 
y-  direction)  and  the  thickness  is  40  4  (along  the  z-direction i.  The  lattice 
■emperature  is  assumed  to  be  400  K.  The  solid  line  represents  the  rates  in 
Lhe  absence  of  a  magnetic  held,  the  short-dashed  line  the  rates  in  a  magnetic 
flux  density  of  4  tesla  and  the  dotted  line  the  rates  in  a  magnetic  flux  density 
of  10  tesla.  ;c)  The  scattering  rate  as  a  function  of  magnetic  flux  density. 
The  upper  frame  is  for  emission  ana  the  lower  for  absorption.  In  the  upper 
frame,  the  electron  energy  is  assumed  to  be  37  rneV  and  in  the  iower  frame, 
it  is  25  rneV. 

Figure  3  (a)  Elect ron-non  polar  acoustic  phonon  emission  rate  as  a  function 
of  energy  for  electrons  in  the  lowest  magnetoeiectnc  subband  in  a  CraAs 
quantum  wire,  ib)  t lie  absorption  rate.  The  structure  is  the  same  as  that 
;n  Fig.  2.  The  solid,  short-dasheo  and  iong-dashed  lines  represent  tha  same 
magnetic  flux  densites  as  in  Fig.  2.  (c)  The  scattering  rate  as  a  function 
of  magnetic  flux  density.  The  upper  frame  is  for  emission  and  the  lower  for 
absorption.  In  the  upper  frame,  the  electron  energy  is  assumed  to  be  37  rneV 
and  in  the  lower  frame,  it  is  25  meV. 

Figure  4:  Flic  y-romuonent  of  the  wave-functions  of  the  two  oppositely 
1  raveling  slates  m  ti,e  quantum  wire  at  a  magnetic  flux  density  oi  iai  0.05 
•esla  and  'In  |i)  rena.  ;  he  -tates  are  m  the  lowest  magnetoeiectnc  >u bbattd 
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.a  an  energy  ot'  20m 6 1  above  ■  ne  milk  conduction  band  edee.  fire  overlap 
between  these  two  states  is  reduced  significantly  by  the  magnetic  held  which 
-kews  the  magnetic  tieid  towards  opposite  edges  of  the  quantum  wire. 

Figure  5:  Electron-longitudinai  poiar  optical  phonon  scattering  rates  as  a 
function  of  energy  for  electrons  in  the  lowest  magnetoelectric  subbana.  ia) 
emission  rate  and  (b)  absorption  rate.  Again,  energy  is  measured  from  the 
bottom  of  the  bulk  conduction  band  edge.  The  solid,  short-dashed  and  long- 
dashed  lines  have  the  same  interpretation  as  in  Fig.  2.  (c)  The  upper  frame 
.$  the  emission  ana  the  lower  frame  is  the  absorption  rate  as  a  lunction  ot 
magnetic  flux  density.  In  the  upper  frame,  the  electron  energy  is  oO  meV 
and  in  the  lower  frame  it  is  10  meV. 

Figure  6:  Electron-iongitudinai  non  polar  optical  phonon  scattering  rates 
as  a  function  of  energy  for  electrons  in  the  lowest  magnctoelectric  subband, 
i a)  emission  rate  and  ibl  absorption  rate.  Again,  energy  is  measured  from 
the  bottom  of  the  bulk  conduction  band  edge.  The  solid,  short-flashed  and 
long-dashed  lines  have  tne  same  interpretation  as  in  Eig.  2.  if)  The  upper 
frame  is  the  emission  and  the  iower  frame  is  the  absorption  rate  as  a  function 
of  magnetic  flux  density.  In  the  upper  frame,  the  electron  energy  is  lb  meV 
and  in  the  lower  frame  it  is  10  meV. 

Figure  7:  Electron- surface  optical  phonon  scattering  rates  as  a  function 
of  energy  for  electrons  in  the  lowest  magnetoelectric  subband,  (a)  emission 
rate  and  (b)  absorption  rate.  Again,  energy  is  measured  from  the  bottom 
of  the  bulk  conduction  band  edge.  The  solid ,  short-dashed  and  long-dashed 
lines  have  the  same  interpretation  as  in  Fig.  2.  fc)  The  upper  lrame  is  the 
emission  and  the  lower  frame  is  the  absorption  rate  as  a  function  of  magnetic 
flux  density.  In  the  upper  frame,  the  electron  energy  is  60  meV  and  in  the 
lower  frame  it,  is  10  meV. 
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Supercomputing  with  spin  polarized  single 
electrons  in  a  quantum  coupled 
architecture 

S.  Bandvopaa  . . ay.  B.  Das  and  A.  E.  Miller 
Department  of  Electrical  Engineering 
University  of  Notre  Dame 
Notre  Dame.  Indiana  46556 

We  describe  a  novel  quantum  technology  for  uitraiast.  uitradense  and 
ultra-iow  power  supercomputing.  The  technology  utilizes  single  electrons 
as  Dinarv  logic  devices  in  wnich  the  spin  of  the  electron  encodes  the  bit 
information.  The  architecture  mimics  two  dimensional  cellular  automata.  It 
is  realized  by  iaying  out  on  a  water  regimented  arrays  ot  nanopnase  particles 
each  hosting  an  electron.  Various  types  of  logic  gates,  combinational  circuits 
lor  arithmetic  logic  units,  ana  sequential  circuits  for  memorv  can  oe  realized. 

The  technology  has  manv  advantages  sucn  as  i  i )  the  aDsence  01  pnysical 
interconnects  between  devices  i  inter-device  interaction  is  provided  by  quan¬ 
tum  mechanical  coupling  between  adjacent  electrons),  i  b)  ultratast  switching 
times  of  ~  1  picosecond  for  individual  devices,  ic)  extremeiv  high  bit  density 
approaching  10  Terabits/cm'.  i4)  non-volatile  memory,  )5)  rooustness  and 
possible  room  temperature  operation  with  very  high  noise  margin  and  relia¬ 
bility,  (6)  a  very  low  power  aeiav  product  for  switching  a  single  oit  i~  10'iO 
•Joules),  and  i  7)  a  very  small  power  dissipation  of  a  few  tens  of  nanowatts 
per  bit. 

We  describe  how  the  devices,  circuits  and  architecture  work,  and  then 
propose  a  new  fabrication  technology  for  realizing  these  chips. 
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I.  INTRODUCTION 


Recent  advances  in  material  growth  tecnniques  and  nanolithographv  have 
^pawned  numerous  proposals  for  novel  electronic  devices  with  superior  com¬ 
puting  performance.  The  most  notable  of  these  are  'quantum  devices'  and 
associated  "quantum  coupled  architectures ")  whose  operations  rely  on  quan¬ 
tum  mechanical  erfects  as  opposed  to  classical  effects1-9.  These  new  device 
ana  architecture  ideas  were  motivated  bv  the  belief  that  conventional  silicon 
•ecnnoloey  will  reach  its  limiting  performance  sometime  around  the  end  of 
'  his  renturv0.  vnereupon  entireiv  new  concepts  wiil  be  required  for  tne  next 
generation  of  electronics. 

While  the  oetief  regarding  silicon  technology  may  be  true,  none  of  the 
quantum  devices  proposed  so  far  has  succeeded  in  replacing  the  conventional 
silicon  transistor.  This,  in  turn,  has  prompted  some  skepticism1112-13  and 
raised  serious  questions  about  the  viability  of  practical  quantum  device  tech¬ 
nology.  It  is  currently  believed  that  quantum  devices  are  not  suitable  for 
integrated  circuit  implementation111213  since  that  would  tax  existing  mate¬ 
rial  and  fabrication  technology  beyond  the  realm  of  the  realistic.  Moreover, 
almost  ail  quantum  devices,  with  perhaps  the  sole  exception  of  resonant 
tunneling  devices,  are  restricted  to  operate  well  below  room  temperature 
i  typically  ~  1  K)  which  makes  them  impractical. 

To  overcome  the  drawbacks  of  generic  quantum  devices,  we  propose  a 
new  idea.  In  this  scheme,  the  logic  device  (computing  element)  is  a  single 
electron  whose  "spin"  encodes  the  bit  information.  The  two  possible  polar¬ 
izations  of  the  spin  represent  the  two  binary  bits.  Although  this  is  also  a 
"quantum  device',  it  is  very  different  from  the  more  familiar  quantum  m- 
terference  devices  where  the  bit  information  is  encoded  by  the  interference 
state  of  an  electron  and  switching  is  achieved  by  modulating  the  electron's 
phase.  Unlike  the  phase,  an  electron’s  spin  is  robust  and  cannot  be  flipped 


■•asi iv  nv  any  external  perttiroation  i  noise  i  except  a  strong  magnetic  neid. 
Therefore  "spin  devices  are  inherently  reliable  ana  are  practically  immune  to 
mectricai  noise!  Tills  attribute  sets  them  apart  from  other  quantum  devices, 
in  aadition.  switching  a  bit  requires  just  toggling  an  electron  s  spin  with 
no  physical  movement  of  charges  at  ail.  This  is  a  great  advantage  since  it 
eliminates  transit  time  limitations  on  the  switching  speed  and  also  resistance 
capacitance  l  RC )  time  constant  limits.  Most  importantly,  it  eliminates  prob- 
!ems  arising  from  charge  trapping  by  material  defects.  The  iatter  is  a  severe 
orooiem  in  devices  that  reiv  on  the  movement  of  charee  packets  for  switch- 
r.e.  ':nce  trapped  charges  are  immooile.  trapping  will  reduce  the  switcning 
speed  drasticailv.  This  is  a  devastating  problem  in  charge  coupled  devices** 
and  we  oeiieve  that  it  will  be  even  more  serious  in  recently  proposed  granu¬ 
lar  electronic  (quantum!  devices15  whose  switching  requires  the  movement  of 
precisely  one  or  a  few  electrons,  usually  by  tunneling.  Such  devices  will  be 
extremely  vulnerable  to  trapping  (unfortunately,  this  problem  is  not  often 
recognized  bv  proponents  of  granular  electronic  devices).  Trapping  is  a  prob¬ 
lem  in  any  device  that  relies  on  the  transfer  of  charge  packets16  and  it  will 
;e  more  severe  in  single-  or  tew-Hectron  devices  simply  because  if  tne  lone 
mectron  lor  one  out  of  a  fcvvi  gets  trapped,  the  failure  will  be  catastrophic. 
Therefore,  single  electron  devices  must  never  rely  on  the  physical  movement 
of  charges  tor  switching.  Our  single  electron  device  meets  that  criterion.  In 
tact,  we  believe  that  it  has  all  the  advantages  of  quantum  devices  such  as 
high  density,  high  speed,  low  power  dissipation,  etc.  while  having  none  of 
the  usual  disadvantages.  This  is  a  remarkable  advancement. 

This  paper  is  organized  as  follows.  In  the  next  section,  we  describe  quan¬ 
tum  coupled  architectures  in  which  physical  interconnects  between  devices 
are  replaced  by  quantum  mechanical  coupling.  The  advantages  of  such  an  ar¬ 
chitecture  are  highlighted.  We  then  describe  how  the  proposed  spin  polarized 
single  electron  logic  devices  realize  this  architecture  and  how  specific  circuit 
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;  inciions  are  impiemeruea.  .  ’ns  is  exemplified  by  i  lie  desiens  ui  various 
:oe ic  gates,  combinational  digital  systems  tor  arithmetic  logic  units,  and  se¬ 
quential  digital  systems  tor  computer  memory.  We  also  provide  a  description 
of  how  to  input  ana  output  binary  data  in  such  chips  i reading  and  writing 
operations ).  In  section  IV.  we  describe  a  novel  fabrication  process  for  creat¬ 
ine  such  a  chip.  Finally,  in  section  V.  we  compare  this  new,  revolutionary 
technology  with  other  existing  technologies,  and  then  in  section  VI  present 
the  conclusions. 
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II.  QUANTUM  COUPLED  ARCHITECTURES 

The  idea  of  ouamum  couDied  interconnectless  cnips  in  which  Quantum  me- 
nanicai  coupling  between  quantum  devices  replaces  pnvsicai  interconnects 
■wires)  dates  oacK  to  at  ieast  1987°.  The  preferred  architecture  for  such 
chips  is  ceilular  automata  since  it  is  most  synergistic  with  quantum  coupling. 
Quantum  coupling  is  snort-range  and  couid  only  work  in  architectures  that 
have  nearest  neienbor  interaction.  Cellular  automata  not  only  meets  this 
requirement,  but  ,i  aiso  aiforns  massive  parallelization  and  is  known  to  be 
fault  •oierant"'  '  Moreover.  is  ideal  for  ■-ineie  electron  devices  which 
necessarily  nave  ~:ruul  fan  n  ana  fan  out  because  they  contain  only  a  single 
■  dectron.  Finally.  :  lie  ceiluiar  automata  architecture  can  perform  any  desired 
memory  or  iogic  function,  and  in  some  special  cases  is  more  efficient  than 
other  architectures. 

Researchers  at  Texas  Instruments  have  proposed  specific  impiementa- 
Uons  ot  quantum  coupied  integrated  circuits  utilizing  ceilular  automata 
architectures0-  '  These  circuits  have  no  pnvsicai  interconnects  between  de¬ 
ices  and  inter  device  communication  is  achieved  throuen  a  variety  ot  cou¬ 
pling  mecnamsms.  !n  one  -cherne.  the  devices  are  quantum  dot  resonant 
tunneling  devices  and  signal  is  transferred  from  one  device  to  the  next  via 
tunneling  ot  electrons0.  Switches  and  logic  gates  i  INVERTERs,  NAND  and 
NOR  gates)  have  been  designed  using  this  scheme0.  Also  more  complicated 
logic  functions,  such  as  Shannon  cells,  have  been  designed6.  In  addition  to 
tunneling,  other  possible  coupling  mechanisms  that  have  been  proposed  are 
electrostatic  lor  capacitive i  coupling  .  optical  coupling,  acoustic  coupling-*, 
etc. 

The  elimination  ot  physical  interconnects  between  devices  is  an  important 
conceptual  leap  in  the  area  of  ultra  large  scale  integrated  circuits  since  phys¬ 
ical  interconnects  pose  the  ultimate  obstacle  to  further  miniaturization*0 
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However,  it  must  aiso  be  understood  that  not  ali  connecting  wires  on  a  cniD 
■  an  be  eliminated,  liven  thouen  the  ones  Detween  devices  can  be  eliminated, 
‘he  chip  itself  must  communicate  with  the  external  world  i  power  supply,  ter¬ 
minals.  other  cnips  etc.)  througn  physical  wires.  Therefore,  at  least  some 
devices  on  a  chip  must  be  connected  to  wires  that  will  carry  information  back 
ana  forth  from  the  external  world.  These  devices  will  act  as  input/output 
ports.  The  Texas  Instruments  iTT)  group  s  suggestion  was  that  these  devices 
be  placed  at  the  periphery oi  the  chip  for  a  simple  technological  reason.  Bond- 
n?  oaas  tvpicailv  consume  ' ne  area  occupied  by  several  hundred  thousand 
levices.  Therefore.  t  would  not  oe  possible  to  bona  to  individual  ntra- 
-mail  devices  at  the  center  ot  the  cnip  i  where  packing  is  densest  to  iaciiitate 
-nort  range  quantum  coupling)  since  even  the  most  sophisticated  bonding 
technique  would  not  have  that  kind  of  spatial  resolution.  Therefore,  it  is  ad¬ 
visable  to  wire  only  devices  at  the  edges  of  a  chip  (where  packing  is  relatively 
sparse i  and  provide  i  write i  or  retrieve  tread)  data  only  to  and  from  these 
devices.  This  elegant  scheme  is  adopted  in  almost  ail  interconnectless  archi¬ 
tectures.  including  ours.  In  our  scheme,  data  is  input  to  electrons  i devices i 
■;t  •  lie  «iees  of  the  chin  wnicn  communicate  them  to  internal  electrons  via 
quantum  coupling.  The  internal  electrons  then  perform  the  computation  and 
■'onvev  the  result  toother  peripheral  electrons  (again,  by  quantum  coupling) 
from  which  the  resuit  is  read.  This  avoids  the  necessity  to  access  internal 
electrons. 

Another  important  idea  that  was  implicit  in  the  TI  scheme  was  the  con¬ 
cept  of  using  devices  that  are  in  their  physical  ground  states  to  perform  the 
computation.  The  internal  devices  on  a  chip  are  in  their  ground  states  since 
they  are  not  connected  to  any  power  source.  External  energy  is  provided 
to  them  only  when  they  receive  input  from  their  nearest  neighbors  through 
quantum  mechanical  or  other  types  of  coupling.  After  receiving  such  inputs, 
tne  devices  again  decay  to  their  ground  states  (which  may  be  a  different 
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:rouna  'rate  ;rom  *  ne  one  mat.  mev  >vere  m  prior  m  receiving  me  data; 
many  distinct  nut  energetically  degenerate  ground  states  are  possible!.  It  is 
'he  new  ground  state  connguration  ot  the  devices  that  contain  the  resuit  of 
i  he  computation*1  The  advantages  ot  ground  state  computing  are  the  in¬ 
herent  stability  of  the  device,  improved  noise  immunity  i  noise  perturbations 
may  cause  the  device  to  stray  from  the  ground  state,  but  it  will  ultimately 
relax  back  to  the  ground  state!  and  the  elimination  of  the  need  to  provide 
refresh  cycles  that  are  responsible  for  about  80  %  of  the  power  consumption 
of  a  conventional  cmp.  These  are  maior  advantages. 

\  -cneme  that  virtually  tanes  me  concept  of  ground  state  rompuung 
:n  an  interconnectless  architecture  to  its  perfection  was  recently  proposed 
by  Bakshi  and  co-workers**  In  this  scheme,  regimented  arrays  of  elongated 
semiconductor  quantum  dots  (termed  "quantum  dashes')  are  fabricated  on  a 
wafer  with  dimensions  small  enough  that  each  dash  contains  a  single  electron. 
With  the  right  arrangement  and  geometry,  the  ground  state  of  this  array 
wiil  be  such  that,  the  lone  electron  in  each  dash  will  be  displaced  towards 
one  or  the  other  edge  of  the  dash  giving  rise  to  a  net  cnarge  polarization. 
The  noianzations  in  neignbormg  uashes  are  opposite  when  the  system  is 
:n  the  ground  state.  This  mimics  antiferroelectncity.  Each  dash  can  now 
act  as  a  binary  logic  device  with  the  two  possible  directions  of  the  charge 
polarization  representing  the  two  binary  bits.  Computation  is  performed  bv 
providing  input  to  i orienting  the  polarizations  in)  peripheral  dashes.  These 
polarization  modify  those  in  the  neighboring  dashes  and  the  effect  propagates 
:n  a  domino-tvpe  fashion  through  the  entire  array.  The  final  configuration 
ot*  the  individual  polarizations  in  the  dashes  (the  new  ground  state)  will 
represent  the  result  of  the  computation.  Our  own  computing  paradigm  is 
identical  to  this  scheme,  except  that  we  deal  with  electron  spin  rather  than 
cnarge  polarization.  The  advantages  of  this  are  that  we  obtain  much  better 
bistability  of  the  individual  logic  devices,  muen  faster  switching,  improved 


miiaDilitv.  uigner  noise  margin.  <-tc. 

Another  scheme*'1,  inspired  by  rne  worK  ot  Baksm  et.  ai..  proposed  using 
rive  semiconductor  quantum  dots  arranged  in  the  snape  ot  an  X  to  lorm  a 
,ineie  logic  device.  Each  iimb  ot  the  X  ends  in  a  dot  and  a  central  dot  is 
placed  where  the  limbs  cross.  There  are  only  two  electrons  in  the  entire  device 
which  occupy  either  the  two  pivotal  dots  in  one  limb  or  those  in  the  other. 
This  gives  rise  to  two  possible  (  mutually  perpendicular)  charge  polarizations. 
These  two  polarizations  represent  the  two  binary  bits.  Switching  a  bit  would 
reauire  the  two  electrons  ;r.  a  nmo  to  tunnel  through  the  central  dot  ana 
jccudv  the  pivotal  rots  in  the  other  nmo.  This  would  reverse  tne  poiariza- 
Mon.  Presumably  such  a  scnerne  affords  better  bistability  than  the  scheme  of 
Bakshi  et.  ai.:3  I  ntortunatelv.  sucn  a  scnerne  is  also  replete  with  difficulties 
and  has  more  disadvantages  than  advantages.  Firstly,  it  requires  physical 
movement  of  precisely  one  electron  from  a  dot  to  another  and.  as  stated  be¬ 
fore.  trapping  of  that  electron  in  any  one  dot  would  result  in  catastrophic 
failure.  To  avoid  trapping,  the  devices  must  be  switched  (electrons  trans¬ 
ferred)  extremeiv  slowiv10  slower  than  trapping/detrapping  times  whicn  in 
most  semiconductors  is  about  1  useci.  This  will  make  such  devices  orders 
of  magnitude  slower  than  even  conventional  devices.  Secondly,  devices  that 
rely  on  tunneling  inherently  suffer  from  irreproducibihty 31  Tunneling  proba¬ 
bility  and  tunneling  speed  are  exponentially  sensitive  to  barrier  heights  and 
widths  which  cannot  be  controlled  with  absolute  precision11  Consequently, 
tunneling  devices  will  have  widely  varying  characteristics,  even  when  they  are 
fabricated  by  the  same  process  on  the  same  wafer.  Devices  with  such  wide 
variability  are  unsuitable  for  high  density  integrated  circuits  where  billions 
of  devices  with  nominally  identical  characteristics  must  be  fabricated  with  a 
high  degree  of  reproducibility.  This  problem  of  course  affects  the  TI  scheme 
as  well  since  it  proposes  to  use  resonant  tunneling  devices.  However,  there 
'he  trapping  problem  at  least  is  not  senous  since  the  devices  are  not  single 


3 


■•lectron  devices.  On  me  •<:  r.er  r.anu.  ’tie  'fneme  m  Bakshi  u.  uses 

-meie  electron  devices  tnat  .10  require  some  physical  movement  oi  cnarge. 
Therefore,  rnev  are  not  entireiv  immune  to  trapping.  ;ut  the  problem  may 
.not  be  as  serious  as  in  some  otner  single  electron  devices.  In  Bakshi  s  scheme, 
electrons  have  to  move  within  the  same  quantum  dash,  not  between  two  dif¬ 
ferent  quantum  dashes  and  more  importantly,  the  movement  of  charges  is  not 
accomplished  by  tunneling.  It  is  the  combination  of  single  electron  transfer 
and  transfer  bv  tunneling  tnat  may  be  lethal.  Considering  these,  the  scheme 
1  Bakshi  et.  al."!  an  pear  to  :>e  'he  nest  among  the  three  described  so  far. 

Mthougn  Bakshi  s  scneme  is  ouite  eiegant.  it  has  some  drawnacKs.  The 
maior  drawback  is  tnat  the  transfer  cnaracieristic  for  switching  is  not  suffi¬ 
ciently  non-linear  1  in  other  words,  the  bistability  is  not  sufficiently  “hard’). 
This  reduces  the  noise  margin  and  device  gain.  In  our  scheme,  which  is 
similar  to  that  of  Bakshi  et.  al..  we  resolve  this  particular  problem  by  repre¬ 
senting  a  logic  bit  with  an  inherently  binary  quantity,  nameiv  eiectron  spin, 
f’niike  charge  polarization,  which  is  an  analog  variable,  spin  polarization  in 
a  ouantum  system  is  a  binarv  digital  variable.  It  can  have  only  two  possible 
polarizations  -  'up  and  "town',  and  nothing  in  between.  1  he  immediate 
advantage  of  this  is  that  device  gain  is  no  ionger  a  relevant  consideration  and 
the  reliability/ noise  margin  improves  dramatically. 
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III.  COMPUTING  WITH  SPIN  POLAR¬ 
IZED  SINGLE  ELECTRONS 

The  concept  oi  using  electron  spin  i  an  inherently  bistable  quantity  i  repre¬ 
sent  binary  b  originated  with  Feynman.  However,  in  order  to  realize  actual 
logic  functions  and  computing  circuits,  we  nave  to  meet  tour  other  require¬ 
ments  that  are  beyond  the  simple  bistability.  These  lour  requirements  are: 
■ai  a  mechanism  for  ^witching  between  the  logic  states.  |b)  a  layout  scheme 
•q  realize  different  circuit  topologies  lor  different  logic  functions  i  these  will 
•‘norm  ;:.e  desired  computations'.  .  :  a  < otnmunication  method  i intercon¬ 
nection  •  between  diiferent  logic  devices  to  iransier  miormation  oacK  anu  lorth 
for  computation  <  lor  t  his.  t  he  state  oi  one  logic  device  must  determine  that  of 
its  nearest  neighbor  if  we  adopt  a  cellular  automaton  approach),  and  (d)  the 
ability  to  read  and  write  bit  information  in  selected  ( input/output  I  devices 
which  provide  the  iink  between  the  chip  and  the  external  world. 

The  lirst  requirement,  namely  switching  a  device  lrom  one  logic  state  to 
.mother,  is  accomplished  by  dipping  an  electron's  spin,  either  with  a  locailv 
moiled  magnetic  held  lexternailv  induced),  or  by  magnon  coupling  betwt 
wo  nearest  neighbor  electrons  i internally  induced i.  Ihe  former  is  i he  mech¬ 
anism  for  writing  bits  (input  operation  t  and  the  iatter  occurs  whenever  the 
computation  process  requires  one  device  to  switch  its  neighbor.  A  local  mag¬ 
netic  held  can  ue  applied  bv  a  spin  polarized  scanning  tunneiing  microscope 
•  SPSTMH4,25,26  ‘id.  We  will  discuss  this  in  more  detaii  later  on. 

The  second  requirement  is  met  by  fabricating  single  electron  ceils  and  then 
laving  out  these  cells  in  various  two  dimensional  patterns  '■  by  some  patterning 
schemei  to  realize  different  circuit  topologies.  The  spatial  arr:  'gemerit  ot 
i  hesc  ceils  determines  how  the  sineie  electrons  i  logic  devices  I  arc  connected  to 
••ar.ii  other  and  this  realizes  various  circuits.  The  entire  chip  can  be  fabricated 
oi  thL  wav. 
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.  he  i hire;  requirement  o:  nuer-<iev:re  ■  ommunication  ;s  accompusneu  ov 
quantum  mechanical  i spin-spin  ur  maenon;  coupling.  The  spin  ot  one  eiec- 
"ron  affects  that  ot  its  neighbor  m  me  following  way.  It  is  energetically 
lavoraoie  tor  two  nearest  neighbors  to  nave  opposite  spins  i  we  will  snow  ,  n;s 
later  i.  Therefore.  when  the  spin  ot  one  electron  is  switched,  the  neighbor 
:eeis  it  since  the  system  goes  to  an  excited  state.  The  system  can  relax 
fo  the  ground  state  only  if  the  neighbor  Hips  its  own  spin  by  emitting  a 
nnonon.  This,  in  turn.  Hips  the  spin  of  the  next  electron,  and  so  on.  The 
■feet  ngain  orooagates  in  a  dornino-uke  fashion  until  the  entire  svstem  of 
•lertrons  nas  acnievea  a  new  ground  state  spin  configuration.  Intormauon 
:s  mere'ore  transmuted  across  the  entire  chip  by  perturbations  that  act  r' 
-pin  waves'"'.  These  waves  typically  nave  speeds  that  are  aben  two  10 
three  orders  of  magnitude  smaller  than  the  speed  of  light. 

Finally,  the  last  requirement  of  reading  and  writing  bit  information  in 
‘elected  elements  is  tulfilled  through  the  use  of  spin  polarized  scanning  tun¬ 
neling  microscope  mPSTM)  1 1 ps-4  ‘5  26  These  tips  can  orient  i  write)  the 
‘Din  of  an  electron  in  a  chosen  ceil  by  creating  a  localized  magnetic  Held 
:  t  r.  atomic  resolution  and  a  iso  measure  i  read  i  the  spin  polarization  in  an 
:<oiatea  ceil  from  trie  magnitude  ui  the  spin-dependent,  unneiing  current.  In 
he  next  subsections,  we  she-  /  all  this  actually  accomplished. 

Single  electron  logic  devices,  circuits  and  architecture 

!n  this  subsection,  we  explain  iiow  single  electron  logic  devices,  circuits 
and  architecture  work.  Ti>  do  this,  we  first  show  that  anv  two  nearest  neign- 
bor  electrons  i  whose  wavetunctions  overlap;  tend  to  have  then  spins  antipar- 
.ai lei.  This  is  caused  by  t.'ouiomb.  exchange  and  correlation  interactions.  This 
.  LiferroTTiaqnetic  ovan  ;  i  wnicii  realizes  a  natural  inverter;  is  the  only  fea- 

■  that  is  necessa  .pleineniing  any  logic  function.  It  forms  the  sole 

oasis  oi  the  computing  uaiauigni. 
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\ nt iferromaeneuc  ordering  m  .1  ;  wo  neciron  system  !  :n  wht  :n  '.tie  *  wo 
electrons  are  conrined  to  two  weil-separated  core  potentials)  is  actually  well 
known*8,29  It  ■:  the  famous  Heitler  London  result  ana  its  popular  exam¬ 
ple  :s  the  Hydrogen  molecule.  In  contrast,  a  system  ot  many  'more  than 
two i  electrons  is  not  necessarily  antiferromagnetic.  However,  if  we  consider  a 
one-dimensional  array  (the  so-called  Heisenberg  chain i.  then  the  net  spin  of 
the  arrav  must  vanish20  which  is  compatible  with  (although  not  a  sufficient 
condition  fori  antiferromagnetism.  The  pure  antiferromagnetic  i  Neel i  state 
:n  a  one-dimensionai  cnain  mav  be  unstable  against  a  variety  ot  otner  states 
-ucn  as  Anoerson  s  r^sonantinz  vaience  bond  state-"1.  -  Me  spin  Pod  state**, 
'he  magnetic  discommensurate  state23,  and  the  spin-Peierls  state*'1  All  of 
these  are  also  possible  ground  states  in  one  dimension-15  Nonetheless,  anti¬ 
ferromagnetism  is  the  likely  ground  state  in  finite  linear  chains  ot  quantum 
confined  electrons  (confined  in  isolated  ceils)  because  quantum  confinement 
keeps  the  electrons  apart  and  inhibits  dimerization  which  is  required  for  the 
other  states. 

Many  logic  circuits  and  ioe'c  gates  require  iinear  arrangements  (chains) 
of  electrons  i  these  chains  mav  oe  rectilinear  or  curvilinear  i.  In  these  cnains. 
'he  spins  of  neighboring  electrons  will  be  antiparallel.  Such  antiferromag- 
netic  chains  have  been  analyzed  by  Bethe*9.  Other  circuits  may  require  two 
dimensional  arrangements  of  electrons.  A  two  dimensional  array  of  spins  is 
basically  a  two  dimensional  Ling  model.  If  we  describe  it  by  the  Heisen¬ 
berg  spin  Hamiltonian  with  only  nearest  neighbor  interactions,  then  all  that 
is  required  to  obtain  antiferromagnetism  in  such  a  system  is  that  the  ex¬ 
change  splitting  (energy  difference  between  the  singlet  and  triplet  states  of 
two  neighboring  electrons)  be  negative *9  We  know  this  to  be  the  case,  so 
:  hat  antiferromagnetism  is  the  likely  ground  state  in  a  two  dimensional  array 
of  single  electron  cells  as  well. 

The  tact  that  antiferromagnetism  is  preferred  does  it  also  guarantee 
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•  fiat  ;t  ;s  stable.  For  a  .one  t:me  it  was  neiievea  : hat  aiuiterromaenetism 
in  a  one-  or  two-dimensional  ising  mooei  is  not  <taDle  against  lattice  per¬ 
turbations  'pnononsi  ana  spin  waves  ■  magnons  i*936  However,  it  is  now 
anderstoou  that  the  instability  occurs  oniy  in  infinite  systems,  whereas  finite 
'Vstems  are  theoretically  stable3'.  Therefore,  it  is  possible  to  sustain  stable 
antiferromagnetism  in  a  finite  [sing  system  of  restricted  size. 

The  phase  transition  to  antiferromagnetism  in  a  two  dimensional  Ising 
system  occurs  at  a  temperature  T,  which  is  given  by  the  Onsaeer  relation*9 


a  i  L  —  v  -  i 


wnere  J  is  theexcnange  splitting.  We  wouid  want  this  pnase  transition  tem¬ 
perature  to  exceed  room  temperature  so  that  the  antiferromagnetism  may 
be  sustained  at  room  temperature.  This  would  allow  room  temperature  op¬ 
eration  of  the  circuits.  Obviously,  this  can  be  ensured  only  by  making  the 
e.xcnange  splitting  jVi  sufficiently  large.  This  also  causes  a  large  energy  differ¬ 
ence  between  antiferromagnetic  and  ferromagnetic  ordering  which  improves 
the  noise  margin  since  it  decreases  the  probability  of  erratic  spin  dips.  This 
prooabiiitv  is  ~  *  mi  — viT’  at  a  temperature  T.  For  it  to  be  -maii.  we 
require  the  magnitude  ol  u  be  large. 

Fortunately,  uniike  in  a  naturai  system,  the  exchange  splitting  J  in  an  ar¬ 
tificially  structured  two  dimensional  array  can  be  engineered.  The  magnitude 
of  trie  splitting  depends  on  two  factors:  \a)  the  separation  between  adjacent 
single  electron  cells,  and  l  b»  the  size  of  the  cells  which  determines  the  degree 
of  quantum  confinement  for  each  electron.  By  adjusting  these  parameters, 
we  can  make  J  sufficiently  large  to  allow  room  temperature  operation. 

To  determine  the  right  range  of  parameters  for  making  1  sufficiently 
large,  we  have  calculated  J \  exactly  for  a  model  iwo  electron  system  by 
solving  the  pertinent  Schrodinger  equation  numerically. 

The  Schrodinger  equation  describing  two  eiectrons  in  two  quantum  boxes 
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wnere  V'  is  the  potential  profile  seen  bv  the  electrons  ana  we  model  it  by  the 
prohle  shown  in  Fig.  1.  The  above  equation  treats  the  effects  of  Coulomb, 
direct  exchange  and  correlation  interactions  exactly.  Since  we  are  dealing 
with  well-locaiized  electrons  and  not  treating  magnetic  ions,  we  can  neglect 
'uperexchange.  indire<  t  excnange.  itenerant  exchange  and  dipole  interactions 
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The  aoove  equation  ana  its  simpler  time-independent  version  i  tor  steaav- 
-tate  dynamics  i  have  been  solved  numerically  by  a  number  of  researcners 
including  one  of  us38-39.  From  these  solutions,  we  have  found  that  |Jj  can  be 
larger  than  100  meV  if  the  cells  have  a  diameter  of  20  A  and  are  separated 
from  each  other  by  10  A  .vide  and  1  eV  high  barriers.  Fortunately,  these 
parameters  can  be  realized  in  nanophase  systems  that  we  will  describe  later. 
We  aiso  find  that  with  these  parameters,  the  critical  temperature  tor  phase 
'ransition  to  antiferromaenetism  isee  Equation  ill)  :s  ~  2600  K  itheoreti- 
•  any  i  which  is  mucn  aoove  room  temperature.  This  ailows  room  temperature 
operation. 


Logic  gate  realization 


We  now  demonstrate  the  design  of  various  logic  circuits.  For  these  de¬ 
signs.  all  that  we  need  to  assume  is  one  basic  property:  nearest  neighbor 
electrons  have  opposite  spins  i  antiferromagnetic  ordering).  We  will  adopt 
the  convention  that  the  "up  spin  state  is  logic  level  1  and  the  "down  spin 
state  is  logic  level  0.  Interconnectless  logic  gates  in  quantum  coupled  ar¬ 
chitecture  were  also  designed  in  Ref.  6,  7,  22  and  23.  We  not  only  design 
logic  gates,  but  ultimately  show  how  complete  combinational  and  sequen¬ 
tial  digital  systems  such  as  half-adders  and  flip-flops  can  be  constructed.  To 


14 


,ur  Knowledge.  :  ,i;s  is  c;e  ■; rst  uesien  ui  Mien  <  ompiete  -vstems  in  uuantum 
oupiea  arcnitectures. 

NOT  gates  (inverters): 

It  is  obvious  that  a  system  of  iust  two  coupled  electrons  ( in  cioseiv  spaced 
cells)  constitutes  a  natural  inverter.  If  the  spin  of  one  is  "up" .  then  the  spin  of 
the  other  must  be  "down"  anci  vice  versa  since  the  ordering  is  antiferromag¬ 
netic.  Therefore,  if  we  consider  the  electron  spin  in  one  cell  to  be  the  input 
.-.no  the  other  to  i)e  the  output,  the  output  will  alwavs  be  the  inverted  version 
i  :  pe  input.  This  realizes  a  XOT  .ate  which  is  scnematicailv  demoted  in 
Fie:.  1. 

AND  and  NAND  gates: 

To  construct  a  NAND  gate,  consider  three  equally  spaced  cells  in  a  linear 
rnain  i  Fig.  3(a) ).  The  two  extreme  cells  are  the  two  input  ports  and  the  one 
in  the  middle  is  the  output  port.  If  the  spins  in  the  two  extreme  ceils  are 
oriented  "up"  i  i.e.  noth  inputs  are  held  at  logic  level  1 ),  then  the  spin  in  the 
middle  ceil  must  be  "down  !or  antiferromagnetic  ordering.  Simiiarlv.  it  is 
"asv  to  see  that  wnen  the  inputs  are  neid  at  logic  level  0.  the  output  wiil  be 
.it  1. 

Now.  if  one  of  the  inputs  is  i  and  the  other  is  0.  then  the  output  can  be 
either  1  or  0  since  these  two  possibilities  are  energetically  degenerate.  We  can 
resolve  this  degeneracy  by  applying  a  weak  external  magnetic  Held  { globally 
on  (he  entire  chip)  which  induces  a  small  Zeeman  splitting  (smaller  than 
the  exchange  splitting  J  I  between  the  "up’”  and  "down"  spin  states  .  The 
direction  of  this  held  is  such  that  the  "up"  spin  state  is  favored.  Therefore. 
:f  any  one  of  the  two  inputs  is  at  logic  level  1.  then  the  output  will  also  be 
at  logic  level  1 . 

We  have  now  realized  the  following  truth  table: 
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Input  1  : 

Inout  2 

Outmit 

i 

i 

0 

•  1 

0 

1 

Ij 

L 

i 

0 

0 

i 

!t  is  easy  to  see  that  the  above  table  is  that  of  a  NAN'D  gate.  Therefore, 
we  nave  realized  a  NAND  gate. 

The  NAND  gate  can  be  easiiv  converted  to  an  AND  gate  bv  directing 
he  output  ot  the  NAND  gate  througn  an  inverter.  This  requires  tour  ceils 
r.  a  non-unear  «  nain.  The  two  extreme  ceils  are  the  input  ports  ana  trie  one 
orf  the  line  is  the  output  port.  The  spin  orientations  in  the  various  ceils  for 
various  inputs  are  also  shown  in  Fig.  .Kb).  It  can  be  easily  vertied  from  this 
diagram  i  which  is  essentially  the  "truth  table'"!  that  this  svstem  is  an  AND 
gate. 

OR  and  NOR  gates 

The  OR  gate  can  be  realized  from  NAND  gates  and  inverters  through 
an  application  ot  De  Morgan's  law  of  Boolean  algebra.  This  law  states  A  B 
-  -!  —  B.  where  .1  and  B  are  two  binary  Boolean  quantities.  The  right 
hand  side  ot  the  above  equality  is  the  UR  function  of  two  quantities  A  and 
B.  Therefore,  an  OR  gate  can  be  realized  by  realizing  the  left  hand  side  of 
the  equality  vising  NAND  gates  and  inverters.  The  nanophase  realization  is 
shown  in  Fig.  4. 

Exclusive  OR  ga'ies 

Exclusive  OR  gates  can  be  realized  by  using  the  exclusive  OR  relation  Y 
=  i4  +  B)(AB)  =  \  AB){AB),  where  A  and  B  are  two  inputs  and  Y  is  the 
output.  The  nanophase  array  in  Fig.  5  is  an  exclusive  OR  gate. 


16 


Combinational  digital  systems  for  arithmetic  logic 
units 

A  d’gitai  computer  is  required  to  perform  only  two  oasic  types  oi  (unc¬ 
tions:  logic  operations  and  memory  storage40.  Logic  operations  are  acheived 
through  combinational  digital  systems  (consisting  of  logic  gates i  wnile  ran¬ 
dom  access  memory  (RAM)  can  be  realized  through  sequential  digital  sys¬ 
tems.  In  the  following  example,  we  design  the  most  basic  combinational 
digital  system  used  in  an  arithmetic  ioeic  unit.  It  is  the  binary  naif  aader. 

in  a  naif  adder.  ;f  .1  ana  B  are  two  oinarv  addends.  A  the  mm.  .7'  me 
■Meit  indicating  me  iast  <;ieit  oi  t  he  sum  and  C  the  carry,  then  D  is  the 
exclusive  OR  function  of  .1  and  B.  ii.e.  D  =  [A  B)(AB)a0^  while  C  is  ttie 
AND  function  of  A  and  B.  The  schematic  realization  of  a  half  adder  is  snown 
in  Fig.  t>(at  and  the  actual  realization  with  single  electron  cells  is  shown  in 
Fig.  bib).  The  chip  area  consumed  bv  such  a  system  is  only  about  3000  A2 
which  promises  extremely  nigh  functional  density. 

In  a  similar  tasnion.  one  can  construct  code  converters,  parity  cnecKers. 
oaritv  encoders,  multiplexers,  etc.  These  circuits  are  of  course  more  compii- 
■  atea  and  are  not  presented  in  this  paper. 

Sequential  digital  systems  for  random  access  memory 

As  an  example  of  a  sequential  digital  system  for  memory,  we  show  the 
design  of  an  SR  Pup  Pop.  The  nanophase  realization  is  shown  in  Fig.  7.  The 
reader  can  verify  that  it  indeed  performs  as  required.  Other  types  of  flip- 
flops  such  as  J-K  and  master-slave  J-K  can  also  be  constructed  in  a  similar 
fashion.  From  these  flip-Pops.  all  basic  memory  circuits  such  as  shift  registers 
and  counters  can  be  constructed40. 
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Reading  and  writing  operations:  orienting  and  detect¬ 
ing  electron  spins  in  single  electron  cells 

We  now  address  a  very  critical  component  of  any  computing  scheme, 
namely  the  READ/WRITE  mechanism.  The  WRITE  operation  will  align  an 
electron  s  spin  in  a  single  electron  cell  (which  will  be  a  few  atom  particle)  to 
the  desired  orientation,  while  the  READ  operation  will  detect  the  orientation. 
For  both  operations,  we  need  to  access  individual  ceils  with  virtually  atomic 
•'/•solution.  This  can  he  achieved  with  a  spin-poiarized  scanning  tunneling 
mcroscone  •  SPSTM)  wmcn  oiter«  the  atomic  resolution  as  weii  as  the  aoiiitv 
'o  couple  to  an  electron's  spin. 

cince  their  inception11,  scanning  tunneling  microscopes  (STM)  have  been 
extensively  used  for  surface  analysis  of  atomic  arrangements  as  well  as 
nanotabrication1213  A  SPSTM  is  a  special  type  of  STM  in  which  the  probe 
is  constructed  from  a  magnetic  material.  The  tunneling  current  in  this  case 
depends  on  the  magnetization  of  the  probe  (  the  spin  orientation  at  the  very 
'  ipi  as  well  as  the  magnetization  of  the  surface  (spin  orientation  of  the  surface 
atoms  i.  In  the  last  tew  years,  there  has  been  considerable  interest  in  SPSTM 
lor  tunaamental  studies  ot  surface  magnetism  as  well  as  developing  tecnniques 
for  magnetic  recording1,1.  Using  SPSTM.  spin  polarized  electrons  have  been 
observed  on  the  surfaces  of  SiO ?  and  Cr*'25.  Very  recently,  the  imaging  of 
magnetite  [Fc^O^)  was  reported  using  an  Fe  tip26.  Even  though  SPSTM  is  a 
relatively  new  technique,  the  results  obtained  in  the  past  few  years  show  that 
it  has  a  great  potential  for  magnetic  recording  and  detection  in  an  atomic 
scale.  We  believe  it  to  be  the  ideal  technique  for  spin  READ/WRITE  (spin 
alignment/spin  detection)  operations  in  single  electron  cells. 


Reading  mechanism 

The  READ  operation  will  be  performed  by  detecting  the  spin  polarization 
;n  selected  ceils  i  at  the  periphery  of  the  cnip)  with  SPSTM  tips.  A  number 
of  tips  will  be  used  for  this  purpose  as  schematically  shown  in  Fig.  S.  Each 
output  port  will  have  an  individual  tip  attached  to  it.  The  tips  themselves 
will  be  fixed  in  space  with  respect  to  the  chip  since  mechanical  motion  of 
prone  tips  during  reading  and  writing  would  slow  down  the  computational 
'Deed  unacceptabl v. 

The  wav  .iii  SPSTM  detects  smn  is  the  following.  In  .in  SPSTM.  '.he 
’unneiing  current  depends  on  the  relative  spin  polarizations  of  the  prooe  tip 
ana  the  atom  on  the  surface.  The  probe  tip  has  a  fixed  known  polarization. 
The  atom  on  the  surface  can  have  either  up-  or  down-  spin.  Thus,  from  a 
measure  of  the  tunneling  current,  the  spin  polarization  in  a  surface  atom  ior 
a  single  electron  cell)  can  be  determined  at  any  time.  Theoretical  estimates 
snow*5  'hat  the  difference  between  the  currents  for  the  two  spin  polarizations 
can  differ  by  a  factor  of  1  which  is  sufficiently  large  for  unambiguous  spin 
detection.  This  ailows  us  to  perform  the  READ  operation. 

Of  course,  certain  difficulties  can  be  encountered  in  the  READ  operation. 
These  are  due  to  magnetostriction  and  variations  in  cell  size  and  shape. 
Magnetostriction  can  cause  a  change  in  the  thickness  and  the  shape  of  the 
cell  (particle)  itself.  Since  the  gap  between  the  probe  tip  and  the  particle 
is  very  small  (  ~  1  A),  even  a  small  amount  of  magnetostriction  will  atfect 
the  tunneling  current.  This  problem  needs  to  be  investigated  in  detail  to 
estimate  its  importance.  A  possible  wav  to  alleviate  the  problem  is  to  use 
a  non-tnagnetic  probe  tip  to  measure  the  particle  height  under  two  different 
magnetizations  and  then  use  this  data  to  calibrate  the  reading  operation. 
The  effect  of  particie  shape  on  the  tunneling  current  will  have  to  be  also 
properly  taken  into  consideration. 
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Next.  -.vp  snomo  .uidress  :  :ie  ^election  oi  prone  materials  tor  "PSTM. 
A  number  of  criteria  have  to  be  satisfied  in  this  regard,  vine  important 
■onsideration  is  that  the  magnetization  of  the  probe  tip  should  no'  be  arfected 
by  tne  magnetization  of  the  device  ana  vice  versa.  This  will  be  difficult  since 
the  two  tips  will  be  in  very  close  proximity.  One  solution  to  thm  oroblem  is 
to  use  an  antiferromagnetic  up  like  chromium  (Cr)  which  does  not  influence 
•he  studied  surface  tnrougn  the  magnetostatic  field45.  Since  the  devices  are 
expected  to  operate  at  room  temperature,  an  additionai  restriction  on  the 
i id  material  is  that  it  snouid  have  Neel  or  Curie  temperature  aoove  room 
emDerature.  A  cst  oi  electrically  conducting  anuferrornaenets  with  Neel 
temperatures  higner  than  room  temperature  are  given  in  ref.  44.  A  few  of 
these  i MnPt.  MnNi  and  Cn  have  been  already  used  in  SPSTM  studies.  We 
feei  that  Cr  proDes  are  the  optimum  choice. 

Finally,  the  question  that  needs  to  be  answered  is  what  tne  size  ot  the 
SPSTM  peripheral  input/output  d'  "ices  would  be.  Regular  STMs  are  very 
much  larger  than  a  chip  so  that  the  use  of  STMs  may  seem  to  defeat  the 
■  ery  purpose  oi  integration.  Actually,  this  is  not  true.  We  uo  not  use  the 
'PSTMs  as  microscopes  and  we  do  not  scan  them.  Ail  we  need  are  the 
atomically  sharp  prone  tips.  These  can  be  embedded  or  vertically  pos.tionea 
on  the  chip  by  a  variety  oi  nanofabrication  techniques.  We  do  not  expect  the 
input/output  devices  to  consume  any  more  area  than  typicai  bonding  pads 
and  input/output  pins  in  a  regular  chip. 

Writing  mechanism 

The  WRITE  mechanism  will  polarize  the  spin  of  the  electron  m  an  input 
ceil  to  the  desired  orientation.  Again,  SPSTM  tips  will  be  used  for  this 
purpose.  To  polarize  an  electron's  spin  to  a  desired  orientation,  a  strong 
enough  magnetic  field  needs  to  be  generated  locally  (with  atomic  resolution 
and  range).  This  wiil  be  achieved  by  the  technique  described  below. 
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\  soft  magnetic  rirooe  wni  >e  oiacea  ;n  ciose  «  ontact  wum  Me  <  eii  <  par- 
'lciei.  Dunng  tne  writing  operation,  it  wiil  be  magnetized  electrically.  The 
magnetostatic  force  experienced  i  the  basis  for  Magnetic  Force  Microscope! 
is  expected  to  alter  the  spin  polarization  of  the  particle.  Probe  material  has 
to  be  selected  such  that  the  polarization  of  the  probe  is  not  altered  by  the 
magnetostatic  force.  Since  Fe  has  Deen  demonstrated  to  pertorm  weil  as  an 
SPSTM  tip*6,  soft  Fe  will  be  the  first  choice. 

Unidirectional  isolation  between  input  and  output 

in  aii  electronic  logic  devices,  a  necessary  requirement  is  mtairectionai 
isolation  between  input  and  output.  The  output  of  one  device  should  drive 
the  input  of  the  next:  but  the  iogic  state  of  this  next  device  must  not  influ¬ 
ence  the  logic  state  of  the  preceding  one-  In  other  words,  signal  must  flow 
umdirectionally.  This  is  accomplished  by  somehow  providing  unidirectional 
isolation  between  the  input  and  output  ports  of  a  logic  device.  This  means 
that  the  input  signai  determines  the  output  signal  but  not  vice  versa. 

!n  conventional  uevices.  this  is  accomplished  through  the  device  gam. 
The  input  signal  is  ampuneo  on  us  wav  to  the  output  port,  vnereas  the 
output  signal  is  attenuated  in  propagating  to  the  input  port.  Fufurlunateiy, 
spin  polarized  single  electron  logic  devices  have  no  gam  like  ail  other  granular 
electronic  devices.  While  this  does  not  pose  a  problem  with  noise  margin  or 
aignai  restoration  i since  electron  spin  is  robust  and  practically  immune  to 
electrical  noisei,  it  still  poses  a  problem  with  unidirectional  isolation. 

To  understand  why  this  is  so.  we  refer  to  Fig.  9.  There  are  two  NOT 
gates  in  series  and  Fig.  9(ai  shows  the  equilibrium  configuration  of  spins. 
Now  imagine  that  the  input  of  the  first  NOT  gate  is  flipped  by  an  external 
source  such  as  by  an  SPSTM  (Fig.  9(b)).  At  this  point,  the  spin  state  in 
the  central  cell  becomes  indeterminate  since  the  spin  the  right  cell  favors  the 
"npspin"  state  while  tne  spin  in  the  left  cell  favors  the  ‘downspin  ’  state.  If 
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ne  external  magnetic  netci  ;  reier  to  the  uiscussion  ot  AND  gatesi  tavors  tr.e 
"  ipspin '  state,  then  the  spin  in  the  central  ceil  will  not  rlip  in  response  to 
'he  external  input.  In  other  words,  the  hrst  NOT  gate  fails.  In  fact,  if  the 
external  input  (SPSTM)  is  removed,  the  spin  in  the  leftmost  cell  (input  port) 
wiil  hip  back  to  ‘upspinU 

The  above  is  an  example  of  the  input  being  determined  bv  the  state  of 
the  output  port  rather  than  the  reverse.  This  is  due  to  the  lack  of  unidirec¬ 
tional  isolation  between  input  and  output.  This  problem  was  probably  never 
'°coemzed  and  to  our  Knowledge  was  never  addressed  before  in  the  context 
u  eranuiar  electronic  devices.  Il>  oenere  that  this  is  t/ie  major  vrooiem  with 
~ucn  devices  and  may  ultimately  limit  their  applicability. 

\  possible  solution  to  this  problem  is  shown  in  Fig.  9(c).  We  change  the 
spacing  betwen  ceils  as  shown  in  Fig.  9(c).  Since  the  right  cell  is  farther  from 
>he  central  cell  than  the  left  cell,  the  left  cell  has  dominant  sway.  This  pro¬ 
vides  effective  unidirectional  isolation.  Unfortunately,  this  type  of  solution 
s  problem  specific.  Also,  increasing  the  separation  cannot  be  carried  on  in- 
■lennately  since  increasing  separation  also  decreases  the  strength  of  magnon 
■  ouDiing.  1  Itimately.  this  limits  the  number  of  logic  devices  that  can  be  used 
on  a  chip.  Wc  arc  presently  investigating  this  problem  in  greater  detail. 


IV.  FABRICATION  OF  SINGLE  ELEC- 
TRON  LOGIC  CHIPS 


Realization  of  single  electron  logic  chips  with  nanophase 
materials 

In  this  section,  we  address  the  fabrication  of  single  electron  logic  chips. 
The  schematic  view  of  such  a  chip  is  shown  in  Fig.  10.  There  is  a  dense 
arrangement  of  ceils  at  the  center  and  a  sparse  arrangement  at  the  periphery. 
Die  oeriDnerai  cciis  are  *  :ie  input,  output  norts  for  reading  and  writing. 

The  oovious  wav  to  rean2e  smeie  electron  ceils  would  he  to  use  conven- 
';onal  nanouthograpny  such  as  electron  beam  or  X-ray  iithography.  These 
techniques  could  aiso  iav  them  out  in  specific  patterns  to  implement  various 
circuit  topologies.  However,  we  ate  convinced  that  this  will  noi  worn  because 
of  the  damages  that  such  processes  inflict  on  the  structures.  The  reasons  are 
elucidated  later  on.  Therefore,  we  have  chosen  an  entirely  new  fabrication 
‘echmque  that  utilizes  nanophase  particles  for  single  electron  ceils.  The  pat- 
'erning  scheme  for  laying  out  these  cells  is  also  novel.  We  believe  tnat  this 
as  an  exceiient  chance  of  success. 

The  fabrication  of  single  electron  chips  requires  two  basic  amlities:  ia) 
deposition  of  nanophase  particies  \  single  electron  ceils  i  with  good  control 
over  size,  and  (b)  arranging  them  at  selected  positions  on  a  water  to  realize 
-he  various  circuit  topologies.  We  call  the  latter  component  "patterning"  in 
analogy  with  the  term  commonly  used  in  integrated  circuit  delineation. 

Nanophase  material  deposition 

The  ability  to  deposit  nanophase  particles  on  a  wafer  with  good  control 
over  size  is  well  developed  technique.  There  are  many  methods  by  which 
this  can  be  achieved,  but  the  gas  condensation  technique  has  been  the  most 
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>roaaiv  adopted.  [  lie  prooerties  and  deposition  tecnmques  have  been  ue- 
^crioed  bv  a  numoer  of  authors'0-12  anu  we  reier  the  reader  to  this  literature 
:or  iurther  elucidation.  Nanopnase  oarticies  01  -  .  have  been  oroauced 

.it  Argonne  National  Laboratory  ana  have  shown  that  a  significant  number  oi 
particles  have  diameters  below  10  A.  We  show  a  high  resolution  TEM  image 
of  ZnO  particles  deposited  on  Caroon  nims  in  Fig.  11.  The  particie  diameter 
is  around  90  A.  For  even  smaller  particie  size,  one  can  employ  rf  sputtering 
ot  the  source  material  for  deposition  wmch  can  produce  particles  in  the  20  - 
'0  A  ranee"3-0' 

Patterning  by  selective  area  nano  deposition 

To  achieve  the  desired  arrangement  of  particles  on  a  afer  lor  lealizing 
specific  circuit  configurations,  we  propose  to  employ  a  new  technique  that  we 
ca.il  selective  area  nano  deposition  (SAND).  In  this  technique,  the  deposited 
particles  are  made  to  nucleate  only  at  pre-selected  sites  on  the  wafer.  These 
iites  are  chosen  according  to  the  desired  arrangement  and  this  realizes  the 
patterning. 

There  are  iwo  ways  to  pre-seiect  nucieation  sites  with  atomic  resolution. 
They  are  described  below. 

•  Creation  of  charged  nucieation  sites 

In  this  method,  minute  amounts  of  charge  are  deposited  in  ultrasmall 
30  A  diameter)  sites  on  a  wafer  using  a  field  emission  STM.  An 
STM  can  be  made  to  operate  ;n  the  held  emission  mode  by  apply¬ 
ing  a  relatively  large  voltage  i~  150  V)  between  the  probe  tip  and 
the  substrate.  As  a  result,  a  very  narrow  electron  beam  is  extracted 
from  the  tip.  STMs  operating  in  the  held  emission  mode  have  been 
demonstrated  to  provide  3  am  resolution  for  imaging62. 

For  the  creation  of  a  nucieation  site,  the  STM  probe  tip  will  be  moved 


:o  the  desired  location  ana  nrougnt  nose  to  t  he  suostrate.  following 
this,  a  large  voltage  wiil  be  applied  to  the  probe  tip  wmcn  will  result  in 
a  very  tine  electron  beam  emanating  from  the  tip.  The  location  wnere 
the  electron  beam  strikes  the  suostrate  wiii  become  negatively  charged. 
Since  the  beam  diameter  is  very  small,  the  dimension  of  this  charged 
location  is  expected  to  oe  of  nanometer  scale.  The  STM  probe  tip  svill 
then  be  moved  to  the  next  iocation  and  another  negatively  charged 
sue  will  be  created.  This  is  repeated  (stepped  across  the  entire  wafer 
bv  computer  control!  :o  delineate  the  desired  arrav  pattern.  !f  the 
-uostraie  is  instiiaune.  tie  <  r.arees  >n  isolated  spots  will  not  ..>ak  .,ut. 
The  situation  is  analogous  to  the  creation  of  charged  spots  during  SEM 
Imaging  o!'  non-conducting  materials. 

After  the  patterning  is  complete,  the  nanophase  particles  are  deposited. 
They  will  preferentially  occupy  (or  migrate  to)  the  charged  sites  ow¬ 
ing  to  electrostatic  attraction,  especially  if  they  themselves  had  been 
charged  with  the  opposite  polarity  beforehand.  This  method  is  very 
similar  to  xerograpny  and  is  illustrated  in  Fig.  12. 

Once  the  particles  nave  migrated  lo  and  settled  down  in  tneir  nucieation 
sites,  they  remain  stuck  there  owing  to  electrostatic  attraction.  This 
mav  be  viewed  as  electrostatic  "bond"  formation.  The  excess  i  stray  i 
particles  which  did  not  find  nucieation  sites  to  form  such  bonds,  will 
be  removed  bv  passing  the  wafer  underneath  a  charged  stripping  piate 
whose  charge  is  opposite  in  sign  to  that  of  the  particles.  Finally,  we 
will  be  left  only  with  particles  in  the  desired  arrangement.  This  accom¬ 
plishes  the  patterning. 

One  disadvantage  of  this  scheme  is  the  following.  The  wafer  or  sub¬ 
strate  on  which  a  single  electron  logic  chip  is  fabricated  rru^t  be  con¬ 
ducting  since  STM  reading  and  writing  requires  conducting  substrates. 


However,  during  patterning,  it  lias  to  t>e  made  mmporanlv  insulating 
to  prevent  leaking  awav  of  the  deposited  cnarges.  A  possible  mecha¬ 
nism  for  achieving  this  is  to  use  cooled  GaAs  or  silicon  substrates.  At 
low  temperatures,  they  are  insulating  owing  to  dopant  "freeze  out “ .  but 
they  become  conducting  at  room  temperature.  Therefore,  cooling  the 
substrate  with  liquid  nitrogen  during  patterning  and  deposition  will  be 
necessary. 

•  Creation  of  nanometer  size  (uncharged)  holes  for  nucleation 

sites 

in  tms  scheme,  nanometer  sized  holes  are  created  by  indentation  using 
an  STM.  The  tecnnique  has  already  been  demonstrated  on  grapnite 
substrates1*3.  A  relatively  large  current  and  voltage  is  applied  between 
the  probe  tip  and  the  substrate  to  generate  these  holes.  In  ref.  63.  it 
was  also  claimed  that  gold  clusters  deposited  on  the  substrate  prefer¬ 
entially  occupy  these  holes.  This  is  exactly  the  S:\SD  technique  (there¬ 
fore.  there  is  already  some  existing  evidence  that  the  SAND  technique 
•vi i  1  be  successtuli.  The  advantage  of  this  particular  tecnnique  i  as  op¬ 
posed  to  i  ne  previous  technique  of  creating  chargea  sites  i  is  that  i  a|  it  is 
easier  and  has  already  been  demonstrated63,  and  (b)  one  does  not  need 
insulating  ubstrates  which  eliminates  the  need  for  substrate  cooling 
unlike  in  the  previous  scheme. 

The  final  issue  that  needs  to  be  addressed  is  the  stability  of  the  particle 
arrangement.  Even  without  electrostatic  attraction,  deposited  particles  stick 
to  the  surface  owing  to  surface  tension.  Therefore,  once  a  configuration  is 
attained,  it  may  be  maintained  indefinitely.  The  stability  under  adverse 
circ  uimain-Li,  such  as  under  elevated  temperatures  that  promote  Brownian 
motion,  needs  to  be  investigated. 


Mass  production 


The  process  of  pre-patterning  with  a  scanning  tunneling  microscope  is 
'lmnar  to  ‘direct  writing".  Although  effective,  it  has  the  same  drawback  as 
all  direct  writing  processes  -  it  is  very  time  consuming  and  not  suitable  for 
mass  production.  For  the  latter  purpose,  it  may  be  more  convenient  to  re¬ 
place  the  direct  write  process  with  a  technique  that  involves  exposure  through 
a  mask.  This  may  indeed  be  possible.  X-rav,  electron  beam  or  focused  ion 
beams  can  be  focussed  to  ~  10  A  and  therefore  can  pass  through  masks 
with  - : rn i lar  feature  sizes  without  significant  diffraction.  We  can  expose  se¬ 
lectee  areas  of  a  wafer  to  tnese  beams  through  masks.  Irradiated  areas  wiil 
become  temporarily  charged  or  indented  and  desired  patterns  can  be  realized 
in  tne  same  way  as  before.  The  only  difference  is  that  this  process  is  suitable 
for  mass  production  and  will  have  a  high  throughput,  although  it  requires  a 
muen  "larger  capital  investment. 

Advantages  of  Selective  Area  Nano  Deposition  (SAND) 

It  may  appear  unusual  that  we  have  chosen  an  entirely  new  fabrication 
scheme  tor  fabricating  arrays  of  ultrasmail  particles  in  apparent  neglect  ol  the 
.veil-known  and  time  honored  techniques  of  electron  beam  or  x-ray  lithogra¬ 
phy  followed  bv  post  processing.  This  is  because  we  believe  that  lithography 
followed  by  post  processing  is  totally  unsuitable  for  creating  structures  that  are 
a  tew  tens  of  angstroms  in  size  as  opposed  to  a  few  thousands  of  angstroms 
m  size.  To  our  knowledge,  no  attempt  aL  creating  nndcpleted  semiconductor 
structures  of  a  few  tens  of  angstroms  in  size  has  been  successful  with  lithog¬ 
raphy  and  post  processing.  The  reason  for  this  ts  th?t  ^“ctiou  beam  or  x-ray 
lithography  introduces  an  abundance  of  material  defects64  during  exposure 
which  are  further  increased  during  post  procesmg  (such  as  reactive  ion  etch¬ 
ing).  These  defects  that  are  induced  by  radiation  damage  sever ly  degrade 


'  tie  structures  anu  .lepiete  tnern  oi  an  mobile  carriers  nv  i-ermi  level  ninmne. 
it  ;s  curious  that  in  spite  of  tins,  iithograpny  anu  post  processing;  continue  to 
ue  the  preterreu  techniques  lor  tabricatine  sinaie  ana  lew  electron  structures 
which  must  accomodate  a  precise  number  of  electrons  with  no  tolerance  for 
even  one  extra  electron!  In  Fig.  10.  one  can  see  the  virtually  undisturbed 
lattice  planes  in  most  particles.  Only  one  particle  in  this  melee  has  a  stacking 
fault  that  is  visible.  The  material  quality  is  astoundingiy  good  and  shows 
lew.  if  any.  disiocations.  We  believe  that  the  Selective  Area  Nano  Deposition 
SAND)  tech  mque.  wnicn  we  nave  proposed,  is  the  ideal  technique  tor  maxing 
utrasmaii  structures  with  u)  A  resolution  in  ail  tnree  dimensions,  it  may 
ndeed  become  (he  dominant  tecnnique  for  nanofabrication  in  the  future. 


V.  COMPARISON  WITH  EXISTING  AND 
OTHER  PROPOSED  TECHNOLOGIES 


In  tins  section,  we  wnl  comDareour  proposea  computing  technology  with 
existing  and  other  proposed  technologies.  To  do  this,  we  Hrst  provide  an 
estimate  of  the  rigures  of  merit  for  single  electron  logic  chips. 

Estimation  of  the  switching  speed,  power  dissipation 
and  allowable  bit  density 

hi  single  electron  :oeic.  a  nit  :s  switched  by  dipping  an  electron's  oin. 
Hus  is  achieved  either  nv  locaiiy  applying  a  magnetic,  held  i  during  writing)  or 
oy  magnon  coupling  inuring  computation).  In  the  former  case,  the  switching 
time  will  be  ot  the  order  of  hi gg.B  where  B  is  the  flux  density  of  the  locaiiy 
applied  field,  g  is  the  g-factor  i  which  can  be  very  large  in  some  semimagnetic 
semiconductors i  and  is  the  Bohr  magneton.  For  a  flux  density  of  1  tesla 
and  a  g-factor  of  10.  the  switching  time  is  ~  1  picosecond. 

in  the  second  case,  magnon  coupiing  flips  the  spin  of  an  electron  bv 
'■milling  a  phonon,  boin-pnonon  coupling  can  be  quite  strong  in  pyroeiec- 
f  ric  materials  i  umaxiai  crystals  without  inversion  symmetry  )  where  electric 
dipole  spin  resonance05,66  can  increase  spin  flip  rates  significantly.  In  some 
materials  like  HgTe.  spin-pnonon  transition  linewidths  of  0.4  me\  have  been 
predicted6'  which  gives  a  switching  time  of  ~  h/OAmeV  %  1  picosecond. 

The  power  dissipation  lor  switching  a  single  bit  can  be  estimated  as  fol¬ 
lows.  If  the  energy  splitting  between  the  triplet  and  singlet  state  is  iOO 
meV  and  the  switching  time  is  1  picosecond,  then  the  power  dissipation  for 
switching  a  single  bit  is  ~  100  meV/1  picosecond  =  16  nanowatts.  This  is  a 
few  orders  of  magnitude  smailer  than  what  can  be  acheived  in  conventional 
devices.  The  power  delay  product  is  then  ~  lO-^  Joules  which  is  of  the 
same  order  as  that  achievable  with  quantum  interference  devices.  It  is  orders 


■■!  magnitude  smaller  than  wnat  can  n*‘  acnieven  with  conventional  devices, 
deluding  josepnson  junctions. 

Next,  we  calculate  the  nit  densitv  that  can  be  realized.  Each  nanopnase 
..-article  (or  each  nit  i  occupies  an  area  of  ~  -50  x  50  A2.  Therefore.  the  bit 
density  will  be  ~  25  terabits/cm*.  Sucn  a  high  bit  density  poses  a  problem 
with  cooling.  Since  the  power  dissipation  per  bit  is  16  nanowatts,  the  maxi¬ 
mum  power  dissipation  from  a  1  cm*  chip  will  be  ~  400.000  Watts!  Removal 
■>f  1000  W/cm 2  from  a  silicon  chip  was  demonstrated  more  than  ten  years 
:20'*  ana  :t  mav  ne  possible  fo  improve  tnis.  However,  acquiring  a  capability 
•  •!  removing  4O0  kilowatts /cm*  at  room  temperature  wiil  not  be  easv.  .his 
oroDiem  can  of  course  be  eliminated  altogether  bv  reducing  the  operating 
’emperature  from  room  temperature  to  77  K.  The  device  sizes  can  then  be 
increased  to  reduce  the  energy  splitting  between  the  triplet  and  singiet  states 
■energy  difference  between  iogic  levels)  to  10  meV.  This  is  still  larger  than 
the  thermai  energy  kT  at  77  K  and  therefore  allows  77  K  operation.  Also,  at 
77  K.  the  phonon  assisted  spin  hip  rate  i switching  speed)  may  decrease  by 
a  factor  ot  10  since  phonon  assisted  scattering  rates  are  proportional  to  the 
:3ose-Einstein  iacior  wnicn  uas  an  exponential  dependence  on  temperature. 
This  reduces  the  power  dissipation  per  bit  by  a  factor  of  100  thereby  reducing 
the  total  dissipation  to  4000  Watts/ cm*  which  is  more  manageable. 

It  must  be  emphasized  that  low  temperature  (77  K)  operation  is  not  re¬ 
quired  because  of  device  or  circuit  limitations.  Rather,  it  is  required  because 
current  heat  removal  technology  cannot  perform  at  the  required  level.  Once 
heat  sinking  technology  has  improved  enough,  room  temperature  operation 
can  be  restored. 

We  now  compare  our  proposed  technology  with  both  other  quantum  de¬ 
vice  technologies  and  conventional  technologies. 


Comparison  with  quantum  devices 


It  has  been  pointed  out  several  times'1'1213  that  quantum  interference 
■ievices  are  impractical  for  integrated  circuits.  This  is  because  their  charac¬ 
teristics  are  extremely  sensitive  to  a  few  angstroms  variation  in  size,  or  a  few 
millivolts  variation  in  voltage,  or  a  few  nanoamperes  variation  in  current.  Be¬ 
cause  of  the  lack  of  fabrication  tolerance,  these  devices  are  not  reproducible. 
Consequently,  they  cannot  be  used  in  integrated  circuits  where  hundreds 
of  millions  of  devices  must  be  fabricated  reproduciblv  with  reasonably  high 
'.etd. 

In  addition  to  having  no  fabrication  tolerance,  quantum  interference  de¬ 
vices  also  nave  practically  no  noise  tolerance.  Such  delicate  devices  cannot 
work  in  integrated  circuits  where  voltage  variations  will  inevitably  occur 
owing  to  reflection,  attentuation  and  distortion  of  signals  communicated  be¬ 
tween  various  devices. 

There  are  some  other  fundamental  shortcomings  of  quantum  interference 
devices.  For  instance,  the  lack  of  non-iinear  operating  characteristics  ithe 
only  excention  is  the  resonant  tunneling  device!  and  the  iack  of  intrinsic 
device  gain  make  these  devices  totally  unsuitable  for  digital  and  logic  ap¬ 
plications.  Finally,  the  extremely  low  current  carrying  capability  (quantum 
devices  must  operate  at  low  currents  to  avoid  dephasing  interactions)  causes 
these  devices  to  be  actually  quite  slow  in  their  overall  switching  response  (~ 
100  psec),  sometimes  slower  than  even  conventional  silicon  devices'59 

Granular  quantum  devices  whose  switching  relies  on  the  transfer  (usually 
via  tunneling)  of  one  or  a  few  electrons  from  one  region  of  space  to  another 
are  often  worse  than  quantum  interference  devices.  Examples  of  these  de¬ 
vices  are  the  single  electron  transistor  based  on  Coulomb  blockade  and  the 
scheme  in  Ref.  23.  In  addition  to  having  most  of  the  disadvantages  of  quan¬ 
tum  interference  devices,  they  also  have  the  additional  disadvantage  of  being 


••xir**meiy  slow  in  their  response.  The  -witching  speeu  ,s  tenured  dramati¬ 
cally  by  lack  ol  tolerance  to  trapping**1  In  ('CDs.  trapping  is  known  to  cause 
'Witching  delays  ot  1  /us  -  tvpicaiiy‘b  resulting  in  an  extremely  slow  mt  rate 
•  >i  1  Mbit/sec.  In  single  or  tew  electron  devices,  the  problem  is  bouna  to  be 
worse  since  the  charge  packets  are  extremely  small  (one  or  a  few  electrons 
instead  of  about  10.000  in  conventional  CCDs).  Therefore,  no  single  electron 
device  should  ever  rely  on  charge  transfer  for  switching.  Our  single  electron 
device  does  not  rely  on  such  charge  movement. 

rinaiiy.  almost  all  quantum  devices  iwith  the  sole  exception  ot  resonant 
'  ■innenne  devices  I  nave  a  serious  arawbacK.  They  cannot  operate  even  at 
“7  K.  let  alone  mom  temperature.  This  feature  makes  them  impractical.  In 
contrast,  our  devices  can  operate  at  room  temperature. 

Comparison  with  conventional  technologies 

Conventional  technologies  including  bipolar  junction  transistors  >  BJTs 
ano  HBJTs).  complementary  metai  oxide  semiconductor  held  eifect  transis- 
•ors  i  CMOS).  Josepiison  junctions,  magnetic  bubble  memory,  etc.  have  their 
avn  limitations.  It  is  believed  that  the  major  problems  of  BJT  ana  MOS 
tecr  ogy  are  associated  with  scaling  Power  supply  voltages  cannot  be 
mated  down  indefinitely.  The  minimum  -hey  can  reach  is  the  thermal  volt¬ 
age  oeiow  which  the  noise  margin  becomes  unacceptably  poor.  When  device 
sizes  are  scaled  down  without  scaling  the  voltages,  the  electric  fieid  reases 
proportionately  with  decreasing  length.  Ultimately,  the  electric  fieid  will 
reach  the  critical  value  for  breakdown  which  sets  a  limit  to  device  scaling. 

The  product  of  the  power  supply  voltage  and  the  unity  gain  frequency  m 
conventional  devices  cannot  exceed  Fmaxumax  where  Fmax  is  the  breakdown 
field  and  vmas  is  the  saturation  velocity  at  that  field.  This  is  known  as  the 
Johnson  limit  0  and  ■,  has  never  been  surmounted.  For  silicon,  this  i irruts 
the  maximum  unity  gain  frequency  to  2  x  1011  IIz  and  the  switching  speed 


o  )  psec  if  the  voltage  is  .  vn:t.  .  ;;  13  ;s  a  lunoainenlai  matenai  limit  ana 
no  amount  ot  dever  innovativeness  can  surmount  it  ‘  Fneretore.  u  Decomes 
necessary  to  explore  alternate  means  ot  realizing  uitratast  ana  uitradense 
computing  devices. 

We  now  examine  our  proposed  spin  polarized  single  electron  logic  devices. 
The  advantages  of  these  devices  are  the  following: 

•  The  devices  can  operate  at  room  temperature. 

•  The  devices  have  labrication  tolerance.  The  size  and  -hape  of  the 
^articles  are  not  critical  as  lone  as  tne  uarticles  are  smail  enouen  to  nost 
-ingle  electrons.  In  fact,  even  single  electron  occupancy  ;$  not  ready 
necessary.  All  that  is  required  is  that  the  particles  have  a  resultant 
spin  moment  determined  by  the  interplay  of  Coulomb,  exchange  and 
correlation  forces.  The  spin  moment  must  also  respond  to  magnons. 

•  The  extnnstc  switching  speed  of  a  device  is  ~  1  psec.  Such  uitra- 
fast  switching  is  made  possible  by  the  fact  that  no  charge  movement 
is  necessary  so  that  we  are  not  limited  by  transit  time  or  resistance- 
capacitance  1  RC)  time  constants.  This  switching  speed  is  better  than 
that  of  quantum  interference  devices,  far  better  than  that  ot  granular 
electronic  devices  reiving  on  charge  transfer,  and  comparable  to  the 
switching  speed  of  the  highest  performing  conventional  devices  such 
as  complementary  metal  oxide  semiconductors  (CMOS)  and  Josepnson 
junctions69. 

•  The  power  dissipation  is  only  tens  of  nanowatts  per  bit  wnich  allows 
extremely  dense  integration.  The  power  delay  product  is  ~  i0_‘°  Joules 
which  is  comparable  to  that  of  quantum  interference  devices. 

•  The  logic  variable  is  spin  which  is  a  robust  physical  variable  and  is 
practically  immune  to  electrical  noise.1.  Therefore  these  devices  can 
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■jperate  with  exiremeiv  ingn  r.oise  margin  .mu  renauiutv. 

•  Memory  elements  arc  nonvolatile.  basically  tor  me  same  reason  that 
magnetic  nubble  memories  are  non- volatile.  t)nce  me  spin  ot  a  particle 
has  been  oriented,  it  remains  in  that  configuration  unless  perturbed  by 
a  magnetic  held. 

•  Memory  ran  be  extremely  dense  i~  10  Terabits icm:).  However,  this 
density  mav  not  be  achievable  immediately  because  ot  limitations  im¬ 
posed  bv  ’lie  maximum  on'ainable  rate  ot  heat  removal  trom  a  chip. 

I  he  '  liectr.e  me:nor\  oensitv  ;s  i  irther  ••nnanced  ov  •  ;rcuit  •  om- 
paction.  in  conventional  circuits,  at  least  tour  transistors  are  required 
to  make  a  latcn  for  storing  a  single  bit.  Here,  a  single  electron  can  store 
a  single  bit. 

•  The  architecture  is  interconnectless  with  interconnection  between  de¬ 
vices  provided  by  quantum  coupling.  This  removes  the  major  hurdle 
to  miniaturization. 

•  Since  ail  logic  devices  are  in  the  ground  state,  we  do  not  need  frequent 
rejresh  cycles,  t  onventional  devices  always  operate  in  excited  states 
and  therefore  require  constant  input  and  refresh  cycles  through  indi¬ 
vidual  address  lines  and  interconnects.  We  do  not  need  these  cycles 
which  eliminates  SO  %  of  the  energy  requirement. 

The  above  are  some  of  the  major  advantages  of  the  proposed  technology. 
Needless  to  say,  they  are  so  attractive  that  the  scheme  merits  a  thorough 
'heoretical  and  experimental  investigation.  The  rewards  of  such  an  endeavor 
may  be  well  worth  the  effort. 


VI.  CONCLUSION 


In  conciusion.  we  have  proposed  and  described  a  novel  quantum  technol¬ 
ogy  tor  uitralast.  uitradense  and  ultra  low  power  supercomputing.  It  utilizes 
single  electrons  as  logic  devices  in  a  quantum  coupled  cellular  automata  ar¬ 
chitecture.  For  fabrication,  we  have  proposed  a  new  technology  (SAND)  and 
a  new  kind  ot  material  system  l  nanophase  materials)  which  we  believe  are 
ideai  for  atomic  scale  uanofabrication. 
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FIGURE  CAPTIONS 


Figure  1:  The  potential  profile  seen  by  two  electrons  in  two  isolated 
nanophase  particles.  The  ronnning  potential  is  assumed  to  oe  rectangu¬ 
lar  for  convenience.  The  basic  property  that  the  spins  of  the  two  electrons 
are  antiparallel  (in  the  ground  state)  does  not  depend  on  the  potential  shape. 
However,  the  splitting  between  the  singlet  and  triplet  state  (or  the  exchange 
energy  J )  depends  on  the  potential  shape,  the  wid  of  the  wells  and  the 
heient  of  the  potential  barrier  that  separates  them. 

Figure  2:  A  nanophase  realization  of  an  INVERTER  (NOT  gate).  I  he  spin 
state  i  logic  levei  i  in  one  particle  is  the  inverted  version  of  the  spin  state  or 
iogic  level  in  the  other. 

Figure  3:  A  nanophase  realization  of  (a)  a  NAND  gate,  and  (bl  an  AND 
gate.  Also  shown  are  the  four  possible  spin  configurations  of  the  array  which 
correspond  to  the  Boolean  truth  ta..»e. 

Figure  4:  A  nanophase  realization  of  (a)  an  OR  gate,  and  ibl  a  NOR  gate. 

Figure  5:  A  nanophase  realization  of  an  exclusive  OR  gate. 

Figure  6:  i  a )  A  realization  of  a  binary  half  adder  using  exclusive  OR  and 
AND  gates.  <  b)  a  nanophase  realization. 

Figure  7:  (a)  A  realization  of  an  SR  flip  flop  using  NAND  gates,  tbl  a 
nanophase  realization. 

Figure  8:  Reading  the  spin  of  a  nannophase  particle  using  a  SPSTM.  The 
tunneling  current  measured  by  the  SPSTM  tip  depends  on  the  relative  spin 
polarizations  of  the  tip  and  the  particle. 

Figure  r.  An  example  of  failure  due  to  the  lack  of  unidirectional  isolation 
between  input  and  output,  ia)  The  equilibrium  configuration  of  electron 


-□ins  '  logic  states  i  in  two  NOT  nates  in  series,  i  !>  i  Hie  logic  state  at  input  ot 
the  first  NOT  gate  i  left  reill  is  cnanged  by  an  SPSTM  i external  source i.  but 
‘he  state  at  the  output,  hoes  not  change  in  response  because  ot  the  previous 
state  at  the  output  of  the  second  NOT  gate.  The  failure  occurs  because 
of  a  lack  of  unidirectional  isolation  between  the  input  and  output,  ic)  A 
possible  solution.  The  left  ceil  is  closer  to  the  central  cell  and  therefore  holds 
dominant  sway. 

Figure  9:  Schematic  lavout  of  a  single  electron  logic  chip.  The  packing  is 
:ense  at  the  center  and  -narse  at  the  edges  where  the  reacting  ana  writing 
■^Derations  are  none. 

Figure  10:  A  TEM  micrograph  of  nanophase  particles  of  ZnO.  The  parti- 
cies  aie  unpatterned  and  form  a  dense  random  array.  The  average  particle 
size  is  90  A.  The  virtually  undisturbed  lattice  planes  are  visible  and  show 
practically  no  crystal  defect  in  most  cases.  Note  the  uniformity  in  size  and 
the  astounding  material  quality. 

Figure  11:  Figure  illustrating  the  three  steps  in  the  Selective  Area  Nano 
Deposition  procedure. 
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Abstract-  In  this  paper  we  report  the  experimental  investigation  of  the  density  of  patterns 
exposed  with  electron  beam  lithography  (EBL).  A  linear  relationship  was  found  between  the 
minimum  width  of  PMMA  walls  and  the  given  resist  thickness  (height  of  the  walls).  Below  the 
minimum  width.  PMMA  walls  become  wavy  or  fail  due  to  the  internal  stresses  caused  by 
PMMA  swelling  during  development.  Previous  research  pertaining  to  proximity  effects  at 
feature  sizes  and  spacing  below  the  0.25  urn  range  is  limited.  We  have  experimentally 
investigated  proximity  effects  in  very  high  density  gratings  in  the  pitch  range  from  50  to  330 
nm.  The  relationship  between  electron  beam  dose  and  grating  pitch,  where  proximity  effects 
during  electron  beam  lithography  play  a  major  role,  was  achieved.  By  fitting  the  experimental 
results  with  a  triple  Gaussian  model,  the  contributions  of  the  different  electron  distributions  in 
proximity  effects  were  determined.  It  was  found  that  fast  secondary  electrons  dominate  the 
proximity  effects  in  the  range  we  studied  and  they  limit  the  density  of  patterns  fabricated  by 
EBL. 


I.  INTRODUCTION 


The  fabrication  of  nanostructures,  and  in  particular  quantum  devices,  depends  on  the 
resolution  and  achievable  pattern  density  or  lithographic  techniques.  In  electron  beam 
lithography  (EB*-),  the  lithographic  resoluuon  relies  on  that  of  the  electron  beam  generator  and 
.he  ^  ntrast  of  the  resist/developer  system.  Poly  (methyl  methacrylate)  (PMMA)  is  still  the  most 
popular  choice  of  resist  for  nanostructure  fabrication  because  of  its  extremely  high  resolution. 

In  tne  lift-off  process  commonly  used  in  nanofabrication,  PMMA  exposed  with  an 
electron  beam  is  followed  by  a  develop  step,  after  which  the  unexposed  resist  remains  on  the 
substrate  and  acts  as  a  shadow  for  metal  evaporation.  For  very  high  density  patterns,  the 
remaining  PMMA  is  in  the  form  of  a  thin  wall  between  the  developed  lines,  which  serves  as  the 
spacer  between  deposited  metal  lines.  Although  PMMA  is  usually  considered  to  be  a  non¬ 
swelling  resist,  accounting  partially  for  its  high-resolution  properties,  some  absorption  of 
developer  is  necessary  to  aid  in  the  development  process  [1].  A  very  small  amount  of  swelling 
can  induce  internal  stresses  in  thin  PMMA  walls  which  weaken  its  mechanical  properties  and 
cause  the  deformation  of  thin  resist  walls  dun  .g  development  in  the  fabrication  of  very  close 
lines.  In  the  limit  of  very  high  resolution  lithography,  lines  are  placed  so  closely  together  that 
the  resist  walls  can  either  become  wavy,  fall  over,  or  fail  completely  [2,3],  Therefore,  the 
buckling  of  the  PMMA  walls  limits  the  ultimate  density  of  patterns  in  the  EBL  process.  Al¬ 
though  Chen  [2]  predicted  that  the  limit  of  line  pitch  is  -  75  nm,  our  results  show  that  for  100- 
nm-thick  PMMA  walls,  PMMA  can  be  as  narrow  as  20  nm  without  resist  failure  [3],  resulting 
in  higher  density  than  expected  by  them.  Sub-50-nm  pitch  semiconductor- metal  photodetectors 
have  also  been  achieved  by  Chou  et  al.  [4], 

Another  serious  limitation  on  very  high  density  patterns  with  electron  beam  lithography 
is  the  proximity  effect.  This  is  due  to  the  distribution  of  the  primary  electron  beam,  forward 
scattered  electrons,  secondary  electrons  scattered  in  the  resist  film  on  the  substrate,  and 
backscattered  electrons  from  the  substrate.  It  is  important  because  those  scattered  electrons 
expose  regions  of  the  resist  that  are  not  originally  written  by  the  electron  beam.  For  the  sche¬ 
matic  grating  shown  in  Fig.  la.  the  electron  beam  exposes  the  pattern  on  each  line.  In  the  ideal 


case,  the  resulting  energy  distribution  in  the  resist  is  very  spatially  confined  (Fig.  lb). 
However,  the  actual  energy  distribution  tor  very  high  density  gratings  is  less  distinct  [5],  as 
shown  in  Fig.  lc.  and  proximity  effects  decrease  the  modulation  transfer  function  of  the  expo¬ 
sure  for  closely  spaced  patterns.  (The  modulation  transfer  function  (MTF)  is  defined  in  Fig. 

1  c. )  Assume  the  peak  dose  received  by  each  line  is  E,  and  the  lowest  dose  received  at  the  areas 
between  lines  is  Ev.  The  resolution  of  gratings  depends  on  the  capability  of  a  given  developer 
to  distinguish  between  Ev  and  Ep.  The  distribution  of  electrons  in  e-beam  lithography  is 
complicated  by  the  fact  that  it  depends  on  almost  all  parameters  in  lithography,  e.  g.  accelerating 
potential,  beam  sire,  photoresist  thickness  and  type,  and  substrate  properties.  Investigations  of 
the  energy  distributions  have  been  reported  elsewhere  [5-10].  A  double  Gaussian  model  has 
mostly  been  used  for  the  electron  distributions  [5,6,11-14].  Computer  aided  proximity  effect 
correction  and  other  methods  reducing  the  proximity  effects  during  e-beam  lithography  have 
been  pursued  [15-20],  The  feature  size  and  spacing  in  most  of  the  published  work  are  in  the 
half-micron  regime,  which  is  quite  useful  for  fabricating  ULSI  circuits.  In  this  case, 
backscattered  electrons  dominate  the  proximity  effects  because  of  the  typically  low  beam 
energies  utilized  ( -  25  keV).  The  width  of  the  backscattered  electron  distribution  is  in  the  order 
of  the  feature  size  and  spacing.  However,  previous  research  pertaining  to  proximity  effects  at 
feature  sizes  and  spacing  below  the  0.25  ^m  range  is  limited  [9-11]. 

In  this  paper,  we  report  the  experimental  investigations  of  the  density  of  the  electron 
beam  lithography  limited  by  the  physical  strength  of  PMMA  and  proximity  effects.  Proximity 
effects  in  very  high  density  gratings  were  experimentally  studied  in  the  pitch  range  from  50  to 
330  nm.  We  will  discuss  the  relationship  between  electron  beam  dose  and  grating  pitch,  where 
proximity  effects  during  electron  beam  lithography  play  a  major  role. 

II.  EXPERIMENTAL  PROCEDURE 

The  EBL  system  used  in  this  study  consisted  of  an  Amray  1400  SEM  with  a  maximum 
beam  energy  of  50  keV  and  a  minimum  beam  width  of  5  nm  using  a  W  cathode,  controlled  by 
an  IBM  PS/2  personal  computer  interfaced  through  a  Pragmatic  Instruments  2201A  16-bit 
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arbitrary  waveform  generator  [21).  Special  care  was  taken  to  minimize  all  noise  sources. 
PMMA  (950.000  a.  m.  u.)  was  spun  on  Si  and  SiCk/Si  waters  and  baked  at  170 °C  for  4  hours. 
Mixtures  of  methyl  isobutvl  ketone  (MlBK):2-propanoi  (IPA)  (1:3)  with  the  addition  ot  1%  and 
;  5^0  methyl  ethvl  ketone  (MEK)  by  volume,  were  used  to  develop  samples.  This  mixture  ras 
been  shown  to  have  very  high  development  contrast  properties  [22].  For  both  the  experiments 
on  proximity  effect  and  the  strength  of  PMMA,  different  process  parameters  were  used.  A  sum¬ 
mary  of  the  experimental  parameters  is  given  in  Table  1 .  The  resist  thickness  in  the  proximity 
effect  measurement  was  kept  to  >0—70  nm  in  order  to  avoid  PMMA  failure  during  the  processes. 
Gratings  with  different  pitch  in  the  proximity  effect  experiments  are  3  ^m  x  3  in  size  and 
.eparated  bv  2  with  each  other  in  order  to  eliminate  the  proximity  effects  caused  by  the 
-titered  electrons  from  adjacent  gratings  [23]. 

in.  RESULTS  AND  DISCUSSION 

A.  Strength  of  PMMA 

In  order  to  achieve  lift-off  of  evaporated  metal  Films,  it  is  necessary  that  PMMA  walls 
remain  between  the  developed  areas.  The  width  of  PMMA  wails  was  determined  by  measunng 
the  spaces  between  resulting  metal  patterns  after  lift-off.  The  undercutting  for  thin  resists  was 
neglected  because  it  is  small  for  thin  resists  and  high  beam  energies.  The  height  of  the  walls 
after  development  is  assumed  to  be  the  same  as  the  initial  resist  thickness  because  the  unexposed 
PMMA  of  very  high  molecular  weight  has  very  low  solubility  [22].  One  might  suppose  that  in 
the  case  of  high  density  gratings,  areas  between  lines  might  be  partially  developed  t  >usc  of 
proximity  effects.  For  grating  pitch  larger  than  70  nm,  we  Find  in  the  next  section  that  E^E,, 
<  0  6.  For  the  developer  with  contrast,  ym,  larger  than  10,  the  amount  of  the  resist  that  is 
removed  through  developing  is  small  compared  with  the  original  thickness  of  the  resist,  and 
therefore  can  be  ignored  in  the  Final  resist  thickness  determination. 

PMMA  can  be  considered  a  strong,  glassy  material  after  baking.  However,  dunng 
development,  the  absorption  of  the  developer  causes  swelling,  and  internal  stresses  esHt  in  the 
deformation  of  PMMA  walls.  The  wall  aspect  ratio  (height-to-width)  is  an  lmportai.t ,  ^rameter 


iii  delineating  the  stability  threshold,  since  a  tall,  thin  wall  will  be  strongly  susceptible  to  small 
Jimenstonal  perturbations  around  the  erect  position,  while  a  short  and  thick  wall  will  be  able  to 
hustain  a  higher  degree  of  swelling  before  buckling. 

Figure  2  shows  experimental  results  of  the  minimum  width  of  a  PMMA  wall  achievable 
for  a  given  starting  resist  thickness,  Error  bars  represent  variations  in  metal  line  separation  (and 
therefore  wail  thickness)  over  the  length  of  the  lines.  These  data  were  obtained  by  smoothly 
varying  the  line  pitch  for  a  given  resist  thickness  and  observing  the  point  at  which  lines  either 
failed  completely  or  became  noticeably  wavy.  The  data  indicate  a  direct  proportionality  between 
critical  wall  height  and  width,  implying  a  constant  aspect  ratio  for  buckling.  The  area  above  the 
critical  line  is  the  regime  in  which  straight  PMMA  walls  can  be  achieved.  The  area  below  it 
is  the  regime  in  which  the  walls  become  wavy  or  fail. 

The  stability  of  an  infinitely  long  wall  of  width,  w.  and  height,  h,  with  a  ngidly  anchored 
bottom  and  a  top  free  end  can  be  modeled  with  linear  plate  theory  [24] .  The  details  of  the 
theoretical  calculation  are  given  in  Ref.  [25].  According  to  this  model,  the  critical  wall  aspect- 
ratio  for  stability,  (h/w)",  is  given  as  a  function  of  the  swelling  strain: 


‘\i  15(l'-**U„  (1) 

where  v  is  Poisson’s  modulus  and  en  is  the  hypothetical  swelling  strain  that  the  wall  would 
undergo  it  allowed  to  expand  freely.  For  (h/w)>(h/w)*  the  wall  will  buckle  as  shown  in  Fig. 
3a.  The  bright  areas  in  Fig.  3  are  evaporated  gold,  and  the  dark  areas  are  the  areas  where 
PMMA  walls  stood  before  lift-off.  Equation  (1)  predicts  a  linear  relationship  between  the 
critical  wall  height  and  width  for  a  constant  which  is  consistent  with  our  experimental  results 
as  shown  in  Fig.  2.  From  the  slope  of  the  line  in  Fig.  2.  the  critical  aspect  ratio  for  stability 
can  be  calculated,  giving  (h/w)*=4. 75.  Then  e„,  =  5. 1%  for  ^ =0.5  from  Eqn.  (1).  This  indi¬ 
cates  that  5%  swelling  can  lead  to  failure  of  PMMA  walls  with  aspect  ratio  greater  than  5. 

In  making  gratings,  a  set  of  parallel  PMMA  walls  forms  during  development.  The 
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budding  of  one  of  the  wails  can  lead  to  the  catastrophic  failure  of  the  whole  grating,  because 
surface  forces  can  induce  cross-correiauon  between  deformation  of  adjacent  structures,  producing 
a  pattern  of  adjacent  sinusoidal  waves  180°  out-ot-phase  with  respect  to  each  other  as  shown  in 
Fig.  3b.  Figure  3c  shows  a  50-nm-pitch  grating  with  straight  resist  walls  between  lines. 


B.  Proximity  Effects 

Proximity  effects  must  be  strongly  considered  in  the  fabrication  of  very  high  density 
patterns.  It  can  be  expected  that  when  lines  get  closer  together,  the  dose  needed  for  exposure 
should  decrease  because  inter-line  scattering  of  electrons  causes  additional  energy  deposition. 
ExDenmeniai  results  of  normalized  dose  versus  grating  pitch  axe  shown  in  Fig.  4  along  with 
theoretical  simulations.  In  the  figure,  doses  for  various  pitch  values  are  normalized  to  that 
needed  for  the  same  linewidth  in  the  150  nm  pitch  grating.  Three  samples  with  different  doses 
and  development  time  were  measured.  The  data  of  all  three  samples  are  very  consistent. 
Besides  exposure  dose,  many  factors  affect  line  width  in  experiments,  such  as  contrast  of 
developers,  developing  ume  and  temperature.  Our  results  show  that  although  line  width  may 
change  with  other  factors,  their  effects  on  the  relationship  between  normalized  dose  and  grating 
pitch  are  small  and  can  be  neglected.  It  can  also  be  seen  that  normalized  dose  decreases  slowly 
with  pitch  unui  aboui  100  nm  when  the  change  becomes  rapid.  As  we  will  show,  this  effect  is 
due  to  the  different  distributions  of  scattered  electrons  in  the  resist  during  exposure.  Models  of 
the  exposure  energy  distribution  in  the  resist  employed  for  fitting  the  experimental  data  include 
the  double  Gaussian  [6]: 


f(r)  = 


n  ( 1  +n 


(J-expl-C.)  •  -iexp(--jL) 


(2) 


and  the  triple  Gaussian  model  [9]: 


:  r ) 


*  (1+TJ) 


( ^exp  ( 
a‘ 


(3) 


The  simulation  curves  are  shown  in  Fig.  4.  In  Eqns.  (2)  and  (3),  the  first  term  is  used  to 


describe  the  primary  beam  and  forward  scattered  electron  distribution.  The  second  term 
accounts  for  the  behavior  of  the  backscattered  electrons.  The  third  term  in  the  tnpie  Gaussian 
model  is  added  to  describe  all  other  exposures  that  are  not  included  in  the  first  two  terms.  The 
third  term  may  result  from  large  angle  forward  scattered  electrons,  secondary  electrons,  or  even 
broad  tails  in  the  primary  beam  distribution  [9, 10].  The  results  of  Monte  Carlo  calculations  by 
Joy  (5]  and  Murata  et  al.  [7]  clearly  show  broad  tails  to  the  energy  distribution  due  to  fast 
secondary  electrons,  which  we  will  show  play  an  important  role  in  proximity  effect  calculations 
over  the  spatial  range  discussed  here.  In  Eqns.  (2)  and  (3),  a,  £,  and  y  are  the  widths  of  each 
Gaussian  distribution,  and  y  and  y'  are  the  rados  of  exposures  of  the  second  and  third  term  to 
the  forward  exposure,  respectively.  According  to  Ref.  [8],  *3=  10  4m  and  tj=0.8  for  50  keV 
electrons  in  solid  silicon  substrates,  a,  7,  and  y'  were  chosen  for  the  apparent  best  fit.  The 
cashed  line  in  Fig.  4  shows  the  calculation  in  which  only  the  first  Gaussian  term,  that  is,  only 
the  contribution  of  forward  scattered  electrons,  was  considered.  Since  the  width  of  this  term  is 
only  a  few  tens  of  nanometers,  forward  scattered  electrons  only  cause  a  short  range  proximity 
effect  and  cannot  change  with  dose  over  large  pitch. 

When  the  second  Gaussian  term  was  added  in  the  calculation  (the  double  Gaussian 
model),  the  weak  change  of  dose  over  large  changes  in  pitch  (solid  line  in  Fig.  4)  was  caused 
by  the  long  range  proximity  effect  of  backscattered  electrons.  The  small  difference  between  the 
cashed  curre  and  the  solid  curve  shows  that  the  proximity  effect  caused  by  backscattered 
electrons  at  50  keV  is  weak,  a  =0.037  ^m  was  used  in  these  two  curves.  The  dash-dot  line  in 
Fig.  4  was  calculated  with  tue  triple  Gaussian  model.  This  curve  Fits  the  data  very  well  with 
a  =0.029  Mtn,  7=0.4  and  y'  =0.35.  We  conclude,  therefore,  that  the  proximity  effect  from 
the  y-term  electrons  is  very  important  in  high  density  patterns  in  EBL.  Since  these  electrons 
cause  proximity  effects  in  a  broad  range  relative  to  the  forward  scattered  electrons,  and  their 
sources  are  still  not  clear,  we  call  them  simply  "broad  range  electrons." 

The  ratios  of  the  contributions  of  scattered  electrons  from  the  inter-line  exposures  to  the 
total  exposure  received  by  each  line  are  shown  in  Fig.  5.  The  solid  line,  the  dashed  line,  and 
dash-dot  line  correspond  to  the  inter-line  exposure  contributions  of  forward  scattered  electrons, 


7 


backscattered  electrons,  and  broad  range  electrons,  respectively.  From  Fig.  5.  we  see  that  tor 
:he  inter-line  proximity  effects:  u)  The  contribution  of  backscatterea  electrons  weakly  depends 
on  the  grating  pitch  because  of  their  wide  distribution  (  ~  10  t»m  [8, *6])  at  50  keV.  The  back- 
scattered  coefficient  is  a  constant  for  certain  materials  when  the  beam  energy  is  larger  than  20 
keV  [27].  Hence  the  intensity  of  the  backscattered  electron  distribution  for  50  keV  is  much 
lower  than  for  20  keV  because  it  spreads  much  further.  Therefore,  tor  high  density  patterns, 
the  proximity  effect  of  backscattered  electrons  is  like  a  weak  background.  It  can  be  ignored  in 
the  total  exposure  because  the  contribution  of  backscattered  electrons  is  less  than  2%  and  much 
smaller  than  the  contribution  of  the  broad  range  electrons  in  the  whole  pitch  range  over  which 
our  calculations  were  performed,  m)  The  effect  of  forward  scattered  electrons  is  not  important 
- ntil  ;he  pitcn  of  gratings  approaches  the  width  of  its  distribution.  Their  effect  increases 
dramatically  when  the  pitch  are  smaller  than  50  nm.  Therefore,  the  proximity  effect  of  forward 
electrons  will  limit  the  resolution  of  electron  beam  lithography,  mi)  Broad  range  electrons 
dominate  the  proximity  effect  in  the  pitch  range  from  50  to  350  nm  or  even  larger  in  our  exper¬ 
iments.  This  range  is  on  the  order  of  feature  sizes  of  quantum  devices  and  ULSI  circuits.  There¬ 
fore  it  is  verv  important  to  include  this  term  in  the  proximity  effect  correction.  Since  the 
contribution  of  the  broad  range  electrons  to  the  total  exposure  is  larger  than  20%  when  grating 
ouch  are  less  than  50  nm.  their  limitation  on  the  resolution  and  density  of  electron  beam 
dthographically  defined  patterns  cannot  be  ignored. 

We  further  consider  here  the  role  of  fast  secondary  electrons  in  proximity  effects.  Fast 
secondary  electrons  have  a  complicated  distribution;  it  is  a  narrow  peak  with  a  wide  shoulder 
[5,7],  The  width  of  the  narrow  peak  is  about  10  nm  in  free  standing  resist.  Its  role  in  prox¬ 
imity  effects  was  included  in  the  forward  scattered  electrons  [5J  which  are  described  by  the  first 
term  of  the  double  or  triple  Gaussian  models.  However,  the  proximity  effect  caused  by  the  wide 
moulder  was  neglected  by  previous  researchers.  From  [5]  we  note  (hat  me  half  width  of  the 
shoulder  is  about  100  nanometers  and  is  on  the  order  of  the  distribution  of  the  broad  range 
electrons.  Therefore,  it  can  be  concluded  that  fast  secondary  electrons  are  pan  of  the  broad 
ranee  electrons,  but  they  are  not  the  only  pan.  Therefore,  the  fast  secondary  electrons  introduce 
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ooth  short  and  long  range  proximity  effects,  and  thereby  limit  the  resolution  of  EBL. 

As  mentioned  above,  the  total  dose  at  the  region  between  the  electron  beam  scanned  areas 
increases  when  lines  are  placed  closer  together.  The  resolution  of  gratings  created  with  EBL 
depends  on  how  well  a  developer  can  distinguish  between  the  deposited  energy  densities  between 
lines  and  at  the  lines,  E*  and  E,  respectively.  Fig.  6  shows  E^'E,,  as  a  function  of  grating  pitch 
with  different  Gaussian  parameters.  The  dotted  line  results  from  the  double  Gaussian  model 
with  the  same  parameters  used  in  the  calculation  of  Fig.  4.  For  50-nm-pitch  gratings,  the  ratio 
Ev/Ep  is  about  0.98.  This  small  difference  between  exposure  energies  cannot  be  distinguished 
with  any  practical  developers,  in  contradiction  to  the  experimental  results.  Therefore,  although 
'.he  double  Gaussian  model  can  be  used  to  qualitatively  simulate  the  normalized  dose  changing 
with  grating  pitch,  it  fails  in  predicting  the  density  and  resolution  limitation  in  electron  beam 
lithography  at  these  very  small  dimensions.  The  solid  line  is  calculated  with  the  triple  Gaussian 
model  with  the  same  parameters  that  fit  the  experimental  data  in  Fig.  4.  It  can  be  seen  that 
E^/Ep approaches  unity  when  the  grating  pitch  decrease.  Ev/E,=  1  means  that  the  grating  patterns 
are  completely  washed  out  because  of  the  proximity  effects.  For  50-nm-pitch  gratings, 
Ev/Ep^O.87.  The  contrast,  ym,  of  our  developer  (1.5%  MEK)  is  larger  than  10  and  corresponds 
to  D/Df=s0.8  [22],  where  D,  is  defined  as  the  critical  dose  below  which  the  resist  is  not 
developed  at  all.  and  Dfis  the  dose  above  which  the  resist  is  totally  dissolved.  (Note  that  the 
exposure  energy,  E.  is  proportional  to  the  received  dose.  D,  so  contrast  curves  yield  useful 
information  about  the  limits  on  absorbed  energy.)  The  resist  will  be  partially  dissolved  when 
the  dose  ;s  less  than  Df,  but  greater  than  D,.  This  means  that  the  height  of  the  PMMA  walls  was 
decreased  for  50-nm-pitch  gratings  during  development  because  of  partial  developing.  Since  the 
initial  PMMA  thickness  in  our  case  was  60  -  70  nm,  the  height  of  remaining  PMMA  walls  is 
assumed  to  be  larger  than  40  nm,  which  we  have  found  is  sufficient  for  good  lift-off  of  15-nm 
metal  patterns.  This  also  shows  that  the  development  is  very  critical  in  making  very  high 
density  patterns;  a  slight  over-development  may  cause  the  PMMA  walls  to  be  dissolved. 

From  Fig.  5,  we  saw  that  forward  scattered  electrons,  including  fast  secondary  electrons, 
cause  the  proximity  effects  to  dramatically  increase  when  grating  pitch  approach  a,  the  width 
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of  the  distribution  of  forward  scattered  electrons.  Thus  the  resolution  of  EBL  can  be  improved 
.vnen  a  decreases.  This  is  clearly  shown  by  the  dashed  line  (a  =  20  run)  and  the  dash-aot  line 
i  =  10  nmi  in  Fig.  6.  This  requires  using  a  very  high  energy  system  with  a  non-Gaussian- 
maped  beam  or  a  resist  that  depends  less  on  lew  energy  electrons  in  forward  electron 
scattering.  Assuming  a=  10  nm  for  a  very  high  resoluuon  electron  beam,  a  graung  with  20  nm 
pitch  can  be  expected  using  a  developer  with  the  contrast  7*=  10,  as  shown  in  Fig.  6.  This 
'rees  with  predictions  of  Joy  [5]  that  10  nm  represents  the  ultimate  resolution  for  PMMA  as 
ectron  beam  resist.  Our  results  restate  those  of  Joy  that  the  narrow  peak  of  the  energy 
deposited  by  secondary  electrons  is  practically  flat  out  to  a  distance  of  5  nm.  and  therefore  so 
ow  in  contrast  (over  the  peak)  as  to  be  indistinguishable  to  developers  with  reasonable  contrast 
■  aiues. 

We  saw  that  the  pattern  density  is  also  limited  by  ihe  failure  of  PMMA  walls.  As 
discussed  above,  the  lower  the  achieved  thickness  of  the  PMMA  walls,  the  closer  is  the 
achievable  line  spacing.  However,  the  resist  thickness  cannot  be  lowered  arbitrarily  because, 
for  good  lift-off,  the  resist  thickness  should  be  about  3  limes  the  metal  thickness,  which  depends 
on  the  ultimate  desired  device  characten sties.  According  to  Fig.  2,  10-nm  spacing  between 
metal  lines  can  be  achieved  with  40-nm-thick  PMMA,  and  is  sufficient  for  successful  lift-off  of 
:0-  to  15-nm-thick  metal  lines.  Therefore,  we  conclude  that  the  limits  to  the  density  of  metal 
i.nes  due  to  the  proximity  effect  and  the  strength  of  PMMA  wails  are  consistent  for  the 
achievement  of  lines  with  pitch  as  small  as  20  nm. 

IV.  SUMMARY 

The  proximity  effects  in  electron  beam  lithography  were  experimentally  investigated  with 
different  grating  pitch.  The  results  were  successfully  simulated  with  a  triple  Gaussian  model. 
Proximity  effects  caused  by  backscattered  electrons  were  insignificant  in  our  case  because  of 
their  wide  distribution.  Forward  scattered  electrons  were  very  important  when  the  grating  pitch 
were  about  the  width  of  this  electron  distribution.  Broad  range  electrons,  described  by  the  third 
term  in  the  tnple  Gaussian  model,  dominate  the  proximity  effect  in  the  pitch  range  from  50  nm 


to  350  nm.  Secondary  electrons  cause  both  short  and  long  range  proximity  etfects.  Their 
ertects  can  oe  included  in  forward  scattered  electrons  as  well  as  broad  range  electrons.  Their 
: imitation  on  the  EBL  resolution  cannot  be  ignored. 

Upon  exposure  to  suitable  solvents,  such  as  common  developing  and  rinsing  solutions, 
narrow  PMMA  walls  were  found  to  become  unstable  as  a  result  of  two  effects:  (1)  swelling, 
and  (2)  lateral  surface  forces  between  adjacent  structures.  We  investigated  the  relationship 
between  minimum  line  spacing  and  maximum  PMMA  thickness  for  EBL  fabrication  using  a  high 
contrast  developer.  We  also  showed  experimental  evidence  that  supported  our  predictions,  thus 
demonstrating  the  existence  and  severity  of  such  instabilities  in  nanolithography. 

From  our  calculation  of  EL/E,,  as  a  function  of  grating  pitch  with  the  triple  Gaussian 
model,  a  20-nm-pitch  grating  can  be  expected  using  a  very  high  resolution  electron  beam 
generator  and  hign  contrast  resist/developer  system.  The  closest  spacing  between  metal  lines 
can  be  as  narrow  as  10  nm  for  10-  to  15-nm  thick  metals,  implying  that  20  nm  gratings  with  10- 
nm  line  width  and  10-nm  line  spacing  are  achievable. 
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Figure  Captions 


Fig.  ; .  Exposure  energy  distribution  in  very  high  density  gratings,  (a)  Schematic  of  the 
beam  scan  for  a  grating,  (b)  Energy  distribution  in  the  near  ideal  case  for  the  beam 
scan  shown  in  (a),  (c)  Actual  energy  distribution  in  very  high  density  gratings. 

Fig.  2.  Minimum  width  of  PMMA  walls  achievable  versus  starting  resist  thickness  (wall 
height). 

Fig.  3.  Remaining  metal  patterns  after  lift-off.  (a)  Failure  of  parallel  lines  caused  by  wavy 
PMMA  walls  between  them,  (b)  A  typical  failure  of  gratings  resulting  from  PMMA 
wall  swelling  and  buckling,  (c)  A  50-nm  grating  with  straight  PMMA  walls  between 
lines.  Light  areas  are  gold,  and  dark  areas  are  the  shadows  of  PMMA  walls  which 
have  been  removed  during  lift-off. 

Fig.  4  The  relauonship  between  normalized  dose  and  grating  pitch.  Doses  are  normalized 
to  the  dose  required  for  the  same  line  width  at  a  pitch  of  150  nm. 

Fig.  5.  Inter-line  proximity  effects  caused  by  scattered  electrons  versus  pitch  of  gratings. 

Fig.  6.  ELE,,  versus  grating  pitch.  E,  is  the  lowest  exposure  energy  received  in  the  areas 
between  lines.  E„  is  the  maximum  exposure  energy  received  by  each  line. 
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Table  1.  Experimental  Parameters. 


Experiment 

Patterns 

Line  Pitch 

Accelerating  Voltage 
Resist  Thickness 
Developer 

Developer  Temp.  (°C) 
Developing  Time 
Metal  Thickness 


Proximity  effect 
Arrays  of  gratings 

50  -  330  nm 

50  kV 

60  -  70  nm 

MIBK:IPA:MEK 
=  1:3:0.06(1.5%  MEK) 

26 

6  -  10  seconds 
15  nm 


Strength  of  PMMA 

Two  parallel  lines 
or  gratings 

70  -  150  nm 

45  kV 

105  -  180  nm 

MIBK:IPA:MEK 
=  1:3:0.04  (1%  MEK) 

25 

15  seconds 
30  nm 
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Exposure  Energy  Exposure  Energy 


Critical  Width  [nm) 


x,  o,  4*  Experimental  data 

.  Only  forward  electrons 

-  Double  Gaussian  model 

.  Triple  Gaussian  model 


0  0.05  0.1 


0.15  0.2 
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3  0.25 
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Electron  Beam  Lithography  Over  Large  Scan  Fields 


Greg  Bazar  *  ana  Gary  H.  Bernstein 
Oeoartment  of  Electrical  Engineering 
University  of  Notre  Dame 
Notre  Dame,  IN  46556 

Abstract  -  We  have  developed  an  advanced,  research-oriented  electron  beam 
lithography  system  using  a  3  channel  arbitrary  waveform  generator  and  a  scanning 
electron  microscope.  The  system  is  capable  of  exposing  patterns  with  features  less 
:nan  100  nm  over  scan  fields  greater  than  1 .0  mm.  as  well  as  features  less  than  20 
nm  in  smaller  scan  fields.  Other  system  features  include  capabilities  for  registration 
and  for  generating  exposure  matrices  for  evaluating  new  electron  beam  resists  arid 
optimizing  exposure  parameters.  We  report  the  details  of  the  system  and  show 
results  made  possible  by  our  system. 


'corresponding  aulhor 


Introduction 

=cr  more  than  aaecaae.  intense  erfon  has  Deen  put  towards  the  construction  ot 
aimensionaiiy  confined  systems  for  the  study  of  quantum  effects  in  mesoscopic 
structures  fl],  To  this  end.  simple  devices  have  been  constructed  using  processing 
methods  similar  to  those  used  to  fabricate  GaAs  MESFETs.  To  study  quantum 
effects,  minimum  feature  sizes  within  these  structures  must  be  less  than  i  pm.  and 
often  less  than  100  nm  [2-4].  Several  approaches  for  fabricating  structures  with 
features  less  than  50  nm  have  been  implemented  [5-7],  but  none  combines  the 
versatility  and  resolution  capabilities  of  electron  beam  lithography  (EBL)  systems.  X- 
'ay  lithography  systems  are  capable  of  such  resolution  but  are  not  readily  available. 
Some  commercial  EBL  systems  have  the  resolution  necessary  to  produce  the 
required  sizes  yet  are  not  readily  available  due  to  the  their  cost.  Using  scanning 
electron  microscope  (SEM)-based  EBL  systems  can  provide  a  low-cost,  versatile, 
research  exposure  tool  whose  only  disadvantage  is  throughput.  Other  cost  effective 
methods  include  the  modification  of  scanning  tunnelling  microscopes  (STM)  [8],  but 
this  technology  currently  is  limited  by  the  overhead  exposure  time  and  the  small 
exposure  area. 

Several  EBL  system  designs  have  been  implemented  and  described  by  others 
'9-20].  However,  our  work  extends  the  utility  of  this  technique  into  the  regime  of  very 
large  scan  fields  with  nanometer  resolution.  Our  motivation  behind  the  development 
of  this  system  was  the  ability  to  fabricate  nanostructures  and  nano-devices 
incorporating  all  exposure  steps  (mesa,  contacts,  gates,  bonding  areas)  into  one  tool 
as  well  as  gate  level  exposure  for  quantum  based  circuit  architectures  (21).  Also 
recent  optical  experiments  require  nanostructures  in  large  scan  fields  due  to  the 
difficulty  m  focusing  lasers  onto  small  areas  (22).  We  designed  our  system  with  three 
specific  goals.  The  first  was  to  build  a  system  capable  of  exposing  any  arbitrary 
pattern  with  a  resolution  less  than  1 00  nm  over  scan  fields  as  large  as  i  A  mm.  The 
second  was  to  allov  the  exposure  tool  to  perform  accurate  pattern  registration  of  100 
nm  over  scan  fields  as  large  as  i  .4  mm.  Finally,  the  system  was  designed  so  that 


emulative  exoosure  oarameters  couia  De  siorea  *cr  ‘uture  analysis  ana  images 
crmtea  ana  savea  easily. 

The  most  common  methoa  usea  to  convert  an  SEM  to  an  EBL  system 
ncorporates  a  computer  fitted  with  two  aigital  to  analog  converters  (DACs)  whose 
outputs  are  connected  through  amplifiers  to  the  SEM  scan  coils.  More  sophisticated 
conversions  involve  computer  controlled  beam  blanking  and  stage  movement. 
Nabity  and  Wybourne  [9]  give  an  especially  thorough  review  of  the  design  issues 
involved  in  an  SEM-baseo  EBL  system.  In  all  cases,  the  computer  controls  the  beam 
oosition  by  the  application  of  voltages  via  the  DACs.  Ideally,  the  beam  position 
resolution  of  these  DAC-based  systems  is  stnctly  limited  oy  the  DAC  resolution. 
Earner  assigns  used  1 2-bit  DACs  wmie  most  current  systems  use  16-bit  DACs  ana, 
omsumaDly,  future  systems  will  have  even  higher  resolution.  When  16-bit  resolution 
s  used,  the  beam  can  be  positioned  anywhere  on  a  65,536  by  65,536  point  grid.  The 
spatial  resolution  of  this  grid  is  determined  by  the  SEM  magnification.  To  move  the 
beam,  successive  positions  in  the  form  of  digital  integers  or  pixels  are  input  to  the 
DAC  at  a  predetermined  rate  calculated  from  the  feature  size,  the  exposure  dose, 
and  the  beam  current.  This  rate  is  calculated  to  include  the  exposure  time  at  that 
ocation  as  well  as  any  overhead  time  necessary  to  account  for  scan  coil  settling  [9- 

The  minimum  feature  size  of  such  systems  is  not  only  determined  by  the  DAC 
spatial  resolution,  but  also  by  the  temporal  resolution.  For  systems  with  poor 
temporal  resolution,  a  low  exposure  dose  can  only  be  achieved  by  having  fewer 
pixels  in  an  exposure  to  result  in  the  desired  dose  at  a  given  magnification  and  beam 
current.  In  this  case,  if  the  pixel  spacing  is  large  compared  to  the  beam  diameter  a 
discrete  pixel  exposure  will  result.  Therefore,  if  faster  pixel  outputs  are  possible, 
pixels  can  be  placed  closer  together  on  the  gnd  resulting  in  smoother  lines,  more 
uniform  exposure  doses,  and  improved  overall  performance. 


System  Overview 

Control  of  the  lithography  system  is  acmeved  througn  an  m-nouse  sottware 
program  [23]  written  specifically  for  electron  beam  lithography.  The  program  we 
developed  is  capable  of  generating  two  types  of  files:  layout  exposure  and  alignment 
(registration).  Each  file  must  be  assigned  a  magnification  which  is  used  to  determine 
the  scan  field  by  the  relation  that  an  SEM  magnification  times  the  scan  field  equals  a 
system  constant.  Our  system  constant  has  been  set  at  1 40,000  where  the  scan  field 
is  m  units  of  microns.  Having  such  a  large  system  constant  allows  for  the  possibility 
to  expose  patterns  over  7  mm.  Both  files  allow  for  an  exposure  to  occur  only  if  the 
oeam  current  and  dose  are  specified.  A  layout  file  can  consist  of  dot.  line,  and  area 
exposures  defined  as  a  set  of  primitive  shapes.  Currently  the  set  of  shapes  includes 
dot  grids,  angled  lines,  gratings,  grids,  rings,  rectangles,  parallelograms,  and 
triangles.  The  registration  process  involves  continuously  scanning  or  imaging  any 
features  designated  as  the  alignment  marks.  These  features  must  be  positioned  at 
the  corners  of  a  rectangle  so  that  adjustments  can  be  made  to  reduce  rotational, 
horizontal,  and  vertical  overlay  errors  as  well  as  to  select  the  correct  magnification. 
These  marks  are  scanned  simultaneously  or  individually  through  a  window  whose 
size  can  be  vaned  to  improve  the  alignment  precision. 

A  complete  scnematic  diagram  of  our  lithography  system  is  shown  in  Fig.  i 
The  lithography  system  is  controlled  by  an  IBM  PC  Model  30/286  [24]  equipped  with 
a  32  megabyte  hard  drive,  4  megabytes  of  RAM,  a  He'  n-Packard  GPI9  interface 
card,  and  a  Computer  Boards,  Inc.  CI0-DI024  digital  input/output  card.  The  GPIB 
interface  controls  the  operation  of  the  waveform  generator  and  the  CJO-0IO24  card 
monitors  the  TTL  channel  synchronization  outputs  of  the  waveform  generator  and 
controls  the  synchronization  of  the  beam  blanker.  Connected  to  the  computer 
through  the  serial  port  is  a  switch  box  used  to  direct  information  to  a  plotter  for 
layouts  or  to  the  SEM  stage  control  system.  The  computer  is  also  connec-ad  to  a 
iaserpnnter  to  record  SEM  exposure  parameters  as  well  as  the  size  and  position  of 
exoosures  within  a  layout.  Our  SEM  is  an  AMRAY  1400  with  a  50  kV  acceleration 


cotentiai.  tungsten  source,  electrostatic  Oeam  olanker,  ana  a  Robinson  oack- 
scattereo  electron  aetector.  Sucn  a  large  acceleration  potential  gives  rise  to  a  wide 
sack-scattered  electron  distribution  in  the  resist,  thus  reducing  proximity  effects 
junng  the  exposure  of  dense  layouts  (25].  The  Robinson  back-scattered  electron 
aetector  is  used  during  the  registration  process  to  image  marks  through  the  resist. 
Also  connected  to  the  SEM  is  a  Keithley  614  electrometer  used  to  measure  beam 
current  collected  in  a  Faraday  cup  mounted  to  the  sample  holder. 

The  beam  position  and  blanking  are  controlled  by  a  Pragmatic  Instruments 
Model  2201 A  High-Definition  Arbitrary  Waveform  Generator  (AWG).  Current 
advances  in  waveform  generation  electronics  [26.  27]  make  the  use  of  a  high 
esolution  AWG  a  superior  choice  for  controlling  SEM-based  EBL  systems.  The 
2201 A  is  a  three  channel  waveform  generator  with  each  channel  capable  of 
generating  a  waveform  with  a  maximum  length  of  65,535  samples  and  sampled  at  a 
selectable  rate  from  0.100  Hz  to  2.000  MH2  with  4-digit  resolution.  Each  waveform 
sample  has  1 6-bit  resolution  within  a  selectable  voltage  range  from  0.01  to  10.2  V 
with  4-digit  resolution.  The  selectable  channel  amplitude  is  extremely  useful  for 
3EMs  whose  scan  amplifiers  compensate  for  the  size  of  micrographs.  By  scaling  the 
output  of  the  2201 A  accordingly,  the  SEM  scan  amplifier  ratio  can  be  balanced 
'“suiting  m  a  square  scan  field.  Each  channel  also  has  a  synchronization  output 
TTL)  which  is  used  to  monitor  the  end  of  waveform  generation,  to  provide  the  pulse 
signals  needed  for  registration,  and  to  control  the  beam  blanking.  The  three 
waveform  outputs  are  connected  to  the  SEM  with  channel  1  operating  as  a  TTL 
signal  to  control  beam  blanking,  and  channel  2  and  3  functioning  as  analog  outputs 
to  control  the  horizontal  and  vertical  beam  positions.  Channel  signal  outputs  are 
■  eferred  to  as  BBK,  XSCAN,  and  YSCAN  respectively,  and  channel  synchronization 
outputs  are  referred  to  as  BBKSYNC,  XSYNC,  and  YSYNC,  respectively. 

The  Quantel  Crystal  Digital  Image  Processor  is  used  to  capture  video 
information  from  the  SEM.  To  capture  images,  the  image  processor  requires  video 
nput  as  well  as  line  and  frame  pulse  signals.  These  pulse  signals  correspond  to  the 


-sna  cf  a  nonzontai  scan  ana  the  ena  of  a  vertical  scan  resDectiveiy.  To  capture  an 
mage,  tne  processor  synchronizes  its  capture  rate  to  that  cf  the  iine  and  frame 
oulses.  When  the  lithography  system  is  used  in  an  imaging  mode,  the  image 
Drocessor  receives  line  and  frame  pulses  from  the  SEM  ana  the  scanned  image  is 
digitized.  When  the  system  is  used  in  a  registration  mode,  the  processor  receives 
line  and  frame  pulses  from  the  2201 A  (XSYNC  and  YSYNC)  so  that  only  the  scanned 
areas  over  the  registration  marks  are  digitized. 

Layout  Exposure 

We  have  taken  great  care  m  designing  an  EBL  system  capable  ot  large  scan 
held  exposures  with  nanometer  resolution.  For  us,  the  pnmary  issue  for  large  scan 
field  exposures  is  the  signal  to  noise  |S/N1  ratio  in  the  signals  used  to  control  the 
SEM  scan  coils.  Noise  in  the  generated  signal  can  result  in  a  deflection  of  the  beam 
which  depends  on  the  gain  of  the  scan  amplifiers.  In  order  to  complete  patterns  in 
large  scan  fields  where  the  gain  of  the  scan  amplifiers  is  large,  the  noise  must  be 
less  than  the  minimum  feature  size  desired.  For  example,  in  a  scan  field  of  0.7  mm, 
for  a  30  nm  feature  to  be  exposed,  the  S/N  ratio  ot  the  signal  generator  must  be 
g.sater  than  87  dB.  W  *>  uuTS‘u  !ly  analysed  the  scan  coil  signals  at  various  points  in 
the  lithography  system  using  a  Hewlett-Packard  35660A  dynamic  signal  analyzer 
ana  were  able  to  improve  the  S/N  ratio  measured  at  the  SEM  scan  coils  from  78  dB 
to  100  dB  using  proper  shielding  and  grounding  techniques  (28.  29].  A  100  dB  S/N 
ratio  represents  a  peak-to-peak  noise  signal  equivalent  to  only  14  nm  in  a  1.4  mm 
scan  field. 

Every  stage  of  the  system  from  the  computer  to  the  scan  coils  was  modified. 
Substantial  modifications  were  required  to  eliminate  signals  emanating  from  the 
filament  current  power  supply.  By  isolating  the  supply  from  the  scan  coil  electronics 
cower  supply,  the  S/N  ratio  improved  by  10  dB.  The  pnmary  source  of  noise  was 
identified  as  a  ground  loop  problem  resulting  from  the  General  Purpose  Interface  Bus 
GPIB)  connection  between  the  2201 A  and  the  computer.  Two  commercial  GPIB 
ooticai  isolation  units  were  tested  with  no  improvement  noted.  Therefore,  a  ground 


''.etworK  was  aesignea  ana  implementea  resulting  in  a  20  aB  improvement  in  the  S/N 
-atio.  Fig.  2  snows  a  ime  pattern  exposure  oefore  ana  after  improvements  were 
maae.  For  large  scan  fields,  the  S/N  ratio  becomes  much  more  of  a  factor  as  the 
noise  m  the  scan  coil  signals  directly  correlates  to  an  observable  physical 
aispiacement  of  the  beam  as  shown  m  Fig.  2(a).  For  small  scan  fields,  the  S/N  ratio 
becomes  much  less  of  a  limiting  factor. 

Layout  and  pattern  exposure  require  the  user  to  specify  a  beam  current  and 
magnification  for  the  SEM,  and  exposure  doses  for  the  primitive  shapes  in  the  layout. 
The  layout  is  exposed  by  programming  the  2201 A  and  C10-DI024  for  each  shape. 
The  shape  exposure  order  can  be  changed  before  pattern  exposure.  First,  the 
2201  A  is  programmed  with  the  necessary  signals  calculated  to  give  the  correct  dose, 
for  a  specific  magnification  and  beam  current.  Because  of  the  flexibility  of  the 
2201  A,  the  shape  algorithms  are  written  so  that  the  smallest  time  per  pixel  is 
calculated,  allowing  the  highest  resolution  waveforms  to  be  generated.  Before  a 
shape  is  exposed,  a  channel  is  selected  to  trigger  the  output  of  the  other  channels. 
The  synchronization  signal  of  this  channel  is  then  monitored  by  the  CI0-DI024  to 
detect  the  end  of  shape  exposure.  The  AWG  is  then  set  to  be  triggered  through  the 
GPIB  once  the  BBK  circuit  is  programmed.  The  BBK  circuit  consists  of  fast  logic 
gates  controlled  by  the  AWG  synchronization  outputs  and  the  CI0-DI024.  The  CIO- 
DI024  selects  which  synchronization  signals  are  to  be  used  to  control  the  SEM  beam 
blanker.  Also,  the  CIO-DI024  is  programmed  to  monitor  the  synchronization  channel 
selected  to  signal  the  end  of  shape  exposure.  By  continuously  polling  the  CIO- 
DI024  during  shape  exposure,  the  completion  of  an  exposure  is  detected  when  a 
logic  LO  is  read  from  the  triggenng  channel  synchronization  output. 

The  commands  used  to  program  the  2201 A  to  expose  a  horizontal  rectangle  are 
shown  m  Table  1 .  YSCAN  is  selected  as  the  triggering  channel  for  BBK  and  XSCAN 
signals.  Fig.  3  shows  an  example  of  the  waveforms  programmed  to  expose  a 
^onzontal  rectangle  from  the  instructions  in  Table  i .  The  rectangle  is  exposed  when 
YSCAN  is  triggered  by  the  computer.  As  YSCAN  is  generated,  when  the  second 
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waveform  samoie  of  YSCAN  is  reached.  BBK  and  XSCAN  are  triggered.  This 
sequence  guarantees  that  BBK  and  XSCAN  are  synchronized  to  YSCAN.  The  end  of 
the  exposure  is  detected  by  polling  YSYNC  through  the  CI0-DI024.  When  YSCAN 
waveform  output  begins,  YSYNC  changes  from  logic  LO  to  logic  HI.  At  the  last 
waveform  sample  of  YSCAN.  YSYNC  changes  to  a  logic  LO  signaling  the  end  of  the 
shape  exposure  and  the  2201 A  is  programmed  for  the  next  shape  exposure. 

Use  of  the  2201 A  allows  us  to  minimize  the  total  overhead  time  for  an  exposure, 
as  well  as  maximize  control  of  exposure  dose.  Because  SEM  parameters  such  as 
focus  and  astigmatism  can  dnft.  large  overhead  times  can  result  in  poor  exposure 
conditions  for  complex,  lengthy  patterns.  We  have  optimized  the  software  for  all  line 
types  to  take  advantage  of  this  property.  When  a  waveform  is  calculated,  the  2201 A 
s  instructed  to  load  its  memory  with  the  waveform  samples.  Next,  a  sampling  rate  is 
selected  for  each  memory  location  and  the  waveform  is  then  triggered  for  output.  For 
the  next  exposure,  instead  of  loading  a  new  waveform,  the  star  and  stop  pointers  in 
channel  memory  are  moved  to  correspond  to  the  next  exposure  and  tnggered.  With 
the  resolution  and  range  of  sampling  rates,  the  exposure  dose  can  be  varied  by  0.1% 
from  one  exposure  to  another.  Such  resolution  is  needed  when  attempting  to 
charactenze  new  resists  and  developer  solutions  as  well  as  to  optimize  exposure 
parameters. 

Registration 

We  have  developed  an  accurate  technique  for  achieving  pattern  registration, 
relying  on  the  2201 A  and  the  image  processor.  The  2201 A  is  used  to  control  the 
acquisition  rate  of  the  processor  such  that  only  the  information  scanned  from  the 
alignment  marks  is  digitized.  The  synchronization  signals  of  the  2201 A  are 
configured  to  emulate  line  and  frame  pulse  signals  with  one  frame  consisting  of  480 
:mes  of  video  information.  Shown  in  Fig.  4,  our  technique  involves  scanning  one 
mark  or  scanning  four  marks  simultaneously.  The  four-mark  scan  can  be  used  to 
correct  rotational  errors  while  single  mark  scans  are  used  to  correct  magnification 
errors  as  well  as  honzontal  and  vertical  displacements.  Once  a  mark  has  been 


scanned,  :he  video  information  s  collected  oy  the  processor  and  cispiayeo. 
Examples  of  single  ana  multiple  marK  scans  are  provided  .n  Fig.  5  The 
superimposed  dark  areas  m  the  scanned  images  are  achieved  through  beam 
olankmg  and  serve  as  guides  during  alignment.  To  improve  registration  accuracy, 
the  size  of  the  scan  windows  can  be  scaled,  resulting  m  a  magnified  view  of  the 
registration  mark. 

Results 

We  have  tested  our  system  in  a  variety  of  scan  fields,  exposing  arbitrary 
patterns  with  many  exposure  doses.  Studies  investigating  the  properties  of  PMMA 
30,  31]  and  charges  in  oxides  [32]  have  been  performed  using  this  system.  For  this 
work,  exposures  were  performed  at  50  kV  on  thick  silicon  substrates  with  100  nm 
thick  PMMA  of  molecular  weight  950,000  a.m.u.  baked  for  10  minutes  at  170  °C 
using  a  hot  plate.  Development  was  performed  at  21  °C  for  15  seconds  in  a  i  :3 
mixture  of  methyl  isobutyl  ketone  :  isopropanoi  with  1%  methyl  ethyl  ketone  [33]. 
Metal  films  of  Au  and  Ti/Au  were  evaporated  at  normal  incidence  in  an  electron  beam 
evaporator.  Lift-off  was  performed  by  soaking  in  acetone  for  2  to  3  minutes. 

At  conventional  scan  fields  around  250  pm2,  dots  approximately  13  nm  in 
diameter  were  fabricated  [34],  Some  of  our  results  demonstrating  the  flexibility  of  the 
system,  as  well  as  resolution,  are  shown  in  Fig.  6.  Fig.  7  shows  the  same  line 
pattern  exposure  at  the  center  and  top  edge  of  a  1.0  mm  scan  field.  Fig.  8  shows 
magnified  views  of  the  vertical  grating  and  spoke  pattern  at  the  edge  of  the  i  .0  mm 
scan  field  demonstrating  high  resolution  features  m  large  scan  fields.  In  Fig.  7(b),  we 
see  that  the  innermost  nng  is  displaced  in  the  verilcal  direction,  which  is  an  example 
of  the  effects  of  scan  coil  settling.  The  inner  most  ring  is  drawn  first  in  this  pattern. 
Once  the  scan  coils  have  settled,  the  remaining  pattern  is  exposed  without  any 
noticeable  errors.  Such  errors  are  corrected  by  choice  of  pattern  order  and  addition 
of  delays  into  the  2201 A  programming  sequence.  To  test  line  width  vanation  over  a 
■  o  mm  scan  field,  the  pattern  m  Fig.  3  was  exposed.  The  line  variation  was 
estimated  to  be  5  nm  for  65  nm  wide  lines.  A  more  accurate  investigation  would 
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require  micrograpns  with  more  detail  wmch,  at  this  time,  are  currently  not  available. 
To  test  the  registration  accuracy,  the  double  exposure  pattern  m  Fig.  *o  was  used 
with  our  best  results  shown  in  Fig.  ’V  We  believe  we  have  achieved  an  overlay 
accuracy  of  less  than  100  nm. 

Summary 

We  have  snown  that  using  an  AWG  to  control  an  SEM  for  EBL  can  provide  a 
versatile  nanolithographic  exposure  tool  capable  of  large  scan  field  exposures.  With 
the  flexibility  of  the  2201  A,  we  are  able  to  precisely  control  the  exposure  dose, 
accurately  position  the  electron  beam  and  maintain  beam  position  as  well  as  control 
the  image  processor  to  facilitate  device  registration.  The  1 6-bit  resolution  m  voltage 
and  4-aigit  resolution  in  sampling  rates  allows  for  optimal  control  of  exposure  dose. 
The  variable  output  of  the  waveform  generator  also  simplifies  the  adjustment  of  scan 
field  aspect  ratios.  We  have  shown  that  we  are  capable  of  exposing  patterns  in  large 
scan  fields  with  nanolithographic  features.  Having  the  flexibility  to  pattern  the  fine 
structures  as  well  as  other  device  features  in  one  system  reduces  the  overhead 
associated  with  device  design  and  fabrication. 
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TABLE  ■  Commands  used  to  configure  2201 A  for  honzontal  rectangle  exposure. 


Figures 


FIGURE  i  Schematic  die  gram  of  electron  beam  lithography  system. 

FIGURE  2.  Improvements  made  in  noise  reduction  for  an  exposure  completed  in 
a  1.4  mm  scan  field,  (a)  Pattern  processed  before  noise  reduction, 
(b)  Pattern  after  improvements  were  made  to  the  system. 

FIGURE  3.  Example  of  the  2201 A  waveform  output  when  exposing  a  horizontal 
rectangle.  Shown  here  is  an  sample  of  three  passes  across  the 
rectangle.  YSCAN  triggers  BBk  and  XSCAN.  Notice  the  beam  is  off 
during  the  retrace  of  XSCAN.  With  this,  each  sample  in  vsCAN 
corresponds  to  one  XSCAN  across  the  rectangle.  The  time  s^ale  for 
BBK  and  XSCAN  is  kept  constant  at  0.5  iisec  and  the  time  scale  of 
YSCAN  is  equal  to  the  total  time  for  one  cycle  of  XSCAN  (xretrace  + 
xsamples).  To  ensure  channel  synchronization.  YSCAN  waveform 
output  begins  on  ns  SECOND  waveform  sample. 

FIGURE  4  Registration  mark  layout  with  definitions.  Marks  are  numbered  in  a 
clockwise  pattern.  A  scan  of  all  marks  is  completed  by  scanning 
marks  1 ,  2.  3.  and  4  in  order.  Scanning  of  individual  marks  is 
selected  from  a  menu  within  the  program.  The  size  of  the  marks  is 
enlarged  for  clarity. 

FIGURT  5.  Processed  back-scattered  electron  images  of  alignment  marks  for  (a) 
four-mark  and  (b)  single  mark  scans. 

FIGURE  6.  Miscellaneous  patterns  demonstrating  flexibility  and  resolution  of  the 
lithography  system,  (a)  Au  dots  on  40  X  50  nm  grid  and  (b)  Au 
grating  with  lines  on  55  nm  centers  exposed  in  the  center  of  a  240  pm 
scan  field,  (c)  Au  ring  with  inner  diameter  less  than  60  nm  with  a 
width  of  18  nm.  (d)  Au  line  structure  with  line  widths  less  than  100 
nm  demostrating  arbitrary  pattern  exposure  capability. 

FIGURE  7  Micrographs  of  line  patterns  exposed  (a)  in  the  center  and  (b)  at  the 
top  edge  of  a  1  mm  scan  field. 

Magnified  view  of  lines  in  Fig.  7(b).  (a)  Vertical  grating  and  (b)  spoke 


FIGURE  8. 


oattern  demonstrating  features  under  1 00  nm  mai.O  mm  scan  field. 


FIGURE  9. 


FIGURE  10. 


FIGURE  11 . 


Exposure  pattern  used  to  investigate  the  line  width  variation  across  a 
i.O  mm  scan  field.  The  pattern  was  exposed  both  honzontally  and 
vertically.  Over  40  micrographs  were  taken  of  fabricated  lines. 
Micrographs  (a)  and  (b)  correspond  to  location  of  boxes  m  figure 
drawn. 

Exposure  pattern  used  to  determine  registration  accuracy.  The  dark 
lines  of  patterns  A  and  B  were  fabricated  first.  Having  aligned  the 
sample,  the  mirror  image  of  patterns  A  and  B  was  then  fabricated  and 
the  registration  accuracy  determined. 

Micrograohs  of  alignment  results  for  Pattern  A  (a)  and  Pattern  B  (b)  of 
Fig.  io  located  in  the  center  of  the  scan  field. 
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For  closely  spaced,  nanolithographically  defined  lines,  a  thin  wall  of  resist  remains  to  act  as  the 
metal  line  spacer.  When  exposed  to  a  developer,  and  then  rinsing  solution,  closely  spaced  resist 
walls  may  become  unstable  as  a  result  of  two  effects:  ( 1 )  internal  stresses  due  to  swelling,  and 
t2)  lateral  surface  forces  between  adjacent  walls.  In  this  article  we  perform  a  linear  stability 
analysis  of  a  thin  polymer  wall  under  the  simultaneous  action  of  internal  stresses  and  lateral 
surface  forces.  We  calculate  a  stability  boundary,  and  show  that  internal  stresses  are  necessary 
for  the  formation  of  deformation  patterns  of  finite  wavelength.  We  find  that,  for  slightly 
subcritica!  swelling  stresses  a  small  lateral  force  can  induce  buckling,  while,  for  slightly 
subcritical  surface  tractions  large  internal  stresses  are  necessary  to  induce  instability. 

The  theoretical  predictions  are  in  good  agreement  with  experimental  data  on 
poly  (methyl-methacrylate)  walls  produced  by  electron  beam  lithography. 


INTRODUCTION 

In  addition  to  ultrahigh  resolution,  an  important  as¬ 
pect  of  nanofabncation  for  nanoelectronics  is  the  achiev¬ 
able  spacing  of  metal  features.  Extremely  closely  spaced 
features  have  been  utilized  in  such  devices  as  lateral  tun¬ 
neling  transistors,1  split  gates/  and  optical  gratings.'  In 
applications  such  as  these,  metal  features  are  required  with 
spaces  as  small  as  a  few  hundred  A.  The  fabrication  of  very 
narrow  gaps  over  appreciable  distances  (a  few  /an)  re¬ 
quires  very  good  control  of  lithographic  processing  param¬ 
eters. 

Mr  st  pattern  transfer  in  nanolithography  for  quantum 
devices  is  effected  by  the  lift-off  process  in  which  a  thin 
metal  layer  is  deposited  by  perpendicular,  thermal  evapo¬ 
ration  onto  a  resist  [usually  poly  (methyl  methacrylate) 
tPMMA)]  such  that  metal  falls  either  on  the  surface  of  the 
undeveloped  (positive)  resist  or  onto  the  surface  of  the 
substrate  where  exposed  and  developed  resist  has  been  re¬ 
moved.  Subsequent  removal  of  unexposed  resist  also  re¬ 
moves  all  metal  except  that  on  the  surface  of  the  substrate. 
When  metal  patterns  are  to  be  placed  very  closely  t^c,  b"  . 
the  space  is  formed  by  the  shadowing  of  the  1 

metal  by  a  thin  "wall”  of  re  '..  We  report  here  on  ,nc 
fundamental  limitations  of  solvent/PMMA  interactions 
wh.ch  lead  to  failure  of  the  thin  features  necessary  to  per¬ 
form  lift-off  of  very  closely  spaced  features. 

For  thin  resists  at  moderate  energies,  undercutting  by 
beam  scattering  within  the  resist  can  approximately  be  de¬ 
scribed  by4 

b  =  b25(Z/E0)ri'1(u/A)1  :,  (1) 

where  b  is  t,V  increase  ol  the  diameter  of  the  beam  at  the 
bottom  surfa.;  i.  ihe  resist,  Z,  ,-i,  p,  and  i  are  the  atomic 
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number,  atomic  weight,  density,  and  thickness  of  the  resist, 
respectively,  and  £0  is  the  beam  energy  in  keV.  For 
PMMA,  Z-—  3.6,  A  =  6.7  g/mol,  and  p—  1.2  g/cm  ’.5  For  45 
keV  electrons  and  a  PMMA  thickness  of  130  nm,  under¬ 
cutting  is  about  5  nm  at  each  sidewall  of  our  p  “  v.  which 
aids  in  the  lift-off  process. 

As  discussed  above,  he  unexposcu  recast  spacer  is  in 
the  form  of  a  thin  wall  between  the  developed  lines.  When 
lines  are  placed  too  closely  together  and  high  resolution  is 
achieved,  the  resist  walls  can  either  become  wavy,  fall  over, 
or  even  lose  adhesion  to  the  surface,  in  which  case  they  fa  l 
completely.  In  this  regard,  internal  stresses  due  to  swelling 
and  lateral  surface  forces  between  adjacent  structures  can 
play  dominant  roles.  Although  PMMA  suffers  little  swell¬ 
ing,  which  accounts  partially  for  its  ultrahigh  resolution 
properties,  some  absorption  of  developer  is  necessary  to  aid 
the  development  process.*  Swelling  and  solubilization  of 
polymeric  resists  have  been  extensively  investigated.  8  In 
marginally  poor  so’  ents,  solvation  forces  favonng  mixing 
are  insufficient  to  proi  icte  dissolution  of  the  polymer.  Ap- 
prec.ible  swelling  can  occur,  however,  leading  to  weaker 
mechanicai  properties,  and  to  the  buildup  of  internal 
stresses  in  const. lined  structures.  Amorphous  polymers  of 
high  molecular  weight  may  typically  experience  between 
0.1%  and  30%  swelling,  without  solubilization,  depending 
cn  solvent  quality  and  temperature.8  With  mixtures  of  sol¬ 
vents,  the  swelling  behavior  can  be  of  considerable  com¬ 
plexity,  since  preferential  partitioning  of  one  or  mure  com¬ 
ponents  of  the  mixture  in  the  polymer  can  occur.  Tins 
would  be  the  case  foi  most  iesist  developer  solutions, 
which  usually  comprise  moie  than  a  single  component. 
Notwithstanding  their  valuable  insight,  thermodynamic 
models  have  enjoyed  only  limited  success  in  the  quantita¬ 
tive  prediction  of  solubility  properties  of  multiconir>uneni 
polymer-solvent  systems,  and  such  an  attempt  will  not  oe 
made  here.  Nevertheless,  as  c.  discriminator  of  the  qual  r 
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of  the  model,  our  predictions  will  be  required  to  compare 
favorably  with  typical  swelling  data. 

Recent  experiments  have  considerably  clarified  the 
mechanism  of  interaction  between  polymeric  surfaces. 
Studies  of  thi.  nature  have  recently  become  possible  manks 
to  the  perfecting  of  the  surface  force  apparatus  by  Is- 
raelachviii  and  Tabor.9  In  this  system,  the  separation  be¬ 
tween  two  mutually  orthogonal,  cylindrical  mica  surfaces 
onto  which  polymer  is  adsorbed  can  be  measured  with 
resolution  better  than  5  A.  The  separation  measurements 
rely  on  interferometry,  while  knowledge  of  the  flexural  ri¬ 
gidity  of  the  instrument  enables  calculation  of  the  force 
between  the  surfaces.  Normalization  of  the  force  by  2ir 
times  the  mean  radius  of  curvature  of  the  mica  sheets  di¬ 
rectly  yields  the  surface  energy  of  interaction. 10  Experi¬ 
ments  show  that  in  good  solvents,  polymer  surfaces  always 
repci  each  other  due  to  the  tendency  of  the  chains  to  mix 
most  favorably  with  solvent  molecules.  Conversely,  in  poor 
solvents  chain-chain  interactions  are  more  favorable,  lead¬ 
ing  to  strong  long-range  attraction.  Experimentally,  the 
attractive  forces  between  polymer  layers  become  significant 
within  a  distance  of  about  twice  the  radius  of  gyration  of 
the  chains,  which  can  extend  to  several  hundred  A  for  high 
molecular  weight  polymers.10  Common  post-development 
rinsing  solutions  are,  by  design,  of  poor  thermodynamic 
quality.  Therefore,  in  addition  to  swelling,  attractive  forces 
are  expected  to  play  a  vital  role  in  the  failure  of  polymeric 
nanostructures. 

EXPERIMENT 

Our  electron  beam  lithography  (EBL)  system  consists 
of  an  Amray  1400  scanning  electron  microscope  (SEM) 
with  a  minimum  spot  size  of  35  A  controlled  by  a  personal 
computer  interfaced  through  a  Pragmatic  Systems  2201 A 
16-bit  arbitrary  wave  form  generator.  We  used  PMMA 
with  molecular  weight  950  000  amu  baked  at  170*C  for  4 
h  for  all  exposures.  Resist  and  developer  parameters  were 
very  tightly  controlled.  Resist  thickness  was  105-180  nm 
as  measured  with  an  Alpha-Step  200  surface  profiler.  The 
developer  used  in  all  cases  was  a  solution  of  MIBK:IPA 
(1:3)  with  the  addition  of  1%  tMEK)  by  volume.11  It  has 
been  shown  that  contrast  results  are  extremely  sensitive  to 
vanations  in  developer  temperature  due  to  the  high  acti¬ 
vation  energy  of  the  PMMA  in  the  developer  solvents.11 
Using  a  temperature  controller,  our  developer  temperature 
was  maintained  at  25  ±0.5  "C.  Develop  time  for  all  samples 
was  15  s  followed  by  a  15  s  rinse  in  methanol.  After  de¬ 
velopment.  all  samples  were  dried  in  air  at  90  *C  for  5  min. 

All  exposures  were  performed  at  a  beam  energy  of  45 
keV  at  a  spot  size  of  5  nm  and  120  pm  scan  field.  Sub¬ 
strates  used  in  all  cases  were  200  nm  SiC^  on  thick  silicon 
wafers  Doses  were  very  critical  for  making  high-density 
patterns  because  of  proximity  effxta  during  c-beam  lithog¬ 
raphy  They  weir  not  only  related  to  the  line  pitch,  but  also 
to  the  s  J£  of  the  patterns.  For  grating  pitches  ranging  from 
'f  x  150  nm.  thr  doses  varied  from  1.5  to  2.5x10“’ 
Cun.  For  the  c^se  of  only  two  parallel  lines,  doses  ranged 
from  2.5  to  3.5x  10“’  C/cm  for  pitches  from  80  to  120 
nm 


5/p 


FIG.  I .  Schematic  representation  of  the  potential  energy  of  interaction  of 
a  polymer  lurfaoe  confined  between  and  equidistant  from  r  i  oilier  sur¬ 
faces.  As  the  dimensionless  separation  d/p  increases,  the  curv-'  broaden 
and  the  equilibrium  position  around  b/p~ 0  becomes  indifferent  to  small 
lateral  displacements.  At  very  small  separations  the  potential  becomes 
purely  repulsive.  At  intermediate  aepanuons  the  erect  position  may  ether 
be  stable  nr  unstable  depending  on  the  npdity  of  the  wall. 

All  metal  evaporations  were  gold  from  an  electron 
beam  evaporator  with  thicknesses  of  30  ±  1  nm.  Lift-off 
was  performed  by  soaking  the  samples  in  acetone  for  about 
5  min,  followed  by  the  application  of  acetone  using  a  hy¬ 
podermic  syringe,  followed  by  a  15  s  methanol  rinse,  and 
final  blow  drying  m  nitrogen. 

THEORY 

The  interaction  energy  between  two  opposing  surfaces, 
2,  can  be  obtained  by  linear  superposition  of  long-range, 
attractive,  and  short-range,  repulsive  interactions.  Gener¬ 
ally,  the  potentials  are  individually  modeled  as  a  power-law 
of  the  reciprocal  of  the  separation  distance,  r,  giving 
(within  an  arbitrary  additive  constant):10,12 

2  =  2*[(p/r)‘-(p/r)*),  (2) 

where  2*  and  p  characterize  the  strength  and  width  of  the 
potential  well,  respec:  ely,  and  a  and  b  ( a>b )  prescribe 
the  rate  of  growth  and  decay  of  repulsive  and  attractive 
interactions,  respectively.  For  a  polymer  wall  confined  be¬ 
tween,  and  equidistant  from  two  parallel  surfaces  with  sep¬ 
aration  d,  the  following  approximation  is  appropriate: 

2,=2*{[  |p2/(d2  — 62)|  r  ■  — ( |p2/(d2  — 62)|  }b/2} 

(for  ~d^b<d),  (3) 

where  2,  is  thr  surface  energy  (energy /area),  and  5  any 
virtual  lateral  displacement  away  from  the  planar  config¬ 
uration.  Note  that  5,  and  hence  2r  will  in  general  vary 
from  point  to  point  along  the  surface  of  the  wail.  Figure  1 
schematically  illustrate*  the  sha^x.  of  2,  for  different  values 
of  the  dimensionless  separation,  d/p.  it  is  seen  that  for 
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large  values  of  d/p  the  erect  position  is  indifferent,  while  it 
becomes  progressively  more  unstable  as  the  surface-to- 
surface  separation  decreases.  (Note  that  we  are  ignoring 
for  the  moment  the  elasticity  of  the  wall,  which,  by  coun¬ 
teracting  deformation,  would  stabilize  the  system.)  Inter¬ 
estingly,  as  the  separation  further  decreases  repulsion  be¬ 
comes  dominant  and  the  equilibrium  reverts  to 
unconditionally  stable.  Experimentally,10  the  transition 
should  occur  around  d^R/2,  where  R  is  the  radius  of 
gyration  of  the  polymer  chains.  Apparently,  this  situation 
could  be  exploited  to  greatly  improve  resolution  in  nano- 
lithography.  However,  it  may  be  difficult  in  practice  to  take 
advantage  of  the  phenomenon,  since  typically,  R/2  is  on 
the  order  of  5-10  nm.  Additionally,  interpenetration  of  the 
chains  will,  in  fact,  impede  complete  separation  of  the 
walls  after  solvent  evaporation. 

Differentiation  of  the  interfacial  energy  [Eq.  (3)]  with 
respect  to  <5  provides  the  interfacial  stress  acting  on  the 
lateral  surface  of  the  wall,  a: 


In  the  limit  of  small  displacements,  the  detailed  structure 
of  the  potential  is  irrelevant,  and  a  can  be  linearized 
around  the  origin  (6  =  0)  to  give 

(7=06,  (5) 


where 


6  s 


(6) 


Henceforth,  0  will  be  referred  to  as  the  “surface  stress 
coefficient."  Equation  (6)  can  be  used  to  calculate  0  from 
surface  force  measurements,  for  any  given  polymer-solvent 
system.  Note  that  both  the  magnitude  and  sign  of  0  will 
generally  depend  on  the  dimensionless  separation  d/p. 
Therefore,  in  the  following  we  shall  attempt  to  estimate 
only  the  order  of  magnitude  of  6 

Dimensional  analysis  of  Eq.  (6)  and  experiments'0 
suggest  the  following  scaling: 


9  = 


(7) 


where  AZ,  is  the  depth  of  the  attractive  potential  well,  and 
R  the  end-to-end  distance  of  the  polymer  chains.  As  men¬ 
tioned  previously,  surface-force-apparaius  experiments  di¬ 
rectly  yield  Z,  as  the  measured  force  normalized  by  2 fl¬ 
umes  the  mean  radius  of  curvature  of  the  mica  sheets.10 
Unfortunately,  experimental  data  of  this  nature  are  not 
available  (or  l'MMA.  Polystyrene  “brushes''  in  various  sol¬ 
vents  have  been  extensively  investigated,  however.  Because 
of  the  osmotic  nature  of  the  interactions,  the  detailed 
chemical  structure  of  the  polymer  is  believed  to  be  only  of 
secondary  importance. 10  Therefore,  data  on  polystyrene 
should  prove  useful  for  obtaining  estimates  of  the  general 
magnitude  of  AZr  Figure  1  of  Ref.  10  gives  plots  of  nor¬ 
malized  force  versus  separation  for  polystyrene  brushes  in 
an  aliphatic  solvent  below  the  6  temperature.  The  data 
show  a  pronounced  attractive  well  with  a  depth  of  about 


FIG  2.  Diagram  of  tall,  thin  wall  demonstrating  geometrical  parameters 
used  in  the  analyst*.  The  wall  has  been  hypothetically  sectioned  at  the 
nodal  points  of  the  distortion. 


ASjir  160  (/zN/m)  (after  proper  normalization  by  2 tr). 
Roughly,  we  may  assume  R  ^  10-30  ( nm )  in  Eq.  ( 7 ) ,  thus 
placing  ©  in  the  range:  10n<9<1012  (N/m3).  We  show 
later  that  these  values  are  sufficient  to  cause  instabilities  in 
arrays  of  closely  spaced,  thin  polymer  walls.  In  the  follow¬ 
ing,  we  shall  focus  on  the  case  0>O  (signifying  an  unsta¬ 
ble  equilibrium),  and  make  use  of  Eq.  (5)  to  describe  the 
lateral  surface  traction  on  the  wall. 

We  consider  now  the  stability  of  an  infinitely  long  wall 
of  width  w  and  height  h  under  the  simultaneous  action  of 
lateral  forces  and  internal  stresses  due  to  swelling.  The 
system  of  interest  is  shown  in  Fig.  2,  which  also  gives  the 
characteristic  geometrical  parameters.  Mathematically, 
this  problem  is  conveniently  formulated  within  the  frame¬ 
work  of  linear  plate  theory,  leading  to  the  following  homo¬ 
geneous  boundary  value  problem  for  the  lateral  displace¬ 
ment,  6:13 


3*6  3*6  3*6  d26 

rr-s  -t-  2  .  ■  ..  i  +  -r-T  =  —  A 


d?^2 

dx‘dyi  +  dyi 

=  -  A  r— *  116, 

dr 

(8) 

5=0 

at  y  =  0  ( 

no  displacement  at  the  bottom), 

(9) 

36 

-  =  ° 
3y 

at  v  =  0 

(built-in  bottom  end), 

(10) 

d16 

3*6 

3"T  +  v 

dr 

II 

o 

Cl> 

y—  1  (torque-free  top), 

(11) 

3}6 

dP+{2~v] 


d36 

dx/3y  ® 


at  y~  1 


(shear  force-free  top)  (12) 

where  the  dimensionless  variables  and  parameters  are  de¬ 
fined  as 


x=X/h:  y=  Y/h. 
<t„I2(  1  —  \-)hr 


A  —  - 


Eur 


(13) 
(  14) 
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©12(  1  —v~)h* 

n  = - 7— - .  M5) 

Ear 

In  Eqs.  (14)  and  (15),  <t„>0  is  the  internal  compressive 
stress,  0  is  defined  in  Eq.  (5),  v  is  Poisson's  modulus,  E 
Young’s  modulus,  and  h  and  w  the  wall  height  and  width, 
respectively. 

For  an  infinitely  long  wall,  the  solution  to  Eq.  ( 8 )  is  ot' 
the  form:  J 


(SU.y)  =cos(£c){,4(sinh(ay)  —  sin(/3>>)  ] 

■+-5(cosh(ay) -cos(0y)  ]},  (16) 

where  A  and  B  are  integration  constants,  and 
a  —  v5‘  +  vA£J  +  ft 

^=y-|"+W  +  n.  "7) 

Variable  £  is  related  to  the  wavelength  of  the  prevailing 
distortion  in  the  x  direction,  A,  as 

A  =  2ir/i/£.  (18) 

Imposition  of  the  boundary  conditions  generates  the  fol¬ 
lowing  equation  for  the  eigenvalues: 

2«-i-(r  a-r)cosh(a)cost^)  =—  (a2r-i3V) 


xsmh(a)sin($),  (19) 

where 

t=0‘  +  v{-1 


Note  that  in  order  for  0  in  Eq.  (17)  to  be  real,  we  must 
have 

0<ts,  1 

where 

£s2£2/(.\t  vV-4ft).  (21) 

The  use  of  e,  instead  of  £,  provides  a  more  efficient  strategy 
for  a  systematic  search  of  the  c.gcnvalucs. 

Equation  (19)  implicitly  defines  a  relation  among  A. 
11,  and  e.  In  the  search  for  the  roots,  the  following  limiting 
cases  are  important:  ( 1 )  A  =0  and  (2)  11  =  0.  These  cases 
will  be  treated  separately,  since  they  provide  clues  for  the 
solution  of  the  general  problem  in  which  lateral  forces  and 
internal  stresses  act  simultaneously. 

Case  ( I):  11  =  0 

As  is  customary  in  stability  theory,  Eq.  (19)  (with 
11=0)  is  satisfied  only  by  a  discrete  set  of  e  (or  5)  values, 
provided  A  is  greater  than  or  equal  to  a  minimum  critical 
value.  A*.  Physically,  A*  is  the  smallest  (dimensionless) 
stress  necessary  to  reach  the  marginal  stability  limit  (in¬ 
different  equilibrium),  and  can  be  calculated  by  solving  Eq. 
(19)  numerically.  We  find:  A*=  10.40,  and  £*  =  1.917. 
Combining  these  results  with  Eqs.  (14)  and  (18),  the 
smallest  critical  stress,  and  the  associated  wavelength, 
A,  are  calculated  to  be 


o?,  =  26£u/:/[30(  1  -v^)fi:],  (22) 

/.  =n2tr/1.917.  (23) 

For  swelling  induced  stresses,  of,  can  in  tum  be  obtained 
from 


crf,  =  £c,*.  (24) 

where  £,w  is  the  hypothetical  swelling  strain  that  the  wall 
would  undergo  if  allowed  to  expand  freely.  Equations  (22) 
and  (24)  enable  calculation  of  ihe  critical  wall  aspect  ratio 
for  stability,  (h/w)*,  as  a  function  of  the  swelling  strain: 

1  ft  \* - , - 

-  =  v26/30(l-v)£t..  (25) 

\wj 

Equation  (25)  is  convenient  for  comparison  with  experi¬ 
ments.  since  it  does  not  contain  the  unknown  modulus  E 
(which  presumably  changes  upon  swelling).  As  expected, 
a  short  wall  can  sustain  a  higher  degree  of  swelling  before 
buckling.  Additionally,  for  a  constant  Eq.  (25)  pre¬ 
dicts  a  direct  proportionality  between  critical  wall  height 
and  width.  As  shown  later  on,  our  experimental  findings 
confirm  this  prediction. 

Case  (2):  A=0 

Treatment  of  this  case  is  similar  to  the  previous  one 
except  that,  here  the  smallest  critical  lateral  "force,"  ft*, 
corresponds  to  c*  =  0.  This  implies  an  infinite  wavelength, 
A  (Eq  (18)],  which  means  that  the  wall  does  not  buclde, 
but  simply  bends  over  sideways.  Solving  Eq.  ( 19)  numer¬ 
ically,  we  find;  ft*sr  12.363,  and  £*=0.  Making  use  of  Eq. 
( 15),  the  critical  surface-stress  coefficient.  0*,  is  obtained 
as 


0*3 


l.QlEw* 

(  1  -V2)*4 


(26) 


If  estimates  of  E  and  v  were  available,  Eq.  (26)  could  be 
used  to  determine  0*  experimentally. 

The  search  for  the  eigenvalues  in  the  combined  case 
.\^t=Q  and  ft=?M))  is  now  restricted  to  the  domain 
(0<  A<A",  0<ft<ft*,  0<e<l ).  Delineation  of  the  stability 
boundary  implies  the  search  of  the  minimum  values  A  and 
ft  that  simultaneously  satisfy  Eq.  (19).  A  convenient  nu¬ 
merical  strategy  is  to  discretize  the  interval  0<A<A*.  and 
then  find  the  corresponding  minimum  values  of  1)  (or  vice 
versa).  The  results  of  these  calculations  are  given  in  Table 
I.  while  Fig.  3  shows  the  stability  boundary.  The  wave¬ 
length  of  the  distortion.  A,  as  a  function  of  ft  is  shown  in 
Fig.  4  Note  that  A  is  relatively  insensitive  to  lateral  forces 
up  to  about  80%  of  ft*  It  is  interesting  to  note  in  Fig.  3 
that,  for  A <5,  a  slightly  subcriticai  lateral  stress,  say  ft 
=  0.95  ft*,  does  not  cause  instability.  On  the  other  hand, 
for  a  slightly  subcntical  value  of  A,  a  small  lateral  force 
can  be  catastrophic. 


RESULTS  AND  DISCUSSION 

Plotted  in  Fig.  5  are  the  experimental  critical  heights 
for  buckling  versus  width,  for  PMMA  walls  fabricated  by 
electron  beam  lithography.  A  line  thiough  the  origin  sat¬ 
isfactorily  fils  the  data,  indicating  a  direct  proportionality 
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A3iocalrt  normalized  wivei<Ji$tli»  a/H  (the  dJculiuorn  assume 

■■  =0.50). 


A 

n 

...  H 

10.40 

0.000 
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1.000 
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2.000 

!  582 

o  737 

3.000 

:■  023 

»  474 

4.000 

:•  o53 

3  932 

6.000 

4  002 

3.272 

8.000 

4  319 

’450 

10.00 

5  097 

0  700 

11.30 

b  398 

o.OOO 

12.08 

4  121 

!  000 

12.362 

’59.2 

0.000 

12.363 

X 

between  critical  wail  height  and  width.  This  finding  is  in 
agreement  with  Eq.  (25),  assuming  a  constant  degree  of 
swelling.  The  critical  aspect  ratio  for  buckling  can  be  cal¬ 
culated  from  the  slope  of  the  line,  and  we  find  that  ( h / 
u.)*=4.75.  Calculation  of  en  from  Eq.  (25)  requires 
knowledge  of  Poisson’s  modulus,  v.  Because  the  polymer  is 
swollen,  and  the  internal  stresses  are  small,  the  assumption 
v  =  0.50  is  appropriate,  giving  e,w  =  5.!%.  This  value  is 
well  within  the  expected  range  for  glassy  polymers. 

Another  easily  accessible  observable  is  the  wavelength 
of  the  distortion  after  buckling,  a.  [Eq.  (23)].  Figure  b 
shows  an  electron  micrograph  of  ;ne  shadow  of  a  wall 
formed  from  a  140-nm- thick  PMMA  layer.  The  light  areas 
arc  gold  films  created  by  lift-off.  The  measured  wavelength 
of  the  distortion  is  460  nm,  in  excellent  agreement  with  the 
value  of  459  nm  given  by  Eq,  (23)  with  6  =  140  nm. 


•4  T 


A 

FIG.  3  Stability  envelope  for  the  case  in  which  iniemai  urates  i  A )  and 
lateral  attractive  forces  (U)  act  simultaneously  (Eqs.  1 14)  and  1 15))  For 
\c5  the  curve  »  practically  honrontal,  implying  that  for  slightly  sub- 
inucal  values  ul  (1.  large  internal  stresses  are  needed  to  cause  instability 
On  the  other  hand,  for  slighUy  subcnucal  values  of  A  a  small  lateral  force 
:s  sufficient  to  induce  buckling. 


a 


FIG.  4.  Plot  of  the  dimensionless  wavelength  of  the  distortion  of  the  wall, 
A/'h.  as  a  function  of  the  dimensionless  critical  lateral  stress,  ft. 

The  maximum  amplitude  of  the  lateral  displacement  of 
the  wall  A  (see  Fig.  2)  can  also  be  measured  from  the 
figure.  The  hypothesis  that  the  deformation  profile  remains 
unaffected  by  solvent  evaporation  allows  us  to  obtain  an 
independent  estimate  of  r,w  from  the  observed  value  of  A. 
The  curvilinear  contour  length  between  nodal  points  at  the 
top  of  the  wail  after  buckling  can  be  calculated  from 

X  ft*  /  27rA\:  " 

L=it i+t„)=jj  |o  ™!<«>  *• 

(27) 

For  (27rA/A)J<l  (subject  to  verification),  the  integrauon 
kernel  in  Eq.  (27)  can  be  expanded  up  to  second  order 
terms  and  integrated  to  give 


FIG.  5.  Minimum  width  of  EMMA  wills  achievable  for  a  given  s lining 
raist  thickness  (wall  height) 
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is  especially  crucial  when  dealing  with  marginally  poor 
solvents,  as  is  the  case  for  most  post-development,  rinsing 
solutions. 

As  a  final  note  on  the  modeling  of  wall  stability,  the 
following  points  must  be  considered.  First,  in  the  theoret¬ 
ical  treatment  we  have  ignored  the  effect  of  hydrodynamic 
forces  which,  at  least  in  principle,  could  also  be  invoked  as 
a  source  of  instability  (e  g.,  agnation  during  development ) 
In  fact,  such  effects  are  unimportant  within  the  context  of 
the  stability  problem,  since  upon  cessation  of  flow  a  hypo¬ 
thetically  deformed  structure  would  always  "spring  back" 
to  its  most  stable  configuration  (as  dictated  by  the  equilib¬ 
rium  criteria  denved  previously).  Additionally,  hydrody¬ 
namic  effects  cannot  explain  the  correlation  between  defor¬ 
mation  of  adjacent  structures  observed  in  Fig.  9.  Second, 
our  simplified  analysis  assumes  that  the  walls  are:  ( 1 ) 
strongly  anchored  at  the  bottom  and  (2)  of  constant 
width.  The  validity  of  the  first  assumption  is  easily  inferred 
from  the  experiments,  since  floppy,  weakly  anchored  walls 
would  be  incapable  of  retaining  a  deformed  configuration 
of  high  strain  energy  such  as  the  one  shown  in  Fig.  b.  In 
regards  to  the  second  assumption,  we  know  that  it  cannot 
be  entirely  accurate,  since  undercutting  inevitably  leads  to 
walls  of  decreasing  thickness  from  top  to  bottom.  A  full 
analysis  of  this  effect  goes  beyond  the  scope  of  the  present 
work,  but  simple  qualitative  arguments  in  support  of  our 
approximation  can  be  offered  for  the  case  of  mildly  ta¬ 
pered,  strongly  anchored  walls  in  the  swelling  dominated 
regime  (i.e..  fl<A).  Indeed,  due  to  the  anchoring  bound¬ 
ary  condition,  the  deformation  at  the  bottom  of  the  wail  is 
small  [see  Eq.  (16)].  Therefore,  as  a  result  of  buckling, 
regions  of  the  wall  closer  to  the  surface  experience  neither 
an  appreciable  release  of  strain  energy  nor  a  sizable  de¬ 
crease  of  surface  free  energy.  In  other  words,  the  bottom 
portion  of  the  wall  contributes  negligibly  to  the  onset  of 
instability,  since  its  contribution  to  the  overall  energy  bal¬ 
ance  is  small.  The  relevant  wall  width,  a’,  controlling  the 
onset  of  the  instability  [i.e..  the  value  to  be  used  in  Eqs. 
1 14)  and  (22)]  should  then  be  closest  m  value  to  that  at 
the  top,  free  end.  This  argument  is  also  consistent  with  the 
fact  that,  for  il< A.  the  wavelength  of  the  distortion,  a  (Eq. 
i  23)],  is  independent  of  w. 

SUMMARY  AND  CONCLUSIONS 

Upon  exposure  to  suitable  solvents  such  as  common 
developing  and  rinsing  solutions,  nanofabncated  polymeric 
walls  may  become  unstable  as  a  result  of  two  effects:  ( 1 ) 
swelling  and  (2)  lateral  surface  forces  between  adjacent 
structures.  By  performing  a  linear  stability  analysis  we  cal¬ 


culated  the  stability  envelope  ana  wavelength  of  the  distor¬ 
tion  for  the  general  case  in  which  internal  swelling  stresses 
and  lateral  surface  forces  act  simultaneously.  We  also 
showed  experimental  evidence  that  supports  our  predic¬ 
tions,  thus  demonstrating  the  existence  and  seventy  of 
such  instabilities  ;n  nanolithographv.  In  the  limiting  case 
of  small  surface  forces,  predictions  and  data  agreed  quan¬ 
titatively  Order-of-magnitude  calculations  of  the  strength 
of  the  lateral  interactions  between  polymer  walls  (based  on 
expenmental  surface  force  data)  confirmed  that  lateral  at¬ 
tractive  forces  can  substantially  enhance  the  action  of 
swelling  stresses,  leading  eventually  to  failure.  Practical 
implications  of  these  instabilities  in  the  fabncation  of  ar¬ 
rays  of  closely  spaced  polymer  walls  were  discussed.  For¬ 
mulation  of  developers  that  maximize  contrast,  but  mini¬ 
mize  swelling  and  attractive  mterfacial  forces,  is  thus 
relevant  to  attempts  to  achieve  higher  resolution  in  nano¬ 
structure  fabncation. 

ACKNOWLEDGMENTS 

We  would  like  to  thank  D.  T  Leighton  for  helpful 
discussions  and  S.  Subramamam  for  help  in  sample  prep¬ 
aration.  This  research  was  supported  in  part  by  IBM, 
AFOSR.  ONR.  and  the  University  of  Notre  Dame.  D.  A. 
H.  gratefully  acknowledges  partial  support  by  the  Donors 
of  The  Petroleum  Research  Fund,  administered  by  the 
Amencan  Chemical  Society. 

'D  R  A I  let.  S  V  Chou.  J  S  Hams,  Jr  .  and  R.  F  W  Pease,  J  Vac 
Sci.  Technol.  B  7,  2015  (  1589) 

;J  C  Wu.  M.  N  Wyboume.  W.  Yindeepol.  A  Wemtuar,  and  S.  M 
Goodmck,  Appl  Phys.  Leu.  59.  102  (  1991) 

'S  Y  Chou.  Y  Liu.  and  P  B  Fischer,  IEDM  91.  745  (1991) 

I.  Goldstein,  in  Introduction  lo  Analytical  Electron  Microscopy,  edited 
by  J  J  Hren,  J  1.  Goldstein,  and  D  C  Joy  l  Plenum.  New  York. 
1979),  p  101 

G  Owen.  Repts  Prog  Phys  48.  795  '  1985) 

‘  A.  Weill,  m  The  Physics  and  Fabrication  of  Microstructures  and  Sh- 
,rodevices,  edited  by  M  J  Kelly  and  C  W'eisbuch  (Springer.  New 
York.  1986).  p.  58. 

W  M  Moreau.  Semiconductor  Lthoqropny  i  Plenum.  New  York. 
1988),  chap.  10 

G  Park  and  K.  CcbeiTciier.  in  Diffusion  in  Polymen,  edited  by  J  Crank 
und  G  Park  (Academic,  New  York.  1968).  pp.  140-162.  219-257 
J  N  Israelachvili  and  D  Tabor.  Proc  R  Soc  London  Ser  A  331.  19 
1972). 

'  S  S  Patel  and  M  Tirrell.  Ann  Rev  Phvs  Chem.  40.  597  ( I <989 ) 

G  II.  Bernstein,  D  A  Hill,  and  W  P  Liu.  J  Appl.  Phys.  71,  4066 

■  1992). 

H  J  Taumon.  C  Toprakcioglu.  L  J  Fellers,  and  J  Klein.  Macromol¬ 
ecules  23.  571  (  1990). 

S  P  Timoshenko  and  J  M.  Gere  Theory  of  Elastic  Stability,  2nd  cd 
i  McGraw-Hill,  New  York,  1961 ).  p  363 


4094 


,  Appl.  Phys.,  Vol.  72.  No  9,  1  November  1992 


Hill  ef  a/. 


1094 


Hr  printed  from  JOUMALOf  TH1  ELSCTAOCHCMlCAL  iHXlKTT 
Vol  139.  No.  10,  October  1992 
Prtrtfmi  In  USA. 

Copy ngbt  1992 


Stability  of  Thin  Resist  Walls 
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ABSTRACT 

The  physical  strength  of  poly  'methyl  methacrylate)  (PMMA)  resist  is  an  important  factor  for  making  very  dense 
patterns  with  most  types  of  lithography.  For  lines  placed  closely  together  using  the  lift-off  technique,  a  thin  wail  of  PMMA 
remains  to  act  as  the  metal  line  spacer.  When  placed  in  contact  with  a  suitable  developer,  thin  polymer  walla  may  swell  and 
buckle,  depending  on  the  desired  aspect  ratio  of  the  thin  walls.  We  use  electron  beam  lithography  and  a  high-contrast 
developer  solution  to  study  the  relationship  of  the  munmnni  height-to- width  ratio  of  the  I  MMA  walla  necessary  to  avoid 
buckling,  and  the  resulting  effects  on  metal  thickness  after  lift-off.  Maximum  achievable  aspect-ratios  for  our  developer 
system  were  found  to  be  constant  (nearly  5:1)  for  widths  from  20  to  45  mn  and  lengths  of  tens  of  microns.  Theoretical 
predictions  based  on  the  hypothesis  of  a  swelling-induced  elastic  instability  are  in  excellent  agreement  with  the  experi¬ 
ments. 


In  the  past  few  years,  quantum  devices  based  on  ultra¬ 
small  geometries  have  received  considerable  attention.  The 
usual  case  involves  some  feature,  e  g.,  gate  length  or  metal 
line  width,  which  is  reduced  in  size  m  order  to  observe  size 
quantization.  In  some  cases,  reduction  of  line  widths  plays 
only  half  the  role,  whereas  a  decrease  in  spacing  between 
features  plays  an  equally  significant  part.  For  example, 
split  gates  with  100  nm  gaps  in  the  form  of  bends  have  been 
made  for  the  study  of  transmission  properties  at  comers.' 
Also,  lateral  resonant  tunneling  transistors  have  been 
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demonst-ated  with  distances  between  gates  of  about  100 
nm:  More  recently,  optical  gratings  have  been  fabricated 
with  a  metai  line  pitch  of  50  mn  over  several  microns.1  All 
such  devices  require  excellent  control  of  line  spacing. 

Because  of  its  uniquely  high  resolution,  poly  (methyl 
methacrylate)  (PMMA)  is  among  the  most  important  resists 
for  nanostructure  fabrication.  Utilizing  the  lift-off  process, 
the  resolution  of  resulting  metal  patterns  depends  not  only 
on  the  width  of  the  defined  lines,  which  relates  to  the  reso¬ 
lution  of  the  beam  formation  system,  but  also  to  the  quality 
of  the  edge  profile  of  the  resist,  which  depends  to  a  great 
extent  on  the  contr  rst  of  the  resist/developer  system.  The 
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most  common  developers  tor  nanohtr.ograpnv  ,.re  mclnvi 
isobutvi  ketoneasopropyl  aicohoi  'M1BK  IP.-V  ’.  .A*  .mu 
ceilosolvemethanol  (3  7).'  noth  demonstrating  verv  hien 
resolution  One  weakness  ot  these  developers  is  the  inaoii- 
ity  to  dissolve  high  molecular  weight  components  left  be- 
nind  from  doses  just  at  the  threshold  of  complete  develop¬ 
ment.  This  can  lead  to  scum  lavers  which  can  interfere  with 
■he  lift-off  process.*  Higher  doses  necessarv  to  decrease  the 
molecular  weignt  of  the  scum  laver  leaa  to  a  loss  of  resolu¬ 
tion  ciue  to  such  factors  as  beam  tails  ana  energy  scattenne 
It  has  oeen  shown’  that  adding  a  minute  percentage  of 
metnvl  ethvl  ketone  (MEK)  to  the  common  developers  can 
increase  contrast  and  improve  lift-off  results,  and  there¬ 
fore  allow  denser  patterns  to  be  fabricated. 

In  this  paper  we  discuss  the  fabrication  of  extremely 
dense  patterns  on  a  solid  suostrate  at  energies  below  50  keV 
without  the  use  of  such  techniques  as  shadowing  of  a  single 
pass  exposure  or  re-alignment  of  separate  patterns.1  Al¬ 
though  patterns  as  small  as  15  nm  have  been  achieved  with 
double  tilt  shadow  evaporation,  a  major  difficulty  is  that 
of  connecting  the  resulting  lines  to  other  structures  within 
a  device  Double  alignment  techniques1  have  shown 
equallv  impressive  results  with  16  nm  lines  on  24  nm  pitch, 
out  this  method  is  inherently  difficult  ana  complicated,  re¬ 
lies  on  the  use  of  a  scanning  transmission  electron  micro¬ 
scope  (STEM)  for  aligning  the  patterns  and  requires  multi¬ 
ple  exposure  steps.  So  far.  only  membranes,  as  opposed  to 
solid  substrates,  nave  been  utilized  in  this  technique  since 
alignments  are  facilitated  using  transmission  imaging  Ai- 
'.nougn  adding  significant  complexity  to  the  process,  mem¬ 
branes  offer  an  inherent  advantage  of  reduced  proximity 
effects,  and  thus  a  higher  exposure  modulation  between  the 
:nes  and  spaces  Unfortunately,  however,  membranes  are 
not  amenable  to  device  fabrication  or  suitable  device  per¬ 
formance  The  developer  used  here  helps  to  improve  con¬ 
trast  so  that  very  dense  patterns  can  be  fabricated  on  soiid 
suostrates  even  without  very  nigh  beam  energies  offered  by 
the  use  of  TEMs. 

Both  the  beam  diameter  of  the  exposure  tool  and  the 
contrast  of  the  resist/developer  system  have  a  significant 
effect  on.  the  achievable  density  of  narrow  metal  lines.  In 
the  limit  of  very  high  resolution  and  contrast,  the  mechan¬ 
ical  strength  of  the  PMMA  used  for  lift-off  is  the  final  lim¬ 
itation  to  making  extremely  closely  spaced  patterns  The 
ilft-off  process  is  described  in  Fig.  1  Exposing  energy,  in 
our  case  electrons,  causes  bond-breaking  in  the  PMMA 
iFig  lai  After  development  t Fig  lb),  metal  is  evaporated 
perpendicularly  to  the  surface,  so  that  metal  coats  only  the 
top  ot  the  resist  and  the  exposed  substrate  surface  (Fig  lei 
For  thin  resists  at  moderate  energies,  unosrcutting  can  ap¬ 
proximately  be  described  by* 

6  =  625  (Z/£t)l,  !(p/A)' :  [1) 

where  b  is  the  increase  of  the  diameter  of  the  beam  at  the 
bottom  surface  of  the  resist,  Z.  A.  p,  and  t  are  the  atomic 
number,  atomic  weight,  density,  and  thickness  of  the  resist, 
respectively,  and  E,  is  the  beam  energy  in  kcV  For  PMMA, 
Z  =  3.6.  A  =  6.7  g/mol,  and  p  =  1.2  g/cnv  10  For  45  keV 
electrons  and  a  PMMA  thickness  of  130  nm,  undercutting  ls 
about  5  nm  at  each  sidewall  of  our  pattern,  which  aids  in 
the  lift-off  process.  During  the  lift-off  step,  dissolution  of 
the  resist  in  a  suitable  solvent  causes  removal  of  all  metal 
except  that  on  the  substrate  surface  (Fig  Id) 

As  seen  above,  the  unexposed  resist  spacer  is  in  the  form 
of  a  thin  wall  between  the  developed  lines  When  lines  are 
placed  too  closely  together  and  high  resolution  is  achieved, 
the  resist  walls  can  either  become  wavy,  fall  over,  or  even 
lose  adhesion  to  the  surface,  in  which  case  they  fail  com¬ 
pletely  In  this  regard,  internal  stresses  due  to  swelling  can 
play  a  dominant  role.  Although  PMMA  suffers  little 
swelling,  which  accounts  partially  for  its  ultrahigh  resolu¬ 
tion  properties,  some  absorption  of  developer  is  necessary 
to  aid  the  development  process."  Swelling  of  polymeric 
resists  has  been  extensively  investigated  In  poor  solvents, 
solvauon  forces  favoring  mixing  are  insufficient  to  pro¬ 
mote  dissolution  of  the  polymer.  Partial  plasticization  and 


Fig.  1 .  Explanation  of  the  lift-off  process,  la)  Exposure  of  resist  by 
electron  beam  before  development,  resulting  in  slight  undercutting, 
(b)  Resist  waH  profile  after  development,  (cj  Resist  walls  after  metal¬ 
lization  from  small,  perpendicular  source,  (d)  Metal  pattern  after 
dissolution  of  remaining  resist  in  suitable  solvent. 


swelling  can  occur,  however,  leading  to  weaker  mechanical 
properties,  and  to  the  build  up  of  internal  stresses  in  con¬ 
strained  systems  Typically,  glassv  polvmers  can  experi¬ 
ence  between  1  and  30%  swelling,  without  dissolution,  de¬ 
pending  on  solvent  quality  and  temperature."  Such  a  low 
degree  of  expansion  may  be  irrelevant  in  most  cases,  but.  as 
shown  below,  can  lead  to  severe  dimensional  stability 
problems  in  the  fabrication  of  thin  polymer  walis. 

Experimental 

Our  EBL  system  consists  of  an  Amray  1400  scanning 
electron  microscope  (SEM)  with  a  minimum  spot  size  of 
35  A  controlled  by  an  IBM  PS  2  personal  computer  inter¬ 
faced  through  a  Pragmatic  Systems  2201A  16-bit  arbitrary 
waveform  generator.  The  deta.is  of  the  system  are  de¬ 
scribed  elsewhere  * 

We  used  PMMA  with  molecular  weight  950.000  amu 
baked  at  HO’C  for  4  h  for  all  exposures  Resist  and  devel¬ 
oper  parameters  were  very  tightly  controlled.  Resist  thick¬ 
ness  was  105  to  180  nm  as  measured  with  an  Alpha-Step 
200  surface  profiler.  The  developer  used  in  all  cases  was  a 
solution  of  M1BK  1PA  (1:3)  with  the  addition  of  1%  MEK 
by  volume.'  It  has  been  shown  that  contrast  results  are 
extremely  sensitive  to  variations  in  developer  temperature 
due  to  the  high  activation  energy  of  the  PMMA  m  the  devel¬ 
oper  solvents.*  Using  a  temperature  controller,  our  devel¬ 
oper  temperature  was  maintained  at  25  ±  0  5°C.  Develop 
time  for  all  samples  was  15  s  followed  bv  a  15  s  rinse  in 
methanol.  After  development,  all  samples  were  dried  in  air 
at  90°C  for  5  mm. 

All  exposures  were  performed  at  a  beam  energy  of  45  keV 
at  a  spot  size  of  5  nm  and  120  pm  scan  field  Substrates  used 
in  all  cases  were  200  run  SiO:  on  thick  silicon  wafers.  Doses 
were  very  critical  for  making  mgh-density  patterns  be¬ 
cause  of  proximity  effects  during  E-beam  lithography. 
They  were  not  only  related  to  the  line  pitch,  but  also  to 
the  size  of  the  patterns  For  grating  pitches  ranging  from  7 0 
to  150  run,  the  doses  varied  from  15  to  2.5  nC/cm.  For  the 
ease  of  only  two  parallel  lines,  doses  ranged  from  2.5  to 
3.5  nC/cm  for  pitches  from  80  to  120  run. 
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Fig.  2.  Remaining  metal  after  lift-off  of  a  typkol  failed  wall.  Light 
areas  are  gold,  ana  dork,  wavy  line  is  the  snodow  of  failed  PMMA 
wall. 
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Fig.  3.  Minimum  width  of  PMMA  walls  achievable  for  o  given 
starting  resist  thickness  (wall  height), 


All  metal  evaporations  were  gold  from  an  electron  beam 
evaporator  with  crucible  size  of  2.5  cm  and  a  distance  of  40 
cm  from  the  source  to  wafer  Metal  thicknesses  weredoseiv 
calibrated  with  a  film  thickness  monitor  .mu  a  surface 
prohlometer  .41!  metal  thicknesses  were  At)  :  ;  am  Lift-off 
was  performed  by  soaking  the  samples  in  acetone  tor  about 
->  mm.  foilowec  bv  the  application  •>:  acetone  -using  a  hypo¬ 
dermic  svrinee.  followed  bv  alas  methanol  rinse,  _.:io  nna. 
mow-  orytng  m  nitrogen 

Results 

in  order  to  achieve  lift-off  of  evaporated  rr.etal  dims,  it  is 
necessary  that  PMMA  walls  remain  between  me  developed 
ireas  Assuming  minor  undercutting  for  thin  resists  ana 
nigh  beam  energies,  it  is  expected  m.at  the  spaces  of  the 
resulting  metal  patterns  closely  reflect  the  width  of  the  re¬ 
maining  PMMA  wails,  especially  at  the  top  Because  oi  the 
very'  low  soiubiiity  of  unexposed  PMMA  of  very  high 
molecular  weight."  the  height  of  the  walls  after  develop¬ 
ment  is  still  approximately  the  same  as  the  initial  resist 
thickness 

After  appl. cation  and  bane.  PMMA  can  i:c  considered  a 
strong,  giassv  material  Exposure  to  the  dc-veioper.  how¬ 
ever.  causes  swelling  of  the  polymer,  leading  to  the  oundup 
of  internal  stresses  ir,  strongly  anchored  structures.  Com¬ 
pressive  stresses  in  the  wail  can.  in  turn,  .caa  to  bucititng. 

The  wall  aspect-ratio  iheight-to-uiath!  is  i»n  important 
parameter  m  delineating  the  stability  tnresnold  since  a 
tail,  thin  wail  will  be  strongly  susceptible  to  smati  dimen¬ 
sional  perturbations  around  the  erect  position,  unde  a 
short  wall  wiii  be  able  to  sustain  a  higher  degree  of  swelling 
before  buckling  Figure  2  shows  the  remaining  metai  after 
lift-off  of  a  typical  failed  wail  The  bright  areas  are  evapo¬ 
rated  goici.  and  the  dark,  wavy  center  one  is  the  snadow  of 
'he  remaining  wall  over  which  gold  was  deposited  ana  re¬ 
moved  The  wall  was  about  30  nm  wide  anti  14d  r.m  nigh. 
We  show  later  that  a  direct  relationship  exists  between  the 
original  wall  height  and  the  wavelength  of  the  distortion 

Figure  3  shows  the  minimum  width  of  a  PMMA  wall 
achievable  for  a  given  starting  resist  thickness  Error  oars 
represent  variations  in  metai  line  separation  oncl  tnerelore 
wall  thicknessl  over  the  iengin  of  the  lines  These  uata  were 
oDtained  bv  smoothly  varving  the  line  piten  for  a  given 
resist  thickness  and  observ  ing  the  point  at  which  lines  ei¬ 
ther  faded  completely  ur  became  nnticpab.v  wavv  The 
data  indicate  a  direct  proportionality  between  critical  wall 
neight  and  width,  implying  a  constant  aspect-ratio  tor 
buckling 

/Although  me  iower  the  thickness  of  tne  PMMA.  the 
closer  the  achievable  line  spacing,  the  resist  thickness  can¬ 
not  be  loweied  arbitrarily  because.  ;or  uilferent  processes, 
different  thickness  oi  metai  are  required  depending  un  step 
coverage,  one  continuity,  multiple  metai  .avers,  device 
scaling  requirements,  eiectricai  resistance  constraints. 


opacity  to  radiation  (e  q..  x-ravs),  etc  We  have  determined 
that  to  achieve  reliable  lift-off,  the  thickness  of  PMMA 
should  be  at  .east  three  times  the  oesirea  thickness  of  the 
smaii  metai  pattern  This  ruie  oi  thumb  will  depend  to  some 
.■xteni  on  the  metal  evaporation  svstem  since  tne  physical 
size  of  '.he  ev.iuorant  source  trie  s.mrce-'n-sample  spacing, 
.;nn  the  cure  ’..sen  to  mace  i hosamu.c  nerrtendicuiar  to  and 
•direct :v  above  \ne  source  \v:.l  n.  a :  loot  the  amount  of  metai 
deposited  or.  t.-.e  ir.siue  surfaces  oi  the  PMMA  etched  bv  the 
developer  l V.r.g  this  relationship.  ana  guided  bv  tne 
Yntxal-aspect-ratio  "  criterion,  w  e  fabricated  double  gold 
lines  with  an  approximately  je  r.m  space  and  a  metai  thick¬ 
ness  ot  .10  r.m.  com  ii.'a  nm  thick  resist  layers.  The  lines 
were  continuous  and  straignt  over  a  distance  of  25  um. 
Figure  4  .%h.,ws  j  ./urlion  >.i  '.nese  lines  at  high 

magnirication. 

Discussion 

We  begin  our  discussion  with  some  s.mpte  theoretical 
considerations  about  the  stability  M  a  long  wail  with  a 
rtgidlv  anchored  bottom  ana  a  top  free  end  subject  to  inter¬ 
nal  stresses  comparison  with  experiments  wiil  then 
closelv  follow  i.he  theoretical  predictions. 

Thesysterrot  interest  is  shown  :n  Fig  5.  which  also  gives 
the  characteristic  geometrical  parameters.  Mathemati¬ 
cally.  the  problem  is  convenient!’.'  formulated  within  the 
framework  oi  linear  plate  tr.eop.-.  leaning  to  the  following 
homogeneous  boundary  vu.ue  problem  tor  the  lateral  dis¬ 
placement.  6 


Fig.  4.  Vary  closely  spoced  gold  lines  at  high  magnification.  The 
distance  between  lines  is  20  nm  over  a  distance  of  25  |im. 
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wnere  o„  2  0  is  the  internal  c.  "Dressive  stress,  v  Poisson's 
modulus.  £  Young  s  modulus  a  w  and  h  the  wall  thick¬ 
ness  and  height,  respectively  .  an  infinitely  long  wail  the 
solution  to  Eq.  2  ;s  of  the  form 

oix.  y)  -  cos  iqx/ft  ihlisinhiav/h  )  -sin(Py/h)) 

-  B  icosniap/hi  -  cost (ly/h  ) ) )  ■') 

wnere  A  ana  B  are  integration  constants,  and 

u  =  \  V  ♦  \  A;-  (31 

a  =  '•  -V  ♦  \  XT' 

\  -  n ■■  1 
Ew 

Yanable  \  is  related  to  the  wavelength  of  the  prevailing 
distortion,  A.  as  follows 


\-2xh/i  (9) 

Imposition  of  the  boundary  conditions  provides  the  follow¬ 
ing  equation  for  the  eigenvalues 


■ l 

2fs  *  (S:  ♦  r)  cosh(a)  cost]);  =  4  «rr  -  BV)  sinh(a)  sin 

up 

where 


(101 


.*  =  3J  *  vc" 
.9  =  rr  -  vg; 


(U1 


As  customary  in  stability  theory.  Eq  10  is  satisfied  onlv 
by  a  discrete  set  -A  i  values.  ■  ovided  A  is  greater  than  or 
■  qual  to  a  minimum  cnticai  due.  A"  Pnysicallv.  V  is  the 
tallest  idimensionless)  load  necessary  to  reach  the  mar¬ 


ginal  stabihtv  limit  (indifferent  equilibrium!,  and  can  be 
aieuiatea  bv  solving  Eq  10  numerically  We  ootain  A' 

'. ■)  40.  and  c"  =  1  917  Combining  these  results  with  Eq.  8 
and  9.  the  smallest  critical  stress,  of.,  and  the  associated 
wavelength.  A.  are  calculated  to  be 

o;r  =  26  £u;;/[30(l  -  v-)h;]  (121 

>.  =  /i2ji/1  917  (131 

For  swelling-induced  stresses,  a'tI  can  in  turn  be  obtained 
from 

[HI 

where  e^,  is  the  hypothetical  swelling  strain  that  the  waLl 
>uld  undergo  if  allowed  to  expand  freely  Equations  12 
mid  14  allow  us  to  calculate  the  critical  wall  aspect-ratio 
for  stability,  (h/w)‘,  as  a  function  of  the  swelling  strain 


h  N  *  ' — " — ^ - 

'7v]=  V30(l- v-iei;  (15) 

r  or  i n,w  I  >  i  him  i*  the  wall  will  buckle.  Equation  15  is  more 
convenient  for  comparison  with  expenments  than  Eq  12. 
since  it  does  not  contain  the  unknown  modulus  £  (which 
presumably  changes  upon  swelling).  As  expected,  a  short 
wail  can  sustain  a  higher  degree  of  swelling  before  buck¬ 
ling  Additionally,  Eq.  15  predicts  that,  for  a  constant  £^». 
the  critical  wall  height  and  width  should  be  directly  pro¬ 
portional  to  each  other  This  prediction  :s  in  excellent 
agreement  with  our  data  as  shown  in  Fig  3 
The  sioDe  of  the  line  in  the  figure  provides  the  critical 
aspect  ratio  for  Duckling:  (h/iv )'  =  4  75  Calculation  of 
from  Eq  15  requires  knowledge  of  Poissons  modulus  v. 
Because  the  polymer  is  swollen,  and  the  stresses  are  reia- 
tively  small,  the  assumption  v  =  0.50  is  appropriate,  giving: 
t\»  -  51  %  This  value  is  well  within  the  expected  range  for 
glassy  polymers.1 

Another  easily  accessible  observaDle  is  the  wavelength  of 
the  distortion  after  buckling,  A,  (Eq.  13).  In  Fig.  2.  the  meas¬ 
ured  wavelength  of  the  distortion  is  460  nm.  which  is  in 
••xceilent  agreement  with  the  value  of  459  nm  given  by 
Eq  ;3  with  h  =  140  nm. 

The  maximum  amplitude  of  the  lateral  displacement  of 
the  wall.  A  isee  Fig.  5),  can  also  be  measured  by  SEM.  If  we 
assume  that  the  deformation  profile  is  unaffected  by  sol¬ 
vent  evaporation,  then  the  observed  vaiue  of  A  can  be  used 
to  obtain  an  independent  estimate  of  e,„  ..s  follows 
The  curvilinear  contour  length  between  r.oaal  points  at 
the  top  of  the  wail  after  buckling  can  be  calculated  from 

£  =  >.(  1  ^  ^  1  +  I  sin  ir )  dr  (16] 


For  i2nA/A)-'  <<  1  (subject  to  verification),  the  kemei  in 
Eq.  16  can  be  expanded  up  to  second-order  terms  and  inte¬ 
grated  to  give 


t,. 


3 


,xAr' 

>T' 
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This  equation  can  be  used  to  calculate  with  the  mea¬ 
sured  values  of  A  and  <v.  From  Fig.  2  we  estimated  A  = 
33  nm.  giving  (with  A  =  460  nm)  e^,  =  4  7%  This  value  is  in 
good  agreement  with  the  previous  estimate  of  5.1%.  These 
findings  confirm  that  swelling  is  the  dominant  mechanism 
for  instabilitv  in  our  expenments  It  is  remarkable  that  a 
5  ’o  swelling  can  lead  to  the  failure  of  a  wail  less  than  nve 
times  higner  than  its  width. 


Summary  and  Conclusions 

We  have  investigated  the  relationship  between  min.mum 
line  spacing  and  maximum  metal  thickness  tor  EBL-fabn- 
cated  patterns  using  high-contrast  resists.  Both  theory  and 
expenments  confirm  that  a  small  degree  of  swelling  mav 
lead  to  vhe  catastrophic  failure  of  PMMA  walls  of  reiativelv 
modest  aspect-ratio  For  subcntical  aspect-ratios,  line 
-.1).  ngs  as  small  as  20  nm,  and  metal  thicknesses  as  high 
nm  were  reliably  achieved  without  loss  oi  adhesion  or 
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distortion.  We  oelieve  tnat  the  formulation  ot  deveiooers 
hat  maximize  contrast  while  minimizing  swelling  is  aesir- 
jOie  lor  attaining  mgner  resolution  in  nanostructure  laDn- 
.alion  Hooeiuilv.  the  results  ot  this  paper  wui  Dermit  more 
-tficient  screening  ot  improved  developer  solutions 
'hrougn  the  initial  observation  of  swelling  properties 
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Because  ot  ine  uniquely  high  resolution  ottered  ns  poivtmetnvl 
meihacrvlatel  tPMMAi  for  practicaliv  all  forms  o;  '.nnocraphv.  its  lecnnoloeical 
significance  remains  stronu  Ao  have  '..-..hu  sienifi.ar.iiv  niener  contrast 
developers  lor  PMMA  '.vir.cn  nave  shown  unproved  resolution,  css  susceptibility 
to  proximiis  etfects  and  heller  hit  .-It  proi'crue-.  wun  r.o  >ss  scr.siiivnv  m 
exposure  We  report  data  wmch  demonstrate  ar.  miprovement  in  contrast  t'v 
more  than  .v>5t  vvith  tne  addition  ot  as  tittle  as  I  nictnvl  e:hv!  ketone  'itivki 
to  other  common  developers  We  discuss  a  .ikk.ci  wnuh  cxm.iins  the  observed 
•cHittrast  enhancement  and  predicts  that  V.r  vm.-.tl  chances.  a:;  increase  m  e.mer 
tnek  concentration,  ic mfxtrat «i re  or  uevcion  time  nercases  comrast.  We  include 
e\|ieri:neniai  cMUeitce  in  support  « 'I  temivratiire  ar.d  ma  'dated  ttiiprovenients 


I  Introduction 

Of  all  materials  utilized  in  the  fabrication  ot 
nanostructures,  poly  'methyl  meihacrvlatel  iPMMAi 
;s  among  the  most  important  PMMA  remains  so 
popular  as  a  positive  resist  that  virtually  all  laterally 
defined  quantum  devices  rely  on  PMMA  tor  patterns 
below  1 00  nm  regaraicss  of  the  lithographic  technique 
employed.  In  fact,  PMMA  is  ihe  only  proven  positive 
resist  unable  into  the  10  nm  regime  iC^mamination 
resist  is  utilized  for  etch  masks  in  this  dimensional 
regime,  but  is  slower  and  more  difficuli  lo  work 
with.) 

The  typical  manner  in  which  PMMA  is 
employed  is  that  of  exposure  to  electrons.  X-rays  or 
deep  UV  light  followed  by  development,  me'.’lltzaiion 
and  lift-off.  The  resolution  of  the  resulting  metal 
pattern  depends  on  both  the  width  of  the  defined  line 
and  ihc  quality  ot  the  edge  profile  in  the  resist  in 
tarn,  edge  protile  depends  on  the  contrast,  y.  of  ihe 
resist/developer  system  Contrast  is  defined  as  tlie 
maximum  slope  ot.  the  curve  of  normalized  resist 
ihickness  remaining  alter  development  as  a  function  ot 
tne  log  of  ihe  exposure  dose  As  contrast  increases. 


•..icli  properties  as  oft-otf  reliability,  proximity  eilect 
immunity  and  to  wire  extent  revolution,  are  .ill 
unproved 

Ac  have  bend  that  vever.il  .'urameiers  ...:i 
increase  the  .o.-.irasi  o:  PMMA  first,  we  lound  tliei 
Hiding  a  verv  - : : t a i .  tvr.cr.taee  ot  methvj  einvl  keloid 
.iiieki  -Miier  ,e::i:n-!i  vies  elopers  ellocts  a  drasii. 
improvement  ciniruji.  dimensional  *onsixtone>  and 
i.f:-oit  qjamv  ie.  nd.  wo  nave  mtind  that,  ov-ci  a 
narrow  temperature  range,  an  increase  in  temperature 
i  so  nr  proves  s-'r.irast  Finally,  as  discussed  ,n 
lurther  sections.  ve  propose  that  an  increase  r- 
.icvclcp  time  is  also  predicted  to  improve  contrast 

I  Expenmenial 

Comras:  icsuits  for  a  variety  ot  developer 
lormuiations  were  determined  using  a  standard 
technique  ' '  Us  me  electron  beam  iiihographv  t  EBL: 
at  40  kV.  ac  exposed  25  50  am  x  50  an  squares  in 
950.000  imu  PMM  A.  0  4  lo  I  dll  thick  with  a  senes 
ot  doses,  developed  for  various  tries  and 
temperatures,  and  determined  ihe  normalized  resist 
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a  uxnesses  "■>  surface  prcmomeir,  ...sine  a  Sioan 
■iektak  11  ;  rot'll ome ter.  The  quality  of  ihc  data  xx.as 
excellent.  and  an  example  ol  the  raw  daia  is  given  n 
Pic  1  .  Variations  in  resist  (hickness  were  snown  to 


'.axe  no  -ctteci  on  me  results 


experimental  par 


..meters  arj  contrasts  are  suminanzed  in  Table  i 


: .  v.iii'.me  .1  O.'.l.i  tr.un  A.'ui'.  ^  :  i : :  r  .1  - 1 


The  .  rimarx  icrcilientx  .  I  me  .rxetui'cr 
Mixtures  -  ere  .n. '.sen  ir.'in  '.Millions  .  ::iu'..:i.i. 
employed  as  oexolfiixrs  1  or  hMMA  These  are 
meins  1  ethyl  ketone  ■  mek' l.eniyl  aicoitoi  ■  lilOl ! ) 
26  5  5  :  ir.ixturc  reterred  to  lie  re  as  "MEK"  i. 

icthvl  ixoinityi  ketone  nnitikl  isopropyl  aid  no!  ■  I P A i 
.  1  i mixture  referred  to  hero  .is  MIBK  and  2 
ethoxv  ethanol  (Ccllosooe  or  es '  >  methanol  ■  MeUll i 
unixture  referred  to  here  as  CS"'  These  mixtures 
were  chosen  m  their  compleie  I  onus  due  to  their 
known  properties  as  developers  ol  PMS1A  !i  should 
:-e  i.  'ted  that  solulnlitv  properties  r;  mixtures  ol 
sexeral  solvents  are  extremely  difficult  or  impossible 
to  predict,  and  such  an  exercise  xviil  not  Pc  attempted 
here  in  subsequent  sections  xxc  uler  a  qualitative 
explanation  tnc  roie  ol  the  harshest  »i-mponent 
it'.es  -.'i  imnroxine  contrast  and  niter  .■•.uieliiie-. 
•a.i:.i  t'.mre  'laproxcmeiils  m  contrast 

Hc'tiits  .mil  Divciis'i  'i 
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Figure  2.  Arrhenius  piot  of  contrast  lor  various 
:  i  r  mu  I  nitons 

between  i 8  C  and  21  C  is  cieariv  evident  This 
:nrge  -,s  expeciallv  imoonam  since  room  temperature 
.inaiions  coupled  with  evaporative  cooling  ot  the 
developer  solvents  are  shown  io  be  especially  cntic.il 
It  can  lie  shown'1'  that  7  can  be  expressed  as 

(  „  ologr,  dlcoM  &  c „ ,  ( 1 ) 

' ' 4  dlogM  oiogl)  ft. 

where  r,  is  the  average  rate  ol  dissolution,  M  is  ihe 
molecular  weight,  D  is  the  dose.  At,  is  the 
development  time  and  Iv,  is  the  initial  resist  thickness 
The  first  term,  r..  depends  on  expt-H./RT)  where  E, 
is  the  activation  energy,  R  is  the  gas  constant  and  T  is 
1  ho  temperature  This  theorv  also  predicts  that  *. 
depends  linearly  on  develop  time  This  has  not  vet 
been  investigated  and  remains  ior  future  work  on  this 
topic. 

Figure  3  gives  the  dependence  of  contrast  on 
percent  mek  (pure  methyl  ethyl  ketone  component! 
normalized  to  1 9' C .  The  CS  data  are  omitted  since 
the  activation  energy  of  Cellosolve  is  significantly 
-different  from  that  of  MI8K  and  V5IBK/MEK 
mixtures  (sec  Fig.  1)  and  therefore  do  not  normalize 
to  1  he  plot.  Note  that  data  corresponding  to  21  C  for 
pure  MIBK  and  that  of  I8'C  at  I  19%  mek  have 
collapsed  onto  the  straight  line  and  their  multiplicity 
is  obscured. 

An  explanation  of  the  time,  temperature  and 
mek  concentration  dependence  follows.  Figure  4  is 
ihe  qualitative  dependence  of  dissolution  rate  on  the 
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Figure  3  Plot  of  contrast  as  a  function  of  %  me* 
formulation  normalized  10  19  C 
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Figuie  4  Dependence  ol  dissolution  rate 
temperature,  time  and  solvent  strengtn  supcntnpos.'o 
on  fragmented  molecular  weight  distribution. 

strength  of  a  solvent,  time  or  tcinpcratuic  as  _ 
function  of  molecular  weight.  M  This  depender.e 
has  been  demonstrated  by  Greeneich  for  MIBK/IPa 
solutions  *'  Below  this  curve  is  the  dependence  ot  t.-.e 
M  distribution  after  three  exposure  doses,:'  First,  as 
any  of  the  above  parameters  is  slightly  increased,  t.-.e 
solveni  quality  changes  in  such  a  manner  as 
dissolve  more  efficiently  the  higher  M  lails  remaining 


:4o 

'.Her  normal  exposures"1'  For  i.-.e  case  ol  \erv  sligm 
Amounts  ot  MEK  added  to  MIBK.  me  mex  .wts 
ndeoendently  of  the  MIBK  10  remove  efficiently  hign 
‘•1  components  left  behind  by  me  MIBK.  thus 
improving  contrast,  side  wail  profiles  and  proximity 
effect  immunity  without  decreasing  sensitivitv  The 
etfect  cn  lower  M  components  is  not  increased  enough 
:o  affect  deletenouslv  the  contrast'" 

The  above  results  suggest  a  way  in  which 
developers  might  be  further  formulated  to  increase 
contrast  even  higher  We  suggest  that  solvents  be 
chosen  for  (heir  range  of  effectiveness  in  dissolving 
various  molecular  weights  of  PMMA  Assuming 
'hese  solvents  retain  their  basic  properties  in  solution, 
'he  snsents  could  be  mixed  in  the  percemages  which 
reileci  the  percentages  of  molecular  weights  of  the 
?MM  A  remaining  alter  exposure  las  shown  if  Fia. 
These  'adored  developers  would  he  strong  enoueh  to 
•cir..~-e  oniv  me  proportions  o'  the  PMMA  :n  the 
■  ci r : : c _ . a r  ranges  ol  M  alfecteii  hv  tie  moi\ idual 
.  n-.;\' nents  hui  wouid  not  aci  i  >  remove  higher  M 
..'tr.tv-.enis  in  adjoining.  :ess  O' posed  areas  c r  in 
:nc\r  ^ed  areas  In  a  '-cry  sum  lificd  w.r,  litis  is 
■- n.ii  _:s  been  accomplished  by  ih,.  auoiiion  ot  inch 
a  nice-  stronger  sohent  for  PMMA,  to  :nibk 
.ear.  ir.uch  »vork  in  this  area  .s  still  ic  he  done 

C  Summary 

■Vo  base  Jentonsiraied  that  new  deceid|vr 
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-olutions  containing  niali  amounts  n  a  sirong 
Jeveioper  mixed  with  a  weaker  one  can  enhance  ail 
aspects  of  PMMA  etc.  lopmcm  with  no  Jeletenous 
side  effects  In  addition,  we  demonstrated 

■experimentally  that  good  control  of  lemperature  is 
critical  for  consistent  contrast  control,  where  in  tact, 
at  least  slightly  higher  temperatures  are  desirable 
New  directions  for  research  m  this  area  were 
suggested. 
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New  developers  for  poly  (methyl  methacrylate)  consisting  of  mixtures  of  common  developing 
components  have  been  carefully  investigated.  It  has  been  found  that  adding  a  small 
percentage  of  methyl  ethyl  ketone  to  methyl  isobutyl  ketone  and  Cellosolve  results  in  a 
significant  increase  in  contrast.  Results  of  contrast  experiments  as  well  as  improvements  in 
electron-beam  lithographic  exposures  are  reported.  An  explanation  of  the  mechanism  of 
contrast  and  resolution  enhancement  is  offered. 


I.  INTRODUCTION 

Very  large  scale  integration  (VLSI)  technology  con¬ 
tinues  to  push  toward  smaller  geometries  with  advance¬ 
ment  in  the  5  pm  range  and  experimental  circuits  such  as 
monolithic  microwave  integrated  circuits  (MMICs)  in  the 
0. 1  pm  range.  The  fabrication  of  nanostructures  and  quan¬ 
tum  devices  below  0.1  pm  especially  relies  on  ultrahigh 
lithographic  resolution,  and  as  such  continues  to  utilize 
pnmanly  poly  (methyl  methacrylate)  (PMMA)  as  the  re¬ 
sist  of  choice.  PMMA  continues  to  find  applications  in 
electron-beam  lithography  (EBL),  focused  ion-beam  li¬ 
thography,  x-ray  lithography,  deep  uv  optical  lithography, 
and,  more  recently,  scanning  tunneling  lithography.1  It  is 
almost  universally  the  choice  for  the  development  of  new 
lithographic  techniques  since  PMMA  offers  the  highest 
known  resolution  of  any  organic  resist.  A  drawback  to  the 
use  of  PMMA  is  that  it  is  generally  not  sensitive  enough 
for  manufacturing  purposes,  but  it  does  offer  extremely 
high  resolution.  For  this  reason,  PMMA  remains  techno¬ 
logically  important. 

The  generally  accepted  criterion  of  resolution  predic¬ 
tion  of  a  resist-developer  system  has  fallen  on  contrast  y. 
High  contrast  can  be  thought  of  as  the  ability  of  a  devel¬ 
oper  to  discriminate  between  very  small  differences  in  ex¬ 
posure  dose  from  one  small  area  to  an  adjoining  one,  Ex¬ 
posure  in  electron-beam  lithography  is  not  precisely 
localized  due  to  factors  including  the  Gaussian  beam  cross 
section,  forward  scattering  in  the  resist,  backscattering 
from  the  resist  and  substrate  (proximity  effect),  and  the 
generation  of  secondary  electrons  in  the  resist.2  These  fac¬ 
tors  decrease  the  modulation  transfer  function  of  the  ex¬ 
posure  for  closely  spaced  patterns. 

In  PMMA.  a  positive  resist,  bonds  are  broken  by  inci¬ 
dent  radiation  (eg.,  an  electron  beam),  decreasing  the  av¬ 
erage  molecular  weight  M  of  the  long-chain  molecules. 
This  increases  the  solubility  of  the  resist  in  a  suitable  de¬ 


veloper  allowing  the  exposed  pattern  to  be  indented  into 
the  resist.  In  further  processing  steps,  the  pattern  is  trans¬ 
ferred  by  various  techniques  to  the  substrate  material.  An 
important  limitation  on  the  density  of  the  exposed  pattern, 
and  in  some  respects  the  individual  line- widths,  is  the  prox¬ 
imity  effect  which  causes  exposure  of  the  resist  up  to  sev¬ 
eral  micrometers  away  from  the  area  of  the  primary  expo¬ 
sure.  As  lines  are  placed  closer  together,  the  total  dose 
increases  between  the  primary  exposed  regons,  thus  lead¬ 
ing  to  a  decreased  differential  in  exposure.  ‘  The  require¬ 
ments  of  the  developer  to  distinguish  between  differences  in 
dose  become  more  stringent  if  the  pattern  is  to  be  resolved. 

Ideally,  a  developer  will  remove  all  positive  resist  that 
has  been  exposed  to  a  dose  above  a  certain  threshold  and 
none  of  the  resist  that  has  been  exposed  below  that  thresh¬ 
old.  In  practice,  a  range  of  exposures  results  in  partial 
development  of  the  resist  over  that  range.  For  this  reason, 
higher  contrasts  allow  a  narrower  area  to  be  developed 
completely  even  in  the  presence  of  those  factors  that 
broaden  the  exposure.  For  other  lithography  schemes  men¬ 
tioned  above,  similar  energy  scattering  limitations  to  reso¬ 
lution  exist.  It  is  expected  that  for  all  types  of  lithography, 
higher  resolution  will  result  from  higher  contrast,  and  the 
improvements  discussed  below  will  be  equally  relevant  to 
any  application  of  PMMA. 

Contrast  is  a  measure  of  the  sharpness  of  the  develop¬ 
ing  threshold  of  the  developer- resist  system  and  is  defined 
as  the  slope  of  the  plot  of  normalized  thickness  of  the  resist 
remaining  after  development  versus  the  logarithm  of  the 
exposure  dose.  Figure  1  illustrates  the  definition  of  y  The 
onset  of  development  D,  is  defined  to  be  the  dose  at  the 
intersection  of  the  steepest  part  of  the  contrast  curve  ex¬ 
trapolated  to  the  100%  level  of  the  curve.  The  sensitivity 
Dr  is  denned  to  be  the  dose  of  the  extrapolated  curve  at 
zero  thickness. 

As  discussed  above,  y  is  a  measure  of  the  ability  of  the 
developer  to  distinguish  between  gradations  of  dose.  Since 
contrast  is  expressed  as 
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FIG.  I  Plot  of  normalized  positive  resist  thickness  remaining  after  de¬ 
velopment  as  a  function  of  log  of  exposure  dose  ( the  contrast  curve) 
illustrating  the  definitions  of  D  and  Dr. 


a  higher  absolute  value  of  y  represents  a  higher  contrast 
developer.  ( In  this  report,  the  absolute  value  of  all  contrast 
values  will  be  used,  but  are  all  negative.)  The  ideal  situa¬ 
tion  discussed  above  in  which  there  is  an  absolute  dose 
threshold  for  dissolution  represents  an  infinite  contrast, 
whereas  in  practice  the  contrast  is  always  finite.  Contrast  is 
commonly  measured  experimentally  for  a  given  develop¬ 
ment  time  by  varying  the  exposure  dose  in  small  incre¬ 
ments  through  the  region  cf  dose  that  causes  the  resist  to 
dissolve  until  total  dissolution  is  achieved.  A  common 
method  for  measuring  y  is  to  use  a  surface  profilometer  to 
measure  the  thickness  of  resist  remaining  after  exposure 
and  development  and  plot  the  data  as  discussed  above.3'9 

As  we  discuss  later,  the  contrast  parameter  is  entirely 
dictated  by  the  dissolution  behavior  of  the  polymer.  Pa- 
panu  el  aL  have  produced  valuable  fundamental  work  on 
the  mechanism  of  PMMA  dissolution  in  one-  and  two- 
solvent  developers,  and  for  different  polymer  molecular 
weights. 10  Their  experiments  greatly  clarify  the  role  of 
thermodynamic  quality  of  the  solvent  on  the  rate  and 
mechanism  of  polymer  dissolution,  but  only  for  one-  and 
two-compcnent  developer  mixtures.  Here  we  approach  the 
more  complex  case  of  a  multicomponent  developer  and,  on 
more  practical  grounds,  we  study  the  effect  of  solvent  qual¬ 
ity  (in  our  case  various  mixtures)  on  the  rate  of  dissolution 
of  electron-beam-exposed  PMMA  resists.  We  explore  com¬ 
binations  of  common  developers  to  ascertain  whether  or 
not  improvements  in  the  lithographic  process  could  be  pro¬ 
moted  simply  by  using  readily  available  mixtures  of  sol¬ 
vents. 

These  new  developer  solutions  are  mixtures  of  chemi¬ 
cals  that  have  been  commonly  employed  individually  as 
developers  for  PMMA.  but  which  when  combined  exhibit 
higher  performance  than  when  alone.  Our  combination  of 
these  chemicals  has  shown  improvements  in  achievable 
contrast  of  PMMA  as  well  as  improved  lithographic  re- 
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suits,  borne  ot  our  developer  solutions  give  improvements 
of  up  to  j5 %  in  contrast  and  no  loss  in  sensitivity. 

Three  chemical  solutions  are  often  employed  as 
PMMA  developers.  These  are  (i)  methyl  ethyl  ketonexth- 
anol  (EtOH)  in  a  ratio  of  26.5:73.5:  m)  Cellosolve  12- 
ethoxyeihano!) -.methanol  (MeOH)  in  a  ratio  of  3:7;  and 
i  in )  methyl  isobuty!  ketone:2-propanol  ( IPA)  in  a  ratio  of 
1:3.  These  solutions  are  referred  to  here  simply  as  solution 
A,  or  S-A,  solution  B,  or  S-B,  and  solution  C,  or  S-C, 
respectively.  Pure  methyl  ethyl  ketone.  Cellosolve.  and  me¬ 
thyl  isobutyl  ketone  will  be  represented  by  MEK,  CS,  and 
MIBK,  respectively.  S-C  has  been  reported  to  provide  very 
high  resolution  at  exposures  of  50  kV  electrons  with  a 
development  time  of  15-45  s'u:  while  S-B  has  been  re¬ 
ported  to  provide  very  high  resolution  in  EBL  exposures 
between  20  and  120  kV  with  a  development  tune  of  5  s. 15,14 
It  is  mixtures  of  these  three  common  developer  solutions 
which  we  have  found  to  give  markedly  improved  results  in 
contrast. 

II.  EXPERIMENT 

For  resist  exposures,  we  used  an  ISI-100B  scanning 
electron  microscope  (SEM)  modified  for  EBL  in  a  vector- 
scanned  mode  with  an  exposure  spot  (pixel)  spacing  and 
beam  diameter  of  100  nm  each.15  All  test  exposures  were 
performed  at  40  kV  on  thick  silicon  substrates.  Ail  PMMA 
films  were  of  molecular  weight  950  000  a.u.,  spin  coated 
and  baked  at  160"C  for  4  h,  with  resist  thicknesses  ranging 
from  0.4  to  1.0  (im.  Exposures  were  arranged  in  a  6x6 
array  of  50  X  50  p nT  squares.  Resist  thicknesses  remaining 
after  development  were  obtained  ucing  a  Oektak  II  surface 
profilometer. 

S-A,  S-B,  and  S-C  were  tested  alone  and  in  combina¬ 
tion  using  development  times  that  yielded  approximately 
the  same  dose  for  complete  development  and  also  corre¬ 
sponded  to  typical  values  from  the  literature.  These  times 
were  45  s  for  S-C.1112  5  s  for  S-B.13 14  and  2  s  for  S-A.  The 
development  time  for  almost  all  mixtures  of  these  compo¬ 
nents  was  10  s.  This  time  was  based  upon  the  relative 
strength  and  concentrations  of  the  components  used  in  the 
mixtures  and  was  estimated  initially  to  yield  the  same  time 
to  complete  development  for  approximately  similar  doses. 
The  range  of  developer  temperatures  represents  common 
fluctuations  caused  by  varying  room  conditions,  evapora¬ 
tive  cooling,  etc. 

Development  was  performed  by  holding  the  samples 
with  tweezers  and  dipping  in  the  developer  with  light  agi¬ 
tation  for  the  required  time.  Temperatures  during  develop¬ 
ment  were  determined  by  inserting  a  mercury-bulb  ther¬ 
mometer,  calibrated  to  1  *C,  into  the  beaker.  Developer 
times  were  controlled  as  much  as  possible  by  careful  atten¬ 
tion  to  the  process.  Significant  error  occurred  only  in  the 
possible  case  of  S-A  with  a  2  s  develop  (estimated  at  less 
than  20%),  but  this  data  was  used  only  for  crude  compar¬ 
ison  as  will  be  discussed  below.  All  samples  were  rinsed  for 
15  s  in  MeOH  immediately  after  development  and  blown 
dry  in  nitrogen. 

The  unexposed  dissolution  properties  of  the  three  de¬ 
veloper  components  were  tested  to  ensure  that  normalized 
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TABLE  1  Results  ol  contrast  espcnmenc  identified  oy  sample  numoet 
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thicknesses  were  not  compromised  by  excessive  dissolution 
rates.  This  was  necessary  since  the  proftlometer  technique 
can  only  measure  resulting  resist  thicknesses  with  respect 
to  the  unexposed  portions.  By  soaking  for  several  hours. 
S-B  and  S-C  were  found  to  yield  unexposed  dissolution 
rates  of  2.8  and  0.5  A/min,  respectively.  The  harshest  de¬ 
veloper.  S-A,  displayed  the  highest  dissolution  rate  of  5 1 
A/s.  However,  even  this  rate  was  still  small  enough  to  be 
negligible  given  our  initial  thickness  and  short  develop 
times  for  mixtures  containing  even  small  amounts  of 
MEK. 

Data  were  taken  for  the  three  developer  components 
alone  as  well  as  for  a  variety  of  mixtures  of  the  three  com¬ 
ponents.  Contrast  was  determined  from  the  steepest  slope 
on  the  graphs  of  percent  resist  remaining  versus  the  log  of 
exposure  dose.  The  steepest  slopes  were  determined  using  a 
linear  regression  routine  applied  to  the  three  steepest  data 
points.  Special  care  was  taken  to  apply  exactly  the  same 
criterion  for  the  determination  of  steepest  slope  in  all  cases. 

The  matures  of  the  developers  were  investigated  to 
show  the  etfects  of  varying  primarily  the  S-A  concentra¬ 
tion.  It  was  deemed  that  S-A  is  such  a  harsh  developer  that 
us  overall  concentration  should  be  very  low.  and  also  that 
the  properties  of  S-B  and  S-C  are  similar  enough  that  their 
concentrations  should  also  be  similar.  However,  higher 
concentrations  of  S-C  were  included  in  the  mixtures  since 
it  yields  geneially  higher  contrast  than  S-B.  Since  S-A  was 
found  to  give  low  contrast  by  itself  at  an  MEK  concentra¬ 
tion  of  only  26.5%.  we  investigated  primarily  the  range  of 
very  small  MEK  concentrations.  For  these  reasons,  the 
three  mixtures  investigated  were  S-C:S-B:S-A  in  ratios  of 
42:20:1.  21:20:1,  and  11:10:1.  We  consider  the  most  impor¬ 
tant  parameter  to  be  the  S-A  concentration,  which  in  the 
above  mixtures  is  1.59%,  2.38%,  and  4.55%,  respectively. 
This  corresponds  to  an  absolute  concentration  of  MEK  in 
the  total  mixture  of  only  0.42%,  0.64%,  and  1.2%,  respec¬ 
tively.  Please  note  that  mixture  ratios  are  expressed  in  units 
of  S-A  volumes,  and  percentages  are  provided  in  Table  I. 


ill.  RESULTS  AND  DISCUSSION 

The  results  of  our  contrast  experiment  are  shown  in 
Figs.  2  and  3.  Figure  2  shows  contrast  curves  for  the  three 
original  developers,  S-A,  S-C,  and  S-B.  For  the  data 
shown,  the  contrast  for  S-A  is  4.7.  for  S-C  TO,  and  for  S-B 
5.7.  It  is  'mportant  to  note,  as  will  be  demonstrated  below, 
that  small  differences  in  contrast  can  be  very  important  to 
lithographic  results,  given  the  logarithmic  nature  of  the 
plot. 

Figure  3  shows  contrast  curves  for  two  mixtures  of  the 
three  common  solutions.  It  can  be  seen  by  comparing  Figs. 
2  and  3  that  the  sensitivity  of  the  mixtures  is  approximately 
the  same  as  that  of  S-C,  falling  midway  between  that  of 
S-A  and  S-B  This  is  an  extremely  desirable  trait  of  a  de¬ 
veloper,  namely,  that  an  increase  in  contrast  does  not  lead 
to  a  decrease  in  sensitivity  of  the  resist-developer  system. 
This  is  more  significant  considering  that  the  develop  time 
for  the  mixtures  is  only  10  s  compared  wuh  45  s  for  S-C. 
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FIG.  2.  Contrast  curvet  for  the  three  original  developers. 


4068  J  A pp4.  Phys.,  Vol.  71.  No.  8.  15  Apnl  1992 


Bernstein.  Hill,  and  Liu  4068 


FIG  3.  Contrast  curves  for  mixtures  of  the  onginai  developer  compo¬ 
nents  Ratios  are  S-CS-B:S*A 


This  implies  that  the  mixture  must  offer  higher  sensitivity 
than  S-C  or  S-B  alone  if  development  times  are  increased, 
'n  addition,  it  is  shown  in  Appendix  A  that  contrast  is 
predicted  to  increase  tor  increased  develop  times  but  only 
tor  an  increased  solubility,  as  in  our  case  of  added  MEK. 
This  implies  that  further  study  would  indicate  a  possibility 
of  achieving  even  higher  contrasts  coupled  with  improved 
sensitivity  for  longer  develop  times.  In  practice,  the  opti¬ 
mum  exposures  for  highest  resolution  correspond  to  the 
dose  at  D,  of  Fig.  1,  where  D ,  must  decrease  for  increased 
develop  time  This  has  strong  implications  for  the  viability 
of  improving  the  throughput  of  processes  utilizing  PMMA 
for  high-resolution  commercial  applications. 

We  have  observed  markedly  improved  lithographic 
performance  using  the  new  developer  mixtures.  Figure  4 
shows  photomicrographs  of  test  patterns  consisting  of  sets 
of  parallel  lines  of  decreasing  pitch  to  0.1  /im  in  the  direc¬ 
tion  of  the  outside  of  the  pattern,  and  overlapping  to  form 
a  vanable-spaced  grid  in  the  comer.  Both  test  patterns 
were  exposed  on  a  single  sample  under  the  identical  con¬ 
ditions  of  resist  thickness,  bake  temperature,  bake  time, 
dose,  line  spacing,  and  beam  energy.  After  exposure  the 
patterns  were  separated  and  developed  as  discussed  above 
using  S-C  for  pattern  4(a)  and  S-CS-B:S-A  1 1:10:1  for 
pattern  4(b). 

The  resulting  improved  contrast  can  be  observed  from 
the  variations  in  light  and  dark  areas.  One  expects  that  as 
the  parallel  lines  are  exposed  closer  together,  the  proximity 
effects  cause  some  exposure  of  the  spaces  between  the 
lines.'  A  lower-contrast  developer  will  dissolve  the  PMMA 
at  the  lines  of  exposure  and  also  remove  much  of  the  resist 
between  the  lines.  This  is  the  cause  of  the  light  areas  in  Fig. 
4(a)  as  the  line  pitch  decreases.  However,  a  sufficiently 
higher-contrast  developer  will  remove  mostly  the  resist  in 
areas  of  direct  exposure  and  less  of  the  resist  between  the 
lines.  This  is  the  case  in  Fig,  4(b)  where  there  is  clearly 
less  light  area,  showing  that  the  resist  remains  intact  be¬ 
tween  the  lines  even  in  the  presence  of  identical  proximity 
effects  to  part  4(a).  These  results  cannot  be  explained  as  a 
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riC  4  Photomicrograph-.  test  patterns  liiusiratir.g  improved  contrast 
irom  new  lic-eloDen  The  icm  patterns  consist  of  parallel  lines  of  decreas¬ 
ing  pilch  in  the  outward  directions,  crossing  in  a  variable-pitch  grid  pat¬ 
tern  al  the  comer.  Lignl  areas  indicate  severe  loss  ol  resist  between  ihe 
exposed  lines.  Both  panerns  were  exposed  under  identical  conditions,  but 
developed  b>  •  a s  S-C  ;\>r  45  -  and  hi  S-C  S  B  S  A  1 1-10:1  for  10  s  Tile 
appearance  ol  less  light  jrea  in  '  b  -  implies  that  Ihe  mixture  has  provided 
much  higher  contrast  ihjn  lhai  ol  S-C  in  ui 


simple  matter  oi  sensitivity  and  overdeveloped  exposure, 
since  the  sensitivity  ol  the  II  10:1  mixture  is  almost  exactly 
the  same  as  that  of  S-C  as  can  be  seen  by  comparing  Figs. 
2  and  3. 

Figure  51  a)  shows  u  grid  pattern  developed  by  the  S-B 
solution.  The  linewidths  vary  by  about  25%  toward  the 
interior  of  the  pattern.  Figure  5(b)  shows  a  pattern  devel¬ 
oped  in  S-C. S-B  S-A  1 1:10:1.  There  is  almost  no  evidence 
of  linewidth  .anations  over  the  pattern  due  to  the  higher 
contrast  of  the  1 1:101  mixture  versus  that  of  the  S-B.  In 
addition,  lift-off  properties  are  affected  by  contrast.  Figure 
5(a)  shows  a  typical  example  of  metal  flakes  left  from  the 
unexposed  areas  after  ?.  lift-off  step  in  acetone.  Figure  5(b). 
however,  shows  the  consistently  improved  lift-off  achieved 
due  to  steeper  sidewalls  resulting  from  the  higher  contrast. 
The  patterns  of  Figs.  4  and  5.  then,  help  demonstrate  that 
the  new  mixtures  provide  usably  higher  contrast  compared 
with  conventional  developers. 

Table  1  shows  the  contrast  for  various  percentages  of 
developer  solutions  and  temperatures.  A  plot  of  contrast  as 
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FIG.  5  Gnd  patterns  formed  by  EBL  exposure  ai  40  kV  on  GaAs  sub- 
jirates  followed  by  development  and  liftoff  of  40  r.m  gold,  (a)  developed 
m  S-B  and  ( b )  developed  in  S-CS-BS-A  1M0:I  Note  decreased  line 
broadening  in  lb)  vs  la)  indicating  higher  contrast  of  the  mixture  over 
S-B  Also  note  typical  improved  lift-off  as  a  result  of  steeper  edge  profiles 
due  to  higher  contrast 

a  function  of  percent  S-A.  uncorrected  for  temperature 
dependence,  is  shown  in  Fig  0  A  trend  of  increasing  y  as 
S-A  is  increased  is  indicated  The  same  data,  but  normal¬ 
ized  to  19  ”C.  are  shown  in  Fig.  7.  Note  that  contrast  data 
shows  no  correlation  with  the  initial  resist  thickness,  which 
is  accounted  for  in  the  process  of  normalizing  the  remain¬ 
ing  thickness  after  development.)  The  temperature  nor¬ 
malization  assumes  an  Arrhenius  behavior  with  an  activa¬ 
tion  energy  of  24.3  keal/mol,  found  by  fitting  contrast  data 
at  a  fixed  S-A  percentage  as  a  function  of  temperature.  This 
value  is  intermediate  between  that  found  by  Cooper,  Kra- 
sicky.  and  Rodnguez  ,e  of  25  keal/mol  for  MEK  and  that 
reported  by  Greeneich1,  of  24  keal/mol  for  MIBK.  In  the 
case  of  Fig.  7.  a  trend  of  increasing  contrast  for  increasing 
percent  MEK  is  now  clearly  evident.  The  data,  including 
S-C.  collapse  to  a  straight  line  of  the  least-squares  fit  very 
closely  except  for  the  case  of  S-B  at  0%  MEK.  (Precise 
temperatures  were  not  available  lor  the  case  of  0.42%  and 
0.64%  MEK.  The  bar  in  the  figure  is  not  an  error  bar,  but 
represents  calculated  uncertainty  of  plus  or  minus  0.45  °C 
based  on  the  known  value  ot  the  activation  energy  centered 
about  19 ’C.)  It  is  striking  that  within  this  linear  region, 


FIG  6.  Plot  of  rm  function  of  percent  MEK,  uncorrected  for  temper¬ 
ature  dependence.  Simple  number  and  temperature  are  noted  for  each 
datum. 

about  a  1.3%  increase  of  MEK  concentration  in  the  mix¬ 
ture  results  in  more  than  a  35%  increase  in  contrast,  and 
that  further  improvements  can  be  promoted  by  simply  in¬ 
creasing  the  temperature. 

The  fact  that  S-B  does  not  fall  on  the  temperature- 
compensated  line  can  be  qualitatively  understood  by  noting 


FIG  7.  Plot  of  yui  funcuoo  of  percent  MEK.  corrected  for  temperature 
dependence  by  normalizing  to  I9*C.  The  normalization  assumes  an 
Arrhenius  dependence  with  an  activation  energy  of  24  3  keal/mol  Notice 
that  the  points  in  Fig  6  corresponding  to  sample  no.  4  (21  *C)  for  pure 
S-C  and  (hat  of  samples  no.  9  and  10  (I8*C)  at  1.19%  MEK  have 
collapsed  onto  (he  straight  line  and  are  now  obscured  on  the  graph  by 
other  data  points.  The  bar  in  the  figurr  is  nm  an  error  bar,  but  represents 
calculated  uncertainty  of  ±0  45"C  based  on  the  known  value  of  the 
activation  energy  centered  about  19  *C 
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that  both  MEK  and  MIBK  arc  ketones,  wnue  cs 
ethoxyethanol )  contains  both  alcohol  and  ether  groups. 
The  chemical  compositions  of  MIBK  and  MEK  are  very 
similar,  differing  only  by  two  aliphatic  carbons.  In  order  to 
understand  the  dynamics  completely,  one  would  need  to 
consider  a  full  thermodynamic  and  transport  analysis  in- 
-  living  six  components.  A  complete  analysis  is  beyond  the 
-cope  of  this  work,  but  a  simple  explanation  of  the  role  of 
the  components  is  given  below 

Previous  analyses  of  the  development  of  EBL-exposed 
resist  show  that  measured  decrements  of  normalized  resist 
thickness  upon  exposure  tie.,  the  contrast  curve)  should 
be  directly  proportional  to  the  rate  of  polymer  dissolution 
1  see  also  Appendix  A).  For  a  given  developer  system,  this 
rate  depends  on  the  average  molecular  weight  of  the  ex¬ 
posed  polymer,  which  in  turn  is  a  function  of  the  dose. 
Appendix  A  shows  that  contrast  is  expected  to  exhibit  the 
same  temperature  behavior  as  that  of  dissolution  rate  and 
explains  our  observation  of  increased  y  for  developments 
performed  at  slightly  higher  temperatures  where  dissolu¬ 
tion  rates  are  in  general  higher  We  found  that  at  all  S-A 
concentrations,  y  increased  with  temperature  between  18 
and  21  ‘C.  With  the  exception  of  only  the  S-B  data,  all 
nher  data  properly  collapsed  onto  the  best-tit  line  as  a 
function  of  temperature  as  suggested  by  the  above  theory. 

The  main  factors  that  affect  the  rate  of  solubilization  of 
a  polymer  in  a  solvent  are  the  plasticization  and  thermo¬ 
dynamic  compatibility,  or  solvent  "quality.''  Plasticization 
refers  lo  the  ability  of  the  solvent  to  penetrate  the  polymer 
and  increase  the  free  volume, aaking  it  more  vulnera¬ 
ble  to  dissolution.  The  rate  at  which  a  solvent  can  plasticize 
a  polymer  is  related  to  its  molecular  size  and  therefore  its 
m<  cular  weight.  Gipstem  et  al.:o  reported  a  noticeable 
soi  it-size  effect  in  the  dissolution  rate  of  atactic  PMMA 
in  a  homologous  senes  of  n-alkyl  acetates.  They  found  a 
precipitous  drop  in  dissolution  rate  for  increased  penetrant 
molecular  weight.  As  an  approximation  we  will  ut  molec¬ 
ular  weights  as  an  estimator  of  the  relative  ability  of  the 
solveni  -omponer.ts  to  plasticize  the  exposed  PMMA. 

The  solvent  quality  is  related  to  (he  match  between 
three  thermodynamic  parameters  of  the  solvent  and  the 
polymer.  The  closer  these  are.  the  higher  is  the  thermody¬ 
namic  compatibility  resultinz  a  a  higher  dissolution  rate.19 
These  parameters  are  the  three  components  of  the  global 
solubility  parameter  6r  namely  the  dispersive,  polar,  and 
hydrogen-bonding  components,  bd,  and  bh  respectively, 
where 

b]  =  b~p  +  5},  -t-  6d.  (.  2 ) 

We  have  found  it  useful  to  compare  all  of  these  com¬ 
ponents  in  an  attempt  to  explain  our  results.  In  comparing 
the  similarity  of  the  three  solubility  parameters  between 
the  developers  and  PMMA,  we  have  defined  the  parameter 

=  l  (bp,  —  bpJ)‘‘  ( <5>,,  —  5^) 2  a-  ( 6dt  —  8d,)'  ] 1/2.  (  3 ) 

where  i  indicates  a  developer  component  and  j  the  resist. 
Since  6,  is  the  length  of  the  solubility  vector  in  solubility 


1  ABLE  11  Moiecuiai  weignt  and  voiuoimv  parameters  lor  ucn  compo¬ 
nent  oi  the  mixtures.  The  distance  A  is  included  lor  each  component 


» 'omroneni 

\1  5, 

'g/moll  ((MPa ) 1  : 

((MPa)  : 

> 

A 

[(MPa)1  ;) 

MEK 

14.0 

4  3 

4  5 

1  4 

KiOH 

40 

i:  b 

11  : 

20.0 

i: 

MIBK 

100 

14.4 

■Cl 

5.9 

3.4 

:ta 

nO 

140 

0  * 

■b.o 

-  5 

CS 

40 

130 

^  l 

5  5.2 

o  6 

MeOH 

\  1 

lib 

13.0 

34  0 

lb 

MMA 

w 

13  5 

10  1 

8.5 

parameter  space,  A  is  the  distance  between  the  end  points 
of  these  vectors.  We  therefore  refer  to  A  as  simply  “dis¬ 
tance." 

It  is  expected  that  the  greater  the  distance  A  is,  then 
the  less  efficient  the  component  is  at  dissolving  PMMA, 
and  therefore  the  lower  is  the  solvent  quality.  Such  mea¬ 
sure  of  compatibility  is  consist!  t  with  the  idea  that  polar, 
dispersive,  and  hydrogen-bonding  forces  can,  in  principle, 
act  independently.  (For  example,  two  chemical  species, 
one  strongly  polar  but  nonhydrogen  bonding,  and  the 
other  weakly  polar  but  strongly  hydrogen  bonding,  could 
have  the  same  global  1  bility  parameter  and  yet  be  im¬ 
miscible.  This  is  the  s.  as  saying  that  the  length  of  8,  in 
solubility  space  is  the  same  for  each  species,  but  their  di¬ 
rections  vary  greatly. )  Thus  only  those  solubility  parame¬ 
ter  components  pertaining  to  congruent  energetic  interac¬ 
tions  should  be  compared. 

The  calculated  values  of  A  for  all  pure  solvents  com¬ 
pared  with  MMA.  along  with  the  molecular  weights  of 
each  component,  are  given  in  Tabic  II.  Again,  the  pi  ti- 
cization,  or  molecular  weight,  of  the  individual  compo¬ 
nents  must  also  be  considered  in  explaining  their  role  in  the 
solutions.  Table  Ill  indicates  the  order  of  each  developer 
component  in  its  ranking  of  plasticization  and  solvent  qual¬ 
ity.  We  can  see  that  MEK  is  indeed  the  best  solvent  but 
rates  fourth  as  a  plasticizer.  In  S-A.  the  EtOH  serves  as  a 
diluent  and  to  help  in  plasticization,  being  ranked  second 
in  this  regard.  These  two  facts  help  to  explain  why  S-A  is 
such  an  effective  solveni  of  PMMA  at  3060  A/min  for  a 
molecular  weight  as  high  as  950  000  a  u  This  also  helps  to 
explain  why  S-A  exhibits  the  worst  contrast,  since  it 
strongly  dissolves  PMMA  of  all  molecular  weights.  Al¬ 
though  CS  ranks  third  in  solvent  quality,  it  appears  mat 
the  presence  of  MeOH  in  S-B,  ranked  first  for  plasticiza¬ 
tion,  helps  to  increase  the  effectiveness  of  CS  as  a  solvent. 
Regarding  S-C  dissolution,  the  component  MIBK  is  rated 

TABLE  III.  Ranking  of  plasticization  and  solvent  quality  for  each  com¬ 
ponent  of  the  developer  solutions 
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FIG  8  Explanation  of  mechanism  by  which  (race  amounts  of  S-A  in  S-C 
increases  contrast.  The  solubility  curve  for  S-C  alone  is  compared  to  the 
expected  curve  alter  the  addition  of  a  small  amount  of  S-A  (MIX)  and 
S-A  alone  (see  also  Ref.  17)  Contrast  is  improved  through  the  increase 
of  rd  for  higher  molecular  weights  with  only  slight  change  to  r,  at  low 
ones  Below  ihe  graph  are  molecular  weight  distributions  for  ial  fullv 
exposed,  (bl  partially  exposed,  and  Ic)  unexposed  PMMA  The  shaded 
region  corresponds  to  those  molecular  weights  that  require  large  exposure 
doses  to  be  further  fragmented  It  is  preferable  to  use  the  lowest  exposure 
dose  possible  to  achieve  the  highest  resolution.  The  addition  of  traces  of 
S-A  increases  the  solubility  of  these  fragments. 

second  as  a  solvent  but  is  the  poorest  plasticizer.  Isopro¬ 
panol  being  ranked  only  third  as  a  plasticizer  helps  to  ex¬ 
plain  why  S-C  dissolves  the  unexposed  PMMA  at  only  0.5 
A/min. 

As  mentioned  above,  prediction  of  the  solubility  prop¬ 
erties  of  systems  containing  many  solvents  can  be  very 
complex,  and  only  a  simple  qualitative  explanation  of  those 
properties  can  be  offered  here.  Within  the  exposed  resist,  a 
distribution  of  molecular  weights  exists  whose  average  de¬ 
pends  on  the  exposure  dose.13  Under  conditions  of  low- 
level  exposure,  the  inability  of  a  relatively  high-contrast 
developer,  such  as  S-C,  to  completely  remove  the  PMMA 
in  the  primary  exposed  area  is  due  to  the  presence  of  high- 
molecular-weight  polymers  that  have  not  been  exposed  suf¬ 
ficiently  to  be  broken  into  sufficiently  small  strands.  The 
presence  of  a  small  percentage  of  MEK  increases  the  over¬ 
all  thermodynamic  quality  of  the  solvent,  causing  those 
remaining  long-chain  PMMA  strands  to  be  more  selec¬ 
tively  removed  without  a  major  change  in  the  solubility 
rate  of  tne  unexposed  or  less  exposed  areas.  This  argument 
is  supported  in  Appendix  B. 

The  above  argument  is  plausible  when  discussed  in 
light  of  Figure  5  of  Ref.  17,  which  gives  solubility  rates  of 
MIBK  solutions  as  a  function  of  fragment  molecular 
weight  M  We  discuss  here  a  two-component  system  that 
can  be  extended  to  more  components.  Figure  8  shows  a 
qualitative  curve  of  dissolution  rate  rd  versus  fragment  mo¬ 
lecular  weight  Si  after  exposure  for  a  single  developer,  e  g., 
S-C,  and  also  a  proposed  curve  for  the  two-developer  mix¬ 
ture  S-C  +  S-A  (MIX).  Since  the  dissolution  rate  for  pure 


Mtx  is  muen  mgner  inan  lor  euner  s-c.  or  auute  MCA  in 
solution,  and  given  the  lower  value  of  y  for  S-A,  rd  for  S-A 
is  expected  to  extend  to  higher  molecular  weight  with  a 
lower  slope  and  approach  a  constant  for  very  high  molec¬ 
ular  weights  (similar  to  MIBK  in  Ref.  17).  Portrayed  be¬ 
low  in  the  figure  are  qualitative  molecular  weight  distribu¬ 
tions  of  a  fully,  panially,  and  unexposed  polvmer.  By 
adding  small  amounts  of  MEK  to  S-C,  we  have  affected  the 
solubility  properties  of  the  S-C  as  shown  in  the  MIX  curve 
to  dissolve  the  higher-molecular-weight  fragments  far 
more  quickly  while  changing  the  slope  of  the  curve  only 
slight1^  for  the  lower  molecular  weight.  To  first  order,  we 
expect  the  solubility  properties  to  be  affected  little  for 
lower  molecular  weights,  but  increased  substantially  for 
higher.  (A  thermodynamic  model  that  qualitatively  sup¬ 
ports  this  assertion  is  presented  in  Appendix  B  where  we 
analyze  a  two-component  developer  system  by  assuming 
that  the  rate  enhancement  derives  exclusively  from  an  in¬ 
crease  in  polymer  solubility. )  Highest  benefit  to  contrast 
and  resolution  is  achieved  when  the  cutoff  of  solubility  for 
the  new  mixture  is  above  the  highest  molecular  weight  of 
the  fragments  in  the  primary  exposed  area  but  is  below  that 
of  the  marginally  exposed  resist  for  a  slightly  lower  effec¬ 
tive  dose  in  a  closely  adjoining  area.  This  can  never  be 
achieved  totally  in  practice,  as  the  distribution  of  fragment 
molecular  weights  in  the  adjoining  areas  is  a  continuum 
and  overlaps  that  of  the  polymer  in  the  primary  exposed 
area, 

In  our  case  of  mixing  the  three  components  S-C,  S-B, 
and  S-A,  Fig.  7  indicates  that  the  contrast  improvement  is 
dominated  by  the  presence  of  MEK.  We  believe,  however, 
that  a  more  complete  study  would  indicate  that  each  com¬ 
ponent  enhances  the  solubility  in  a  range  of  molecular 
weights  yielding  an  effective  characteristic  in  which  all 
fragmented  molecular  weights  in  the  primary  exposed  ar¬ 
eas  arc  removed,  but  little  is  removed  outside.  It  must  be 
kept  in  mind  that  the  average  molecular  weights  of  the 
PMMA  fragments  increase  quickly  with  distance  away 
from  the  beam.  The  goal  in  choosing  a  concct  exposure  for 
achieving  high  resolution  is  that  the  top  of  the  range  of 
fragment  molecular  weights  in  the  primary  exposed  area 
lies  just  in  the  range  dissolved  at  an  appreciable  rate  by  the 
trace  amounts  of  MEK  in  the  mixture,  so  that  high-mo- 
lecular-weight  fragments  are  selectively  removed  from  the 
area  of  primary  exposure.  It  is  possible  to  conceptualize  an 
ideal  developer  whose  properties  are  described  in  Fig.  9. 
This  developer  would  have  “break  points”  in  the  rd  vs  Si 
curve  that  tailor  the  dissolution  rate  to  the  molecular 
weight  distribution  curve.  This  ideal  developer  would  then 
be  assured  of  dissolving  no  more  of  the  higher-molecular- 
weight  fragments  than  was  absolutely  necessary  for  a  given 
exposure  dose,  thereby  minimizing  the  erosion  of  the 
lower-moiecular-weight  fragments  (relative  to  the  unex¬ 
posed  areas)  in  the  less-exposed  adjoining  area.  (These 
arguments  are  further  supported  by  the  theoretical  predic¬ 
tions  for  a  binary  developer  as  discussed  in  Appendix  B, 
and  in  Fig.  10.)  Our  three  component  system  is  a  crude, 
but  demonstrably  effective,  attempt  at  achieving  this  goal. 
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FIG  ^  Solubility  curve  for  a  concert  u»liz«i  'ideal"  developer  yupenm- 
on  the  distribution  ot  tragmc  molecular  weighli  lot  PMMA  The 
^hape  of  the  solubility  curve  ensures  that  dissolution  rates  tor  each  rru> 
leculat  weight  are  no  higher  thin  necessary  to  dissolve  all  molecular 
weight  fractions  completely,  thereby  minimizing  erosion  of  areas  aUjoin- 
ing  those  of  primary  exposure. 


IV.  SUMMARY  AND  CONCLUSIONS 

We  have  investigated  new  developer  mixtures  for 
PMMA  positive  resist  We  demonstrated  that  adding  a 
■-mal!  percentage  of  methyl  ethyl  ketone  to  methyl  isobutv! 
ketone/ Cellosolve  solutions  increased  contrast  substan¬ 
tially.  This  was  illustrated  in  practice  by  a  comparison  ot 
EBL  exposures  each  demonstrating  decreased  proximity 
effect. 

The  mechanism  for  increased  com  sst  by  adding  trace 
amounts  of  MEK.  was  explained  in  terms  of  selective 
broadening  of  the  range  of  solubilities  for  S-A  in  S-C/S-B 
solutions.  It  was  concluded  that  the  presence  of  MEK.  in¬ 
creased  the  range  of  dissolution  of  fragmented  molecular 


FIG.  1U.  Calculated  rate  of  dissolution  for  a  single  solvent  and  also  that 
Mjlveni  combined  with  of  a  second  solvent  as  a  function  of  molecular 
weight  The  mixed  curve  has  been  calculated  from  Eqs.  (B7)  and  (B8) 
assuming  —  A//I00 


\veigms  in  me  pnmarv  exposed  icmon*  to  more  einuemiy 
.lear  the  exposed  PMMA  without  affecting  unexposed  ar¬ 
eas 

We  reel  that  in  view  of  the  substantial  improvements  ot 
the  contrast  of  PMMA  and  demonstrated  improvements  in 
minimizing  the  proximity  effect,  the  use  of  PMMA  can  be 
further  luvtihed  tor  ultrasmall  geometries  in  future  special¬ 
ized  integrated  circuits  and  optical  and  x-ray  mask  fabri¬ 
cation  applications.  In  addition,  as  future  x-ray  sources 
increase  m  brightness,  the  feasibility  of  using  PMMA  will 
become  more  favorable  with  the  trade-off  in  support  ol 
resolution  versus  speed  becoming  more  advantageous 
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APPENDIX  A 

Here,  we  show  that  the  contrast  y  is  proportional  to 
the  rate  of  polymer  dissolution.  We  consider  the  dissolu¬ 
tion  of  a  polymer  him  of  uniform  initial  thickness  /in.  The 
polymer  has  an  average  molecular  weight  M  Exposure  to 
a  developer  solution  for  a  time  ytd  will  cause  partial  ero¬ 
sion  of  the  film,  and  the  removal  of  a  layer  of  thickness  A/i 
In  general,  vve  may  write  for  AAcA,,, 

Ih/hr,  —  rj&tj/ho,  ( A 1 ) 

where  rd  is  the  average  rate  of  dissolution,  which  depends 
on  Vf.  temperature  T,  and  solvent  quality.  Experiments'6 
indicate  that 


rd  —  / ( M . T,  solvent  quality )exp(  —  EyRT)M~". 

( A2) 

where  E3  is  the  activation  energy  for  dissolution,  R  the 
ideal-gas  constant,  and /a  function  of  solvent  quality,  poly¬ 
mer  molecular  weight,  and  F.  The  exponent  a.  a  positive 
real  number,  may  also  be  a  function  of  M,  T.  and  the 
solvent  Within  certain  ranges  of  M.  however,  such  depen¬ 
dencies  of  /  and  a  are  weak,  so  that  the  main  effects  of  T 
and  M  are  accounted  for  predominantly  by  the  Arrhenius 
and  power  law,  respectr 

For  a  polymer  exp  .o  radiation,  the  average  mo¬ 
lecular  weight  depends  on  the  exposure  dose  D.  1  e.  M 
-M(D).  Thus  the  after-development  normalized  thickness 
of  an  exposed  resist  will  depend  on  the  average  polymer 
molecular  weight  M,  which,  in  turn,  is  a  function  of  expo¬ 
sure  dose  D.  The  contrast  y,  defined  as 


I  y  |  =  max 


;d(±h/hn.) ; 

I'd'logZT, 


i  A3) 


where  ihe  term  on  the  right-hand  side  can  be  expressed  as 


Si  iih/hr.) 

31  rd&ta/h0) 

/  d  log  rd  \  d  log  M  \ 

S  log  D 

S  log  D 

'  \  3  log  M  )  \  d  log  D  j 

hr 

i  A4) 

Sanrstan,  Mill.  ar>0  Lju 
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Equation  (A4)  shows  explicit. y  a  proportionality  netween 
y  and  r  .  Furthermore,  tor  exclusively  Arrhenius  temper¬ 
ature  dependence  and  a  power-law  molecular  weight  de¬ 
pendence  of  r ,,  as  in  Eq.  t  A2),  we  will  have 

i 

'  il  log  M  I  11 

.Old 

a  loa  M  \ 

I  — H — -  i  =  function  of  D  only,  i  A  5) 

\  u  log  D  ) 

which  are  both  independent  of  temperature  In  this  cxsc. 
the  contrast  will  show  an  Arrhenius  temperature  depen¬ 
dence,  with  the  same  activation  energy  as  the  dissolution 
rate.  This  supports  cur  observations  of  increased  y  for 
higher  develops  temperatures. 

Interestingly,  from  Eq.  (A4)  we  see  that  for  a  fixed 
rate,  temperature,  and  M(D)  functionality,  a  lower  value  of 
o  will  always  give  lower  contrast.  Greeneich  has  shown 
experimentally  for  dissolution  of  PMMA  in  MIBK.1PA 
that  the  slopes  of  logiru)  vs  log  (A/)  decrease  appreciably 
with  increasing  solvent  quality  (i.e..  for  larger  MIBK1PA 
ratios);  indeed,  for  pure  M1BK.  alter  a  relanvelv  sharp 
transition  in  slope  at  \1  around  104  a  u  .  the  curves  even¬ 
tually  approach  a  constant  (i.e.,  o~0).  In  this  case,  ac¬ 
cording  to  Eqs.  (A4)  and  ( A 5 )  the  contrast  should  either 
approach  zero,  or,  more  realistically,  become  very  small. 
This  is  consistent  with  our  finding  that  films  developed  in 
pure  S-A.  an  extremely  strong  (good)  solvent,  always 
showed  poor  contt^st,  tn  fact,  poorer  than  those  developed 
in  either  S-C  or  S-B 

APPENDIX  B 

We  propose  here  a  simple  explanation  of  our  findings, 
based  on  the  hypothesis  that  our  observed  enhancement  of 
contrast  with  traces  of  MEK  is  due  lo  purely  thermody¬ 
namic  factors  This  hypothesis  is  reasonable,  since  MEK  is 
such  a  strong  solvent.  We  assume  the  ratio  of  the  dissolu¬ 
tion  raic  tand  thus  contrast)  of  the  system  with  MEK  to 
that  without  it  to  be  proportional  to  the  corresponding 
ratio  of  polymer  volume  fractions.  This  functionality  is 
consistent  with  the  idea  that  any  multiplicative  factor 
quantifying  rate  enhancement  should  increase  with  poly¬ 
mer  solubility,  and  approach  unity  at  zero  MEK  concen¬ 
tration. 

Qjr  task.  then,  is  to  determine  the  increase  in  polymer 
volume  fraction  in  solution  caused  by  the  presence  of 
traces  of  a  third  component  in  an  otherwise  binary 
I  polymer  +  solvent )  and  btphastc  t  solid  polymer 
*  solution)  system.  This  can  be  done  within  the  frame¬ 
work  of  solution  thermodynamics. 

We  consider  two  equilibrium  systems.  The  firsi  one.  a 
iwo-phase  two-component  system,  comprises  a  pure,  solid 
polymer  (phase  S)  in  equilibrium  with  a  solution  of  poly¬ 
mer  i component  I )  in  a  solvent  (component  2,  phase  L). 
The  second  system  ( denoted  here  by  an  astensk )  is  iden¬ 
tical  to  the  first  one.  except  for  the  presence  of  traces  of  a 
second  solvent  (component  3)  in  the  liquid.  We  assume 


1  nat  me  polymer  is  munoaisperse,  anu  tnat  the  solid  pre¬ 
cipitate  is  always  made  exclusively  of  polymer,  with  no 
appreciable  amounts  of  either  solvents. 

Thermodynamic  equilibrium  requires  that  the  chemi¬ 
cal  potential  n  of  the  polymer  in  the  solution  and  in  the 
solid  must  be  equal,  i.e.. 

it,  ~  u\  and  i  =  u |  .  (  B1  ) 

whcie.  again,  component  1  is  the  polymer,  and  S'  and  L 
stand  for  solid  and  liquid,  respectively 

In  both  cases,  the  solid  is  a  pure  polymer,  i.e., 

/*?=/!?'.  t  B2) 

thus 

iif  —  (B3) 

Expressions  for  the  chemical  potentials  of  the  various 
components  in  a  ternary  mixture  of  a  polymer  with  two 
solvents  I  ave  been  given  by  F1ory.~'  for  the  polymer  we 
have 

Mi  —  fi ,  —  R  7’[  In  6\  +  1 1  —  ti| )  —  do  a,/ x: )  —  d>3(.t,/j:, ) 

—  I  ^  | ;sP;  f  \  ,  }dl  )  (  d;  —  d  i  j 

-  V;.d  V|- .xi)d:<i>i)],  ( B4) 

where  the  superscript  0  refers  to  the  pure,  amorphous, 
polymer  at  the  same  temperature  T  and  pressure  of  the 
solution,  R  is  the  ideal-gas  constant,  and  x,,  x,,  and  x  ,  are 
quantities  proportional  to  the  molecular  volumes  of  the 
polymer  1.  and  solvents  2  and  3,  respectively.  Additionally, 
d,  is  the  volume  fraction  of  species  i  (/  =  1,2,3),  and  the 
interaction  parameters  ^  are  given  by 

V,;  =  zSw.rx,/RT,  (B5) 

where  z  is  a  lattice  coordination  number  and  Au.’„  the  mo¬ 
lar  interaction  energy  between  species  i  and  j. 

Note  that  Eqs.  (B4'  and  (B5)  have  been  proven  to  be 
of  only  limited  accuracy,  even  for  S’mplc  binary  systems, 
and  especially  for  dilute  oolymer  solutions. The  predicted 
trends  are  generally  correct,  however,  and  consistent  with 
most  experimental  evidence.  Thus,  this  model  should  be 
able  to  capture,  at  least  qualitatively,  the  main  physics  of 
our  problem. 

Equations  (B4)  and  (B5)  can  be  used  to  calculate  the 
chemical  potential  of  the  polymer  both  in  the  presence  and 
absence  of  component  3  Because  component  3  is  very  di¬ 
lute,  the  following  approximations  can  be  made: 

id|‘-d|  <l,  d>  ad;’.  dj  —  0,  dj*<l.  (B6) 

From  Eqs.  (B3)-(B5)  we  obtain 

ln(d[Vd{)  =dj‘Ui/x,)[l  +  d^izXy/RT) 

X  (  Au-1;  j  —  AU/'j ;  —  Auq  3 )  ]  -  ( B7 ) 

Thus,  an  exponential  enhancement  in  polymer  solubility  is 
predicted  to  occur  upon  addition  of  traces  of  component  3, 
provided  that: 
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0  =  ( l  +■  {zxi/RT)($.w ij  -  Atoi 


Au;, ,  j  ]  >  0 . 

'  B8) 


For  3—1.  the  increase  can  be  substantial,  since  t.v;,.x,)  is 
proportional  to  the  ratio  of  the  molecular  weight  of  the 
polymer  to  that  of  component  5.  Notice  that  an  exponen¬ 
tial  increase  of  the  ratio  t <ifV<5F)  with  polymer  molecular 
weight  does  not  necessarily  imply  an  unbounded  increase 
of  polymer  volume  fraction,  since  for  higher,  insoluble, 
molecular  weights,  the  decay  to  zero  of  d\  will  be  faster 
than  any  concomitant  growth  of  the  enhancement  factor. 
Flory,  in  his  analysis  of  polymer  fractionation  by  selective 
precipitation  from  binary  m.xtures,  derived  an  equation 
{see  Eq.  (23)  of  Ref.  21]  that  is  very  similar  to  Eq.  (B7). 

In  order  to  obtain  the  sign  of  J3  in  Eq.  (B8)  it  is  nec¬ 
essary  to  estimate  the  differences  of  the  interaction  energies 
between  the  various  components.  Following  Gordon  and 
Taylor J  (see  also  Ref.  18)  in  a  semiempmcal  approach, 
we  assume  the  following  proportionality  (see  Eq.  (3)]: 

Au\,  cc  A‘,  =  ( (6,,  —  Sgj)‘  •+■  ( 5^,  —  ~  I  bn,  6i/)‘  ] . 

( B9) 


where  i  and  j  denote  the  particular  substances,  and  6 6d, 
.ind  bi,  are  the  polar,  dispersive,  and  hydrogen-bonding 
component  of  the  solubility  parameter,  respectively.  In 
our  case 


i.  Au.’2\  ■  Ate  |  i  —  Atcp)  cc  (  Ait  —  Ap  —  A 1 3 ) . 


i,  B 10) 


Hence,  the  sign  of  the  interaction  energy  term  on  the  left- 
hand  side  can  be  estimated  from  the  properties  of  the  pure 
components.  (Further  theoretical  refinements  would  re¬ 
quire  that  the  factor  of  proportionality  between  Atu,y  and 
A?,  be  a  function  of  the  molar  volumes  of  the  various  com¬ 
ponents.  Such  refinements  are  not  deemed  necessary  here, 
where  only  rough  estimates  are  of  interest.)  For  a  positive 
right-hand  side  in  Eq.  (B10\  0  in  Eq.  (B8)  will  also  be 
positive,  indicating  an  enhancement  of  polymer  solubility. 
On  the  other  hand,  a  negative  term  in  Eq.  (BIO)  may 
either  signify  an  increase  or  a  decrease  of  solubility,  de¬ 
pending  on  the  relative  magnitude  of  the  various  terms  in 
Eq.  ( B8). 

It  is  interesting  to  estimate  the  sign  and  magnitude  of 
the  quantity  in  Eq  (BIO)  for  PMMA  ir.  MIBK  with  traces 
of  MEK.  This  system  should  be  reasonably  close  to  the  one 
we  achieved  experimentally  '.  sing  the  pure-component 
solubility  parameters  in  Tab  il  (MMA  -  1,  MIBK  =  2, 
MEK  =  3),  we  obtain,  in  units  of  cal/ml, 

A;j  =  14.49,  Aj;  =  1 1.57.  A)j  =  2. 

giving 

A i3  -  Ap  -  a{3  =0.92  cal/ml. 

Wc  3ee  that  the  oveiall  interaction  energy  is  positive,  so 
that  we  would  indeed  expect  an  enhancement  of  solubility 
in  our  case,  consistent  with  observations. 

Furthermore,  it  is  possible  to  extract  from  our  data 
with  Eq  (B7)  an  “experimental"  value  ot  0{x]/xt).  The 
linear  increase  of  contrast  with  percent  MEK  in  Fig.  7  is , 
in  fact,  consistent  with  Eq.  (B7),  since  tor  small  values  of 
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me  argument,  me  exponential  can  oc  approxmuueu  as  a 
straight  line.  From  the  temperature-normalized  contrast 
data  we  obtain 0{x,/xi)  =24,  which  is  reasonable,  in  light 
of  our  many  anproximations.  and,  posstblv,  some  more 
fundamental  limitations  inherent  tc  the  thermodynamic 
model  itselt.  Again,  it  is  worth  noticing  here  that,  given  the 
crudeness  of  cur  model,  such  "theoretical”  results  should 
be  considered  only  for  their  qualitative  value. 

A  rate-enhancement  curve,  calculated  from  Eq.  i  B7) 
by  assuming  <j3  =  0.02,  /J(x,/x  j)  =  (Af)/10Q,  and  an  in- 
verse-square  dependence  of  the  dissolution  rate  on  ,Vf,  is 
given  in  Fig.  10  (Note  that  we  have  arbitrarily  truncated 
the  enhanced-rate  curve,  since  it  would  have  shown  an 
unrealistic  upturn  for  higher  molecular  weights,  due  to  our 
assumption  of  a  fixed  inverse-square  dependence  of  the 
original  rate  for  all  molecular  weights.  In  reality,  due  to  the 
finite  solubility  of  higher  fractions,  the  dissolution  rate 
eventually  drops  to  zero  much  faster  than  A/-:,  and  no 
upturn  in  the  net  rate  occurs).  Figure  10  should  be  com¬ 
pared  with  curves  1  and  3  in  Fig.  5  of  Ref.  17. 
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Determination  of  Fixed  Electron-Beam-Induced  Positive  Oxide  Charge 
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Summary  :  Contrary  to  previous  beliefs,  electron-beam- 
induced  positive  charges  in  insulators  persist  where  creat¬ 
ed  tor  at  least  several  weeks  without  discernible  move¬ 
ment.  Formerly,  coating  with  a  thin  metal  overlay  was 
thought  to  allow  the  charge  to  leak  away.  Coating  with  a 
conductor  is  shown  to  shield  electric  fields  from  affecting 
the  imaging  probe,  but  to  remove  no  charge  trom  the  spec¬ 
imen.  A  new  technique  is  introduced  for  the  evaluation  ot 
tbe  properties  01  eleciron-beam-induced  postuve  charges  in 
meial-oxide-semiconductor  ‘  MOS )  capacitors.  MOS  struc¬ 
tures  were  subjected  to  partial  area  exposure  in  a  scanning 
electron  microscope.  These  exposures  resulted  in  the  cre¬ 
ation  of  areas  of  localized  positive  charge  within  the  oxide, 
which  was  observed  as  steps  m  the  capacitance-voltage 
data.  A  systematic  study  was  performed.  It  related  the 
exposed  area  to  the  step  height  and  the  amount  of  induced 
charge  to  the  voltage  shift  of  the  step.  A  model  describing 
the  observed  phenomenon  is  presented,  followed  by  a 
comparison  of  theoretical  and  experimental  results.  The 
progress  of  the  charge  over  time  was  studied  by  pertorm- 
ing  capacitance-voltage  analysis  30  min  after  electron 
beam  exposure  and  up  to  4  weeks  later. 


Introduction 

Charging  of  r  mens  is  a  common  problem  encoun¬ 
tered  in  the  m  g  of  all  insulating  materials  in  a  scan¬ 
ning  electron  horoscope  tSEM).  In  general,  the  details  ot 
the  charging  mechanism  can  be  a  complex  function  ot 
beam  ana  material  parameters.  Krause  and  co-workers 
*  Krause  a  al.  1989)  have  demonstrated  that  in  thin  films. 


This  work  was  supported  in  pan  by  ONR.  AFOSR.  IBM.  anti  the 
Uni  versus  --.I  Noire  Dame. 

Audress  lor  reprints: 

0  H  Bernstein 

Department  ot  Electncal  Engineering 
I  niversm  ot  Notre  Dame 
Notre  Dame.  IN  46556.  USA 


trapped  charge  can  be  either  positive  or  negative,  depend¬ 
ing  on  the  beam-accelerating  voltage,  the  thickness  of  the 
insulating  layer,  and  the  nature  of  the  substrate.  Typically, 
at  higher  voltages.  SEM  images  of  thin  insulators  on  con¬ 
ducting  substrates  appear  dark  because  ot  trapped  positive 
charges  left  behind  by  secondary  electrons  ejected  by  the 
primary  beam.  It  is  commonly  believed  that  the  coating  ot 
insulating  specimens  ov  a  conduces e  layer  causes  this  pos¬ 
itive  charge  to  be  drained  away  trom  the  imaging  area,  thus 
eliminating  distortions  ot  ihe  prone  and  restoring  usable 
resolution  iGoldstein  er  al.  1981 1.  A  nuisance  in  SEM 
imaging,  excess  positive  charge  in  the  gate  oxide  of  metal- 
oxide-scmiconductor  t  MOS )  devices  i  McLean  ei  al.  1 989. 
Nicollian  and  Brews  1982)  can  be  created  by  electron 
beam  processing  used  in  certain  integrated  circuit  fabnea- 
tion  and  analysis  techniques.  With  electron  beam  lithogra¬ 
phy.  metal  over-  or  under-lavers  are  used  to  reduce  the 
charging  effects  during  beam  writing  of  nonconducuve  re¬ 
sists  (Henderson  1980).  The  precise  properties  and  behav¬ 
ior  of  the  induced  charges  in  insulating  films  are  uncer¬ 
tain.  Although  in  MOS  structures  much  is  known  about 
the  creation,  minimization,  and  annealing  of  e-beam-in- 
duced  bulk  oxide  damage  tBalasinski  ei  al.  1988.  Keery 
eiai.  1976.  Sah  &i  al.  1983.  Shimaya  ei  al.  1983).  details  of 
the  behavior  ot  localized  posit, ve  charge  within  oxide  lay¬ 
ers  are  not  fully  understood.  This  is  partly  because  an  easy 
and  accurate  method  to  monitor  localized  oxide  charge  has 
not  been  established. 

For  the  first  time  we  can  report  that  electron-beam-in¬ 
duced  positive  charges  remain  fixed  where  created.  To  de¬ 
monstrate  this,  we  have  developed  a  technique  that  uses  a 
certain  structure  in  the  capacitance-voltage  tC-V)  curves  of 
MOS  capacitors.  Tins  structure  can  be  used  to  yield  valu¬ 
able  information  regarding  the  location  and  amount  ol 
charge  deposited  in  SiO:  in  a  MOS  structure.  Using  elec¬ 
tron  beam  lithography,  we  accurately  exposed  partial  areas 
of  MOS  capacitors  with  known  electron  doses.  This  served 
to  effectively  create  two  capacitors  in  parallel,  with  one 
metal  gate,  having  different  threshold  values  due  to  the 
induced  positive  charge  in  ihe  oxide.  By  penorming  C  V 
measurements  before  exposure.  30  min  afterward,  and 
later,  it  wn  >  possible  to  electrically  monitor  the  induced 
positive  c,  arge  The  results  ot  these  experiments,  alone 
with  conclusions  about  the  electrical  behavior  of  the  charge 
within  the  oxide,  are  reported.  A  model  relating  the  ex¬ 
posed  capacitor  area  to  the  theoretical  C-V  results  is  pro¬ 
posed  and  compared  with  experimental  results. 
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Experiment 

The  sorting  material  used  for  MOS  capacitor  fabrica¬ 
tion  was  <I00>  onentation.  p-tvpe  silicon  with  doping 
concentration  N'a  =  !.5x  |()l!  cm  V  After  careful  clean¬ 
ing,  the  silicon  wafers  were  oxidized  at  1000’C  for  20  nun. 
resulting  in  oxide  thicknesses  ranging  from  738-833  A.  as 
deduced  from  the  accumulation  capacitance  of  the  indi¬ 
vidual  C-V  curves.  In  order  to  minimize  the  effects  of  mo¬ 
bile  ion  contamination,  oxygen  was  bubbled  through  a 
solution  of  2%  HC1  in  deionized  water.  Circular  aluminum 
dots  of  an  area  4  9x  10~3  cm*  were  evaporated  in  a  high 
vacuum  through  a  shadow  mask  onto  the  suiface  of  the 
oxidized  wafers.  The  thickness  of  the  Al  for  all  of  the  dots 
was  1.100  A  as  measured  with  an  Alpha-step  200  pro- 
filometer.  The  top  surfaces  of  the  metallized  wafers  were 
coated  with  a  protective  layer  of  positive  photoresist,  then 
immersed  in  a  buffered  hydrofluoric  acid  (HR  chemical 
etching  solution  which  removed  the  oxide  from  the  back 
surface.  Following  photoresist  removal,  aluminum  was 
evaporated  onto  the  back  surface  ot  the  waters,  after  which 
the  wafers  were  annealed  in  flowing  nitrogen  gas  for  20 
mm  at  420’C. 

Partial  areas  of  the  completed  MOS  capacitors  were 
subjected  to  electron  beam  exposure  as  shown  schemati¬ 
cally  in  Figure  la.  changing  the  device  properties  where 
exposed  and  thus  effectively  dividing  the  device  into  two 
separate  capacitors  in  parallel,  as  described  in  Figure  lb. 
Exposures  were  performed  at  20  kV  and  0.8  nanoamperes 
in  an  Amrav  model  1400  scanning  electron  microscope. 
The  SEM  was  controlled  using  a  Pragmatic  Instruments 
model  2201 A  arbitrary  waveform  generator  and  custom 
software  to  ensure  dose  and  area  accuracy.  Exposures  w».re 
executed  by  quickly  imaging  a  single  capacitor  at  a  very 
low  current,  blanking  the  beam,  setting  the  current  to  the 
desired  vaiue.  and  scanning  (using  e-beam  lithography)  a 
square  of  known  area  entirely  within  the  MOS  capacitor. 
The  dose  was  fixed  a  4  x  10‘ 5  C/cm;.  and  exposed  areas 
ranged  from  10.4-62.4%  of  the  total  area  of  the  capacitor. 
The  upper  limit  on  areal  exposures  was  determined  by  the 
size  of  the  largest  possible  inscribed  square  within  a  circle 
(with  area  ratio  2 In). 


Results  and  Analysis 

Total  electron  beam  exposure  of  high  quality  MOS 
devices  is  known  to  c.  .se  a  negauve  shift  of  C-V  charac¬ 
teristics  (Johnson  1973.  Keery  et  at.  1976.  McLean  et  al. 
1989.  Nicollian  and  Brews  1982.  Sah  etal.  1983.  Shimaya 
et  al.  1983).  Free  electrons  created  in  the  oxide  during  ex¬ 
posure  either  recombine  with  holes  or  leave  the  insulator; 
thus  they  are  electrically  eliminated  (Keery  et  al.  1976. 
Zaininger  and  Holmes-Sicdle  1967).  Holes,  however,  be¬ 
have  differently  because  of  their  much  lower  mobility  in 
SiO:,  as  some  will  recombine  with  electrons,  while  a  sig¬ 
nificant  fraction  is  captured  in  stationary  traps,  resulting 


(aj  6) 

Fig.  I  3vhemauc  diagram  ol  the  partial  area  exposure  ol  a  MOS 
vapacitor  tai  Defimuon  ot  the  exposed  area.  A*,  and  the  unexpostd 
area  Au.  ib)  The  exposed  and  unexposed  portions  give  a  total  capaci¬ 
tance.  C,.  which  is  Use  sum  of  the  two  parallel  capacitances.  C«  and  C„. 


in  a  fixed  positive  charge  contained  in  the  oxide  (Keery  a 
al.  1976.  Zaininger  1966.  Zaininger  and  Holmes-Sieale 
1967).  The  result  of  this  trapped  postuve  charge  is  deple¬ 
tion  and  inversion  of  the  device  at  more  negative  voltages. 

C-V  measurements  were  performed  on  a  senes  of  MOS 
capacitors  both  before  and  30  nun  after  partial  area  expo¬ 
sure  in  an  SEM.  as  dc  son  bed  above.  Figure  2  shows  typ  cal 
results  obtained  from  two  ot  these  capacitors  that  have  Ih  c- 
tional  exposure  areas.  AJA,.  where  A<  is  the  exposed  area 
and  Ai  is  the  total  area,  cf  10.4  %  and  62.4%.  respectively. 
The  relevant  features  in  this  figure  are  ihc  additional  steps 
in  the  C-V  curves  observed  after  exposure  Companion  of 
Figures  2a  and  2b  shows  'hat  the  step  height  increases  for 
larger  fractional  area  exposure  but  the  location  of  the  step  is 
approximately  the  same  for  constant  areal  dose. 

We  demonstrate  below  that  our  observed  steps  are  due 
to  trapped  positive  charge  in  the  exposed  area,  which  caus¬ 
es  that  area  to  deplete  and  invert  at  more  negative  voltages 
than  the  unexposed  portion  of  the  capacitors.  Although 
steps  have  been  previously  reported  tr  C-V  data  after  elec¬ 
tron  beam  irradiaiion,  they  were  ot  differem  ongin.  In  a 
study  of  Zaminger  1 1967).  steps  were  observed  after  total 
capacitor  exposure  and  were  attributed  to  the  enhancement 
of  existing  interface  states  concentrated  around  a  single 
energy  level  in  the  band  gap.  When  the  degree  of  perfec¬ 
tion  of  the  interface  was  high,  no  step  was  observed,  but 
the  entire  C-V  curve  was  shifted  to  more  negative  volt¬ 
ages.  In  order  to  test  whether  our  step..  were  due  to  such  a 
surface  state  phenomenon,  we  performed  whole  area  expo¬ 
sures  of  our  capacitors.  The  results  oi  our  test  are  shown  in 
Figure  3.  The  shift  of  the  C-V  characteristics  with  no  step 
present  indicates  that  our  steps  in  the  partial  exposure 
experiments  are  not  related  to  the  enhancement  of  pre¬ 
existing  interlace  states  but  are  a  result  of  the  localized 
positive  charge  created  in  the  exposed  area. 

We  now  develop  a  quantitative  model,  which  relates  the 
size  of  the  observed  steps  to  the  areas  of  exposures,  assum¬ 
ing  that  the  created  positive  charge  is  fixed  where  created. 
A  single  capacitor  subjected  to  partial  area  exposure  can  be 
modeled  as  two  capacitors  connected  in  parallel:  one 
capacitor.  C».  with  an  area  equal  to  that  ol  the  exposed 
urea,  and  another.  Cu,  with  an  area  equal  to  that  of  the  un- 
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vdtcge  Voltage 

mo.  2  C-V  characteristics  ol  MOS  capacitors  belore  and  alter  e-beam  partial  area  exposure  The  exposure  areas  were  iai  I0  4°r  and  (b) 
n2.4‘i  ot  die  total  area 


exposed  area  Since  tiie  exposed  area  has  a  more  negative  sidcr  the  following  relations  as  derived  from  basic  MOS  C- 

threshold  voltage,  V,t.  because  of  tne  presence  of  the  pos-  V  theory  (Pierret  1983).  The  accumulation  capacitance  of 

nive  charge  in  die  oxide,  it  undergoes  depletion  and  inver-  the  exposed  area  is  given  by. 
sion.  while  the  unexposed  area  is  sull  in  accumulation.  The 

unexposed  area  inverts  at  the  unchanged  threshold  voil-  £  =^o&Ae  { , 

age.  V,u.  Figure  4  shows  schematically  a  C-V  curve,  which  "  dn,  ’  ! 

is  a  superposition  of  the  individual  C-V  curves  for  the 

capacitors  Ce  and  C..  The  additional  step  observed  in  the  where  ,s  lhc  dielccmc  constant  ol  SiO-.  e0  is  the  vacu- 
cxperimcnts  is  expected  to  occut  at  the  itucshold  voltage  of  um  Pcrrn,,tlvlI>'  ar'd  is  the  oxide  thickness.  Similarly, 
lhc  exposed  area.  The  heignt  of  the  step  should  be  equal  to  semK  ‘inductor  capacitance  of  the  exposed  area  in 

the  difference  between  the  accumulation  capacitance,  CM.  inversion  van  be  expressed  as. 
and  the  inversion  capacitance,  C«,  of  the  exposed  area. 

To  determine  the  theoretical  relationship  between  the  ^  _<S,£<)AC 

step  height,  C4r  -  C...  and  the  exposed  area.  Ac,  we  con-  'e  W  i2) 
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I  to.  3  C-V  characteristics  ol  a  MGS  capacitor  btioie  and  30  min 
.liter  total  r-beain  area  exposure. 
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f- to.  4  Schematic  diagram  ot  the  C-V  curve  resulung  from  partial 
area  exposure  Key  C  =  capacitance,  wirh  subscripts  a  =  accumula¬ 
tion.  t  =  iota!  c  -  exposed,  u  =■  unexposed,  and  i  *  inversion.  V„  and 
V-„  are  threshold  voltages  tor  exposed  and  unexposed  portions,  re¬ 
spectively 


scannim:  14.  h  1 1902i 
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where  v.  is  ihc  dielectric  constant  01  silicon  .mu  W  w  die  nun- 
mum  depieuon-layer  w  ulth  into  the  semiconductor  Hie  capac- 
lance  01  the  exposed  area  in  insersion  can  now  ne  expressed 
as  the  senes  combinauon  ot  the  above  two  capacitances: 


1  L  -  C_ 


The  total  accumulation  capacitance  is: 

L>KTf-: 

ahere  A,  is  the  total  capacitor  area.  Thus,  combining  all 
■  it  the  ,.nove  equations,  we  obtain  a  linear  relationship  be¬ 
tween  me  step  height  and  die  exposed  area: 

C  -C  \ 

v~_p_J2cs  =  K  .  5 ) 

C„  A. 
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Fid  '  Plot  ot  theoretical  anu  experimental  results  relating  the  ex¬ 
posure  urea  to  the  resulting  'ten  in  me  C-V  sharactensnes.  The 
srnsses  with  ertor  bars  indicaie  experimental  Jala.  The  tilled  circles 
represent  the  predictions  ot  our  theoretical  model  using  the  actual 
nxtde  thickness  lor  each  case.  The  solid  line  shows  the  linear  rela¬ 
tionship  ot  Eq  1 5 1  lor  the  average  oxide  thickness  ol  d„.  =  '66  A 


Figure  5  compares  the  experimental  data,  obtained  30 
min  alter  exposure,  and  the  theoretical  predictions  trom 
Eq.  1 5  •  Shown  is  a  plot  of  the  normalized  step  height.  iCir- 
Cei/Cji,  versus  the  normalized  exposure  area.  A,, At.  The 
error  bars  in  the  experimental  data  represent  uncertainty  in 
the  sharpness  of  the  steps.  For  each  mdi\  idual  capacitor 
with  a  vertain  exposed  urea.  we  aiso  show  the  theoretical 
prediction  trom  Eq.  (5)  for  the  step  height,  taking  into  ac¬ 
count  the  precise  \  alue  of  the  oxide  thickness  tor  me  calcu¬ 
lation  ■.'!  the  constant.  K.  The  straight  line  mown  in  the 
1 1 cure  represents  the  relationship  of  Eq  3  >  tor  a  \  alue  ot 
K  corresponding  to  an  average  oxide  thickness  of  "66  A. 

Figure  3  gives  excellent  agreement  between  our  exper¬ 
imental  resuits  and  the  above  theoretical  mouel.  which 
assumes  that  the  positive  charge  remains  nxed  m  the  area 
where  it  is  created.  The  step  height  in  the  C-V  data  may 
thus  be  used  as  a  measure  for  the  areal  extent  of  positive 
charges  >n  insulators.  In  particular,  the  out -diffusion  of  pos¬ 
itive  oxide  charves  mav  be  monitored  us  a  chan  tie  oj  the 
step  height  in  lime. 

To  tain  further  insight  into  the  time-dependence  ot  the 
positive  oxide  charge,  we  performed  an  experiment  to  de¬ 
termine  ns  position  and  magnitude  a  significant  time  alter 
its  creation.  We  analyzed  the  C  V  data  30  min.  2  weeks, 
and  4  weeks  alter  partial  area  exposure  ot  an  MOS  capac¬ 
itor.  where  the  exposed  area  was  4l  .6ff  of  the  total  aiea. 
The  chiD  containing  this  capacitor  was  stored  at  room  tem¬ 
perature  :n  a  dark  shielded  box  during  the  4-week  time 
period.  Figure  6  shows  the  betore-  and  utter-exposure 
curses.  We  see  that  the  step  observed  30  min  alter  expo- 
vure  has  moved  approximately  0.8  volts  in  ihe  positive 
direction  alter  2  weeks,  but  only  0  2  volts  more  alter  an 
additional  2  weeks.  Note  that  the  step  height  did  not 


change  over  ihe  4-week  period,  implying  that  no  measur¬ 
able  diffusion  of  charge  has  taken  place. 

Even  though  the  charge  did  not  spread  out.  its  magni¬ 
tude  decreased  over  time.  The  amount  of  charge  dissipa¬ 
tion  can  be  determined  from  simple  MOS  theory.  The  shift 
in  the  threshold  voltage  of  the  exposed  area.  AV,C,  is  relat¬ 
ed  to  a  change  in  ihe  oxide  charge.  AQn,.  by: 
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I  u  r>  C-V  characteristics  ol  a  MOS  capacitor  oetore  exposure  and 
30  nun.  2  weeks,  and  4  weeks  aliei  4 1  _b‘/c  o>  the  total  area  was  ex¬ 
posed  with  an  electron  beam. 
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The  shift  in  the  threshold  voltage  of  -  14  5  volts  30  mm 
alter  the  exposure  corresponds  to  an  induced  charge  den¬ 
sity  of  5.8*  10”  C/cm;.  After  2  weeks,  the  charge  is  re¬ 
duced  by  only  about  6%  to  6.4x  10“ '  C/cm;.  After  an  ad¬ 
ditional  2  weeks,  the  charge  is  further  reduced  a  mere  . 

1 ,5t7c.  Positive  fixed  charges  in  the  oxide  can  be  consid¬ 
ered  nearly  “permanent''  in  the  absence  of  any  annealing 
treatments.  In  fact.  Zatntnger  1 1967)  observed  that  posi- . 
tive  charge  can  endure  for  several  months  in  capacitors 
wholly  exposed  to  electron  radiauon. 

One  might  theorize  a  mechanism  by  which  induced  pos- 
itive  charge  is  not  fixed  in  the  oxide  but.  in  fact,  leaks  out ' 
over  a  small  distance  onto  the  ungrounded  metal  ti.e..  elec-  ‘ 
trons  into  the  oxide),  causing  a  bending  of  the  band  struc¬ 
ture  for  the  two  materials  and  resulting  in  a  cessauon  ot 
charge  transfer  after  some  time.  Such  a  mechanism  might 
not  be  detectable  by  our  technique,  as  our  lateral  resolution ' 
is  obviously  limited  and  the  oxide  is  very  thin.  However,  it 
this  were  the  case,  the  metal  probe  used  in  the  C-V  mea-- 
surement  would  quickly  drain  the  charge  for  the  metal  and  . 
allow  a  continued  leakage  of  charge  to  the  C-V  measure-  • 
meni  system.  Presumably,  such  a  leakage  would  be  expect¬ 
ed  to  act  rapidly  since  in  an  SEM.  sample  charging  is  ap¬ 
parently  controlled  on  time  scales  of  the  order  of  screen 
refresh  rates,  that  is,  a  matter  of  a  few  seconds  or  less. 


Conclusion 

\ 

We  have  shown  that  partial  area  exposure  of  MOS  ca¬ 
pacitors  using  electron  beam  irradiation  results  in  the  cre¬ 
ation  of  an  area  of  immobile  positive  charge  within  the 
SiO;  layer.  This  charge  causes  depletion  and  inversion  of 
the  exposed  area  of  the  capacitor  at  more  negative  volt¬ 
ages  than  the  unexposed  area,  which  resulted  in  a  step  in 
the  C-V  characteristics.  A  systematic  study  of  exposed 
area  as  a  funcuon  of  step  height  indicated  that  step  height 
increased  with  increasing  exposure  area.  After  a  theoreucal 
model  had  been  proposed,  experimental  results  were  cpm- 
pared  with  those  obtained  from  this  model.  The  good 
agreement  we  obtained  demonstrated  a  direct  correlation 
between  the  exposed  area  and  the  step  height  in  the  C-V 
data.  We  exploited  this  phenomenon  to  show  that  the  pos¬ 
itive  oxide  charge  does  not  diffuse  over  long  time  periods. 
This  demonstrates  that  in  electron  microscopy,  the  com¬ 
mon  technique  of  coating  nonconductive  substrates  with  a 
metal  overlayer  in  the  case  of  positive  charging  is  accorn 
plished  not  by  the  draining  of  excess  charge  away  from  the 


imagine  sue  but  rather  by  the  electrical  shielding  of  the 
site  by  a  ground  plate. 
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